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The  many  books  on  introductory  electromagnetics  can  be  roughly  divided  into  two 
main  groups.  The  first  group  takes  the  traditional  development:  starting  with  the 
experimental  laws,  generalizing  them  in  steps,  and  finally  synthesizing  them  in  the 
form  of  Maxwell’s  equations.  This  is  an  inductive  approach.  The  second  group  takes 
the  axiomatic  development:  starting  with  Maxwell’s  equations,  identifying  each  with 

!the  appropriate  experimental  law,  and  specializing  the  general  equations  to  static 
and  time-varying  situations  for  analysis.  This  is  a  deductive  approach.  A  few  books 
begin  with  a  treatment  of  the  special  theory  o'f relativity  and  develop  all  of  electro- 
S  magnetic  theory  from  Coulomb’s  law  of  force;  but  this  approach  requires  the  dis- 

1  cussion  and  understanding  of  the  special  theory  of  relativity  first  and  is  perhaps 

I  best  suited  for  a  course  at  an  advanced  level. 

|  Proponents  of  the  traditional  development  argue  that  it  is  the  way  electromag- 

|f  netic  theory  was  unraveled  historically  (from  special  experimental  laws  to  Maxwell’s 

equations),  and  that  it  is  easier  for  the  students  to  follow  than  the  other  methods. 
I  feel,  however,  that  the  way  a  body  of  knowledge  was  unraveled  is  not  necessarily 
the  best  way  to  teach  the  subject  to  students.  The  topics  tend  to  be  fragmented  and 
cannot  take  full  advantage  of  the  conciseness  of  vector  calculus.  Students  are  puzzled 
at,  and  often  form  a  mental  block  to,  the  subsequent  introduction  of  gradient,  di¬ 
vergence,  and  curl  operations.  As  a  process  for  formulating  an  electromagnetic  model, 
this  approach  lacks  cohesiveness  and  elegance. 

The  axiomatic  development  usually  begins  with  the  set  of  four  Maxwell’s  equa¬ 
tions,  either  in  differential  or  in  integral  form,  as  fundamental  postulates.  These  are 
equations  of  considerable  complexity  and  are  difficult  to  master.  They  are  likely  to 
cause  consternation  and  resistance  in  students  who  are  hit  with  all  of  them  at  the 
beginning  of  a  book.  Alert  students  will  wonder  about  the  meaning  of  the  field 
vectors  and  about  the  necessity  and  sufficiency  of  these  general  equations.  At  the 
initial  stage  students  tend  to  be  confused  about  the  concepts  of  the  electromagnetic 
model,  and  they  are  not  yet  comfortable  with  the  associated  mathematical  manip- 
ulations.  In  any  case,  the  general  Maxwell’s  equations  are  soon  simplified  to  apply 
to  static  fields,  which  allow  the  consideration  of  electrostatic  fields  and  magneto¬ 
static  fields  separately.  Why  then  should  the  entire  set  of  four  Maxwell’s  equations 
be  introduced  at  the  outset? 
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It  iriay  be  argued  tjiat  Coulomb’s  Jaw,  though  based  on  experimental  evidence, 
is  in  fact  also  a  postulate.1  Cbnsider  the  two  stipulations  of  Coulomb’s  law:  that  the 
charged'bodies  are  very  spall  compared  with  thpir  distance  of  separation,  and  that 
the  force  between  the  shaped  bodies  is  inversely  proportional  to  the  square  of  their 
distance.  The  question  arises  regarding  the  first  stipulation:  How  small  must  the 
charged  bodies  be  in  order  to  be  considered  “very  small”  compared  with  their  dis¬ 
tance?  In  practice  the; charged  bodies  cannot  .be  of  vanishing  sizes  (ideal  point 
charges),  and  there  is  difficulty  in  determining  the.“true”  distance  between  two  bodies 
of  finite  dimensions.  Fqr  given  body  sizes  the  relative  accuracy  in  distance  measure¬ 
ments  is  better  when  the  separation  is  larger.  However,  practical  considerations, 
(weakness  offorce,  existence  of  extraneous  charged  bodies,  etc.)  restrict  the  usable 
distance  of  separation  in  the  laboratory,  and  experimental  inaccuracies  cannot  be 
entirely  avoided.  This  jeads  to  a  more  important  question  concerning  the  inverse- 
square  relation  of  (he  second  stipulation.  Even  if  tile  charged  bodies  were  of  vanishing 
sizes,  experimental  measurements  could  not  be  of  ah  infinite  accuracy  no  matter 
how  skillful  and  careful  an  Cxperimentor  was.  lio^  then  was  it  possible  for  Coulomb 
to  know  that  the  force,  was  exactly  inversely  proportional  to  the  square  (not  the 
2.000001th  or  the  1.99^9991h  power)  of  the  distance  of  separation?  This  question 
cannot  be  answejpd  from  an  experimental'  viewpoint  because  it  is  not  likely  that 
during  Coulomb's  time  experiments  could  Have  been  accurate  to  the  seventh  place. 
We  must  therefore  conclud‘e;that  Coulomb's  lawds  itself  a  postulate  and  that  it  is 
a  law  of  nature  discovered  and  assumed  on  the  basis  of  his  experiments  of  a  limited 
accuracy  (see  Section  3-2).  ' 

This  book  builds  the  electromagnetic  tnodej  using  art  axiomatic  approach  in 
steps :  first  for  static  electric  fields  (Chapter  3),  therefor  static  magnetic  fields  (Chapter 
6),  and  finally  for  time-jyarying  fields  leading  to  Maxwell’s  equations  (Chapter  7). 
The  mathematical  basis  (for  each  step  is  Helmholtz’s  theorem,  which  states  that  a 
vector  field  is  determined  to  within  an  additive  constant  if  both  its  divergence  and 
its  curl  are  specified  everywhere.  Thus,  for  the  ^development  of  the  electrostatic 
model  in  free  space,  it  is  pnly  necessary  to  define  a  single  vector  (namely,  the  electric 
field  intensity  E)  by  specifying  its  divergence  and  its  curl  as  postulates.  All  other 
relations  in  electrostatics  for  free  space,  iheiuding  Coulomb’s  law  and  Gauss’s 
law,  can  be  deriyOdJpop  (he  two  rather  simple  postulates.  Relations  in  material 
media  can  be  developed  through  the  concept  of  equivalent  charge  distributions  of 
polarized  dielectrics.  \  \  ■  f  : 

Similarly,  for  'the  magnetostatic  model  :in  .frdfe  space  it  is  necessary  to  define 
only  a  single  magnetic  |Ju^i  density  vector  B  by 'specifying  its  divergence  and  its 
curl  as  postulates^  all  other  formulas  can  be  derived  frpm  these  two  postulates. 
Relations  in  material  media  can  be  developed  thjough  the  concept  of  equivalent 
current  densities.  Of  co^rsp,’  the  validity  of. the  postulates  lies  in  their  ability  to 
yield  results  that  hpnfaqih  with  experimenta'l  evidence. 

For  time-varying  fiejds,  the  electric  andfmagnetic  field  intensities  are  coupled. 
The  curl  E  postulate  for  ,th?  electrostatic  model  must  be  modified  to  conform  with 
Faraday’s  law.  In  addition,  the  curl  B  postulate  for  the  magnetostatic  model  must 
also  be  modified  ireorder  to  be  consistent  with  the  equation  of  continuity.  We  have. 
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then,  the  four  Maxwell’s  equations  that  constitute  the  electromagnetic  model. 

I  believe  that  this  gradual  development  of  the  electromagnetic  model  based  on 
Helmholtz’s  theorem  is  novel,  systematic,  and  more  easily  accepted  by  students. 

In  the  presentation  of  the  material,  I  strive  for  lucidity  and  unity,  and  for  smooth 
and  logical  flow  of  ideas.  Many  worked-out  examples  (a  total  of  135  in  the  book) 
are  included  to  emphasize  fundamental  concepts  and  to  illustrate  methods  for 
solving  typical  problems.  Review  questions  appear  at  the  end  of  each  chapter  to 
test  the  students’  retention  and  \mde~standing  of  the  essential  material  in  the  chapter. 
The  problems  in  each  chapter  are  designed  reinforce  .wdents’  comprehension  of 
the  interrelationships  between  the  different  quantities  in  the  formulas,  and  to  extend 
their  ability*of  applying  the  formulas  to  solve  practical  problems.  I  do  not  believe 
in  simple-minded  drill-type  problems  that  accomplish  little  more  than  an  exercise 
on  a  calculator. 

The  subjects  covered,  besides  the  fundamentals  of  electromagnetic  fields,  include 
theory  and  applications  of  transmission  lines,  waveguides  and  resonators,  and 
antennas  and  radiating  systems.  The  fundamental  concepts  and  the  governing 
theory  of  electromagnetism  do  not  change  with  the  introduction  of  new  electromag¬ 
netic  devices.  Ample  reasons  and  incentives  for  learning  the  fundamental  principles 
of  electromagnetics  are  given  in  Section  1-1.  I  hope  that  the  contents  of  this  book, 
strengthened  by  the  novel  approach,  will  provide  students  with  a  secure  and  suf¬ 
ficient  background  for  understanding  and  analyzing  basic  electromagnetic  phe¬ 
nomena  as  well  as  prepare  them  for  more  advanced  subjects  in  electromagnetic 
theory. 

There  is  enough  material  in  this  book  for  a  two-semester  sequence  of  courses. 
Chapters  1  through  7  contain  the  material  on  fields,  and  Chapters  8  through  1 1  on 
waves  and  applications.  In  schools  where  there  is  only  a  one-semester  course  on 
electromagnetics,  Chapters  1  through  7,  plus  the  first  four  sections  of  Chapter  8 
would  provide  a  good  foundation  on  fields  and  an  introduction  to  waves  in  un¬ 
bounded  media.  The  remaining  material  cbuld  serve  as  a  useful  reference  book  on 
applications  or  as  a  textbook  for  a  follow-up  elective  course.  If  one  is  pressed  for 
time,  some  material,  such  as  Example  2-2  in  Section  2-2,  Subsection  3-11.2  on 
electrostatic  forces.  Subsection  6-5.1  on  scalar  magnetic  potential.  Section  6-8 
on  magnetic  circuits,  and  Subsections  6-13.1  and  6-13.2  on  magnetic  forces  and 
torques,  may  be  omitted.  Schools  on  a  quarter  system  could  adjust  the  material  to 
be  covered  in  accordance  with  the  total  number  of  hours  assigned  to  the  subject  of 
electromagnetics. 

The  book  in  its  manuscript  form  was  class-tested  several  times  in  my  classes  on 
electromagnetics  at  Syracuse  University.  I  would  like  to  thank  all  of  the  students 
in  those  classes  who  gave  me  feedback  on  the  covered  material.  I  would  also  like 
to  thank  all  the  reviewers  of  the  manuscript  who  offered  encouragement  and  valuable 
suggestions.  Special  thanks  are  due  Mr.  Chang-hong  Liang  and  Mr.  Bai-lin  Ma 
for  their  help  in  providing  solutions  to  some  of  the  problems. 

Syracuse,  New  York 
January  1983 


D.  K.  C. 


■j 


1  /  The  Electromagnetic  Model 


1-1  INTRODUCTION 


Stated  in  a  simple  fashion,  electromagnetics  is  the  study  of  the  effects  of  electric  charges 
at  rest  and  ip .  motion.  From  elementary  physics  we  know  there  are  two  kinds  of 
charges:  poSitrvb  ahd  negative.  Both  positive  and  negative  charges  are  sources  of  an 
electric  field*  fftdVin^charges  produce  a  current,  which  gives  rise  to  a  magnetic  field. 
Here  we  tentatively  speak  of  electric  field  and  magnetic  field  in  a  general  way;  more 
definitive  meahings;will  be  attached  to  these  terms  later.  A  field  is  a  spatial  distribution 
of  a  quantity, .which  may  or  may  not  pe,  a  function  of  time.  A  time-varying  electric 
field  is  accompanied  by  a  magnetic  field,  and  Vice  versa.  In  other  words,  time- varying 
electric  and  magnetic  fields  are  coupled,  resulting  in  an  electromagnetic  field.  Under 
certain  conditions,  time-dependent  electromagnetic  fields  produce  waves  that  radiate 
from  the  source.  The  concept  of  fields  and  waves  is  essential  in  the  explanation  of 
action  at  a  distance.  In  this  book,  Field  and  Wabe  Electromagnetics ,  we  study  the 
principles  ajtid  applications  of  the  laws  of  electromagnetism  that  govern  electro¬ 
magnetic  phenomena. ,  .  :  V 

Electromagnetics  is  of  fundamental  importance  to  physicists  and  electrical 
engineers.  Electromagnetic  theory  is  indispensable  in  the  understanding  of  the 
principle  of  atom  smashers,  cathode-ray  oscilloscopes,  radar,  satellite  communicatioti, 
television  reception,  remote  sensing,  radio  astronomy,  microwave  devices,  optical 
fiber  communication,  instrument-landing  systems,  electromechanical  energy  con¬ 
version,  and  so  on.  Circuit  concepts  represent  a  restricted  version,  a  special  case,  of 
electromagnetic  concepts.  As  we  shall  see  in  Chapter  7,  when  the  source  frequency  is 
very  low  so  that  the  dimensions  of  a  conducting  nbfwork  are  much  smaller  than  the 
wavelength,  We  have  a  quasi-static  situation,  which  simplifies  an  electromagnetic 
problem  circuit  problem.  However,  we  hasten  to  add  that  circuit  theory  is  itself 
a  highly  developed,  sophisticated  discipline.  It  applies  to  a  different  class  of  electrical 
engineering  pro  bleats,  and  it  is  certainly  important  in  its  own  right. 

Two  situations  Illustrate  the  inadequacy  6f  circuit-theory  concepts  and  the  need 
of  electroma'giietic-iield  concepts.  Figure  i-1  depicts  a  monopole  antenna  of  the  type 
we  see  on  a  wdlkie'-talkie.  Oil  transmit,  the  source  at  the  base  feeds  the  antenna  with 
a  message-carrying  current  at  an  appropriate  carrier  frequency.  From  a  circuit-theory 
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A  monopole  antenna.  '  Fig.  1—2  An  electromagnetic 


problem. 


point  of  view,  the  source  feeds  into  an  open  circuit  because  theupper  tip  of  the  antenna 
is  not  connected  to  anything  physically;  hence  no  current  would  flow  and  nothing 
would  happen.  This  viewpoint,  of  course,  cannot  explain  why  communication  can  be 
established  between  walkie-talkies  at  a  distance.  Electromagnetic  concepts  must  be 
used.  We  shall  see  in  Chapter  11  that  when  the  length  of  the  antenna  is  an  appreciable 
part  of  the  carrier  wavelength1,  a  nonuniform  current  will  flow  along  the  open-ended 
antenna.  I  his  current  radiates  a  time-varying  electromagnetic  field  in  space,  which 
can  induce  current  in  another  antenna  at  a  distance. 

In  Fig.  1—2  we  show  a  situation  where  an  electromagnetic  wave  is' incident  from 
the  left  on  a  large  conducting  wall  containing  a  small  hole  (aperture).  Electromagnetic 
fields  will  exist  on  the  right  side  of  the  wall  at  points,  such  as  P  in  the  figure,  that  are 
not  necessarily  directly  behind  the  aperture.  Circuit  theory  is  obviously  inadequate 
here  for  the  determination  (or  even  the  explanation  of  the  existence)  of  the  field  at  P. 
The  situation  in  Fig.  1-2,  however,  represents  a  problem  of  practical  importance  as 
its  solution  is  relevant  in  evaluating  the  shielding  effectiveness  of  the  conducting  wall. 

Generally  speaking,  circuit  theory  deals  with  lumped-parameter  systems  — 
circuits  consisting  of  components  characterized  by  lumped  parameters  such  as 
resistances,  inductances,  and  capacitances.  Voltages  and  currents  are  the  main 
system  variables.  For  DC  circuits,  the  system  variables  are  constants  and  the  gov¬ 
erning  equations  are  algebraic  equations.  The  system  variables  in  AC  circuits  are 
time-dependent;  they  are  scalar  quantities  and  are  independent  of  space  coordinates. 
The  governing  equations  are  ordinary  differential  equations.  On  the  other  hand,  most 
electromagnetic  variables  are  functions  of  time  as  well  as  of  space  coordinates.  Many 
are  vectors  with  both  a  magnitude  and  a  direction,  and  their  representation  and 
manipulation  require  a  knowledge  of  vector  algebra  and  vector  calculus.  Even  in 
static  cases,  the  governing  equations  are,  in  general,  partial  differential  equations.  It 

'  The  product  of  the  wavelength  and  the  frequency  of  an  AC  source  is  the  velocity  of  wave  propagation. 
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is  essential  that  wb  are  .equipped  to  hpndle|vectdr  quantities  and  variables  that  are 
both  time-  ahd  space-dependent.  The  .fundamentals  of  vector  algebra  and  veetdr 
calculus  will.ibe  developed  in  Chapte^  i  Techniques  for  solving  partial  differential 
equations  areheefjedin  (dealing  with  certain, types  of  electromagnetic  problems.  These 
techniques  vyill  bd  discqssed  in  Chapter.  4.  the  importance  of  acquiring  a  facility  in 
the  use  of  these  mathematical  tools  Un  the  study  of  electromagnetics  cannot  be 
overemphasized.  ,  ' 
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There  are  two  approaches  in  the  develop!  rife  at  of  a  scientific  subject:  the  inductive 
approach  and  the  tieductive  approach.  Using  the  inductive  approach,  one  follows  the 
historical  development:  of  the  subject,  startihg  with  the  observations  of  some  simple 
experiments  and  i  lferring  from  them  laws  ahd  theorems.  It  is  a  process  of  reasoning 
from  particular  phenomena  to  general  pririciples.  The  deductive  approach,  on  the 
other  hand,  postulates,!  a  few  fundamental;  relations  for  an  idealized  model.  The 


postulated  relalidjis  avo  axioms,  from,  which  particular  laws  and  theorems  can  be 
derived.  The  validity  of  the  model  and  the  axioms  is  verified  by  their  ability  to  predict 
consequences  that  chec  k  with  experimental  .observations.  In  this  book  we  prefer  to 
use  the  deductivc.br  axiomatic  approach  because  it  is  more  elegant  and  enables  the 
development  of  t  life  subject  of  electromagnetics  in  an. orderly  way. 

I  he  idealized 'model  we  adopt  for  studying  a  scientific  subject  must  relate  to 
real-world  situations  and  be  able  to  explain  physical  phenomena;  otherwise,  we  would 
be  engaged  in  merital  exercises  for  no  purpose.  For  example,  a  theoretical  model  could 
be  built,  from  . which  one  riiight  obtain  rtiany  mathematical  relations;  but,  if  these 
relations  disagree  tvith  observed  results,  the  r^odel  is  of  no  use.  The  mathematics  may 
be  correct,  bufe  the  .Underlying  assumptions  of  the  model  may  be  wrong  or  the  implied 
approximatiohs  .niay  not  be  justified.  .  , 

Three  essential  steps  are  involved  . in  building  a  theory  on  an  idealized  model; 
First,  some  basic  Quantities  germane  to  the  Subject  of  study  are  defined.  Second ,  the 
rules  of  operatiortffthe  mathematics)  of  these  quantities  are  specified.  Third,  some 
fundamental  relations  are  postulated.  These  postulates  or  laws  are  invariably  based 
on  numerous  experimental  observations  acquired  under  controlled  conditions  and 
synthesized  by  brilliant  rhinds.  A  familiar  example  is  the  circuit  theory  built  on  a 
circuit  model  Of  ideal  sources  and  pure  resistances,  inductances,  and  capacitances.  In 
this  case  the:basic  quantities  are  voltages  ( V ),  currents  (/),  resistances  (R),  inductances 
(L),  and  dapagitahees  (C);  the  rules  of  operations  are  those  of  algebra,  ordinary 
differential  equations,  and  Laplace  transformation;  and  the  fundamental  postulates 
are  Kirchhoff’s  voltage  apd  current  laws.  Many  relations  and  formulas  can  be  derived 
from  this  basically  feather  simple  model, .pud  the  responses  of  very  elaborate  networks 
can  be  determined. ,The  validity  and  valuedftH’e  model  have  been  amply  demonstrated. 

In  a  like  manner,  an  electromagnetic  theory  can  be  built  on  a  suitably  chosen 
electromagnetic  model.  In  this  section  we  shall  take  the  first  step  of  defining  the  basic 
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quantities  of  electromagnetics.  The  second  step,  the  rules  of  operation,  encompasses 
vector  algebra,'  vector  calculus,  and  partial  differential  equations.  The  fundamentals 
of  vector  algebra  and  vector  calculus  will  be  discussed  in  Chapter  2  (Vector  Analysis), 
and  the  techniques  for  solving  partial  differential  equations  will  be  introduced  when 
these  equations  arise  later  in  the  book.  The  third  step,  the  fundamental  postulates,  will 
be  presented  in  three  stibSteps- in  Chapters  3,  o,  and  7  as  we  deal  with,  respectively, 
static  electric  fields,  steady  magnetic  fields,  and  electromagnetic  fields. 

The  quantities  in  our  electromagnetic  model  can  be  divided  roughly  iirkf  two 
categories:  source 'add  field  quantities.  The  source  of  an  electromagnetic  field  is 
invariably  electric  charges  at  rest  or  in  motion.  However,  an  electromagnetic  field  may 
cause  a  redistribution  of  charges  which  will,  in  turn,  change  the  field;  hence,  the 
separation  between  the  cause  and  the  effect  is  not  always  so  distinct. 

We  use  the  symbol  q  (sometimes  0 )  to  denote  electric  charge.  Electric  charge  is  a 
fundamental  property  of  matter  and  it  exists  only  in  positive  or  negative  integral 
multiples  of  the  charge  on  an  electron,  e.t  ^ 

(1-1) 

where  C  is  the  abbreviation  of  the  unit  of  charge,  coulomb.*  It  is  named  after  the 
French  physicist  Charles  A.  de  Coulomb,  who  formulated  Coulomb’s  law  in  1785, 
(Coulomb’s  law  will  be  discussed  in  Chapter  3.)  A  coulomb  is  a  very  large  unit  for 
.electric  charge;  it  takes  1/(1.60  x  10' 19)  or  6.25  billion  electrons  to  make  up  —  1  C. 
In  fact,  two  1-C  charges  1  m  apart  will  exert  a  force  of  approximately  1  million  tons 
on  each  other.  Some  other  physical  constants  for  the  electron  are  listed  in  Appendix 
B-2. 

The  principle  of  conservation  of  electric  charge,  like  the  principle  of  conservation 
of  momentum,  is  a  fundamental  postulate  or  law  of  physics.  It  states  that  electric 
charge  is  conserved;  that  is,  it  can  neither  be  created  nor  be  destroyed.  Electric  charges 
can  move  from  one  place  to  another  and  can  be  redistributed  under  the  influence  of 
an  electromagnetic  field;  but  the  algebraic  sum  of  the  positive  and  negative  charges 
in  a  closed  (isolated)  system  remains  unchanged.  The  principle  of  conservation  of  elec¬ 
tric  charge  must  be  satisfied  at  all  times  and  under  any  circumstances.  It  is  represented 
mathematically  by  the  equation  of  continuity,  which  we  will  discuss  in  Section  5-4. 
Any  formulation  or  solution  of  an  electromagnetic  problem  that  violates  the  principle 
of  conservation  of  electric  charge  must  be  incorrect.  We  recall  that  the  Kirchhoff’s 
current  law  in  circuit  theory,  which  maintains  that  the  sum  of  all  the  currents  leaving 
a  junction  must  equal  the  sum  of  all  the  currents£ntering  the  junction,  is  an  assertion 

1  In  1962  Murray  Gell-Mann  hypothesized  quarks  as  the  basic  building  blocks  of  matter.  Quarks  were 
predicted  to  carry  a  fraction  of  the  charge,  e,  of  an  electron;  but,  to  date,  their  existence  has  not  been  veri¬ 
fied  experimentally. 

*  The  system  of  units  will  be  discussed  in  Section  1-3, 
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of  the  conservation  property  of  electric  charge.  (Implicit  in  the  current  law  is  the 
assumption  tfifit  there  is; ho  cumulation!  of  cHkrge  at  the  junction.)  4 

Although,  in  aSnicroscopic  sense,  electriccharge  either  does  or  does  not  exist  at  a 
point  in  a  discrete  manner,  these  abrupt  vafiaijons  on  an  atomic  scale  are  unimportant 
when  we  consider  i|he  electromagnetic  effect^  of  large  aggregates  of  charges.  In  com 
structing  a  macroscopic  or  large-scale  th'eor^  of  electromagnetism,  we  find  that  the 
use  of  smoothed-d[ut  average  density  furictidns  yields  very  good  results.  (The  same 
approach  is  used  irimechanics  where  a  spioothed-out  mass  density  function  is  defined) 
in  spite  of  the  fact  that  rtiass  is  associated  only  with  elementary  particles  in  a  discrete 


manner  on  an  atoniic  sc^e.j  We  define  a  volume  charge  t 
as  follows:  • >'  .  * 


..  M 

p  =  hm  — 
au-o  An 


(C/m3), 


ensity,  p,  as  a  source  quantity 


(1-2) 


where  A q  is  the  amount  Of  charge  in  a  very  srrtkll  volume  Ay.  How  small  should  Ay  be? 
It  should  be  small  enough  to  represent  an  accurate  variation  of  p,  but  large  enough  to 
contain  a  very  large  number  of  discrete  charges.  For  example,  an  elemental  cube  with 
sides  as  small  as  1  micron  (10~b  m  or  1  pm)  has  a  volume  of  10’ 18  m3,  which  will  still 
contain  about  10u  (100  billion)  atoms.  A  Smoothed-out  function  of  space  coordinates. 
p,  defined  with  such  a  small  Ay  is  expected  to  yield  accurate  macroscopic  results  for 
nearly  all  practical  purposes. 

In  some  physical  situations,  an  amount  of  charge  A q  may  be  identified  with  an 
element  of  surface  As  or  ah  element  of  line  A/.-tn  such  cases,  it  will  be  more  appropriate 
to  define  a  surface  Charge  density ,  ps,  or.a  line  charge  density,  pe: 


A  g 

Ps  —  hm— ; 
As- 0  AS 

Pc  =  hm 

A«f-0  Af 


(C/m2); 


(C/m). 


(1-3) 


(1-4) 


Except  for  certain  lpec:al  situations,  charge  densities  vary  from  point  to  point;  hence 
p,  ps,  and  pe  are,  iri  general,  point  functions  of  space  coordinates. 

Current  is  the  rate  of  change  of  charge  With  respect  to  time;  that  is, 

I  1  =  J,  (C/s  or  A),  (1-5) 

where  I  itself  may  be  time-dependent.  The  unit  of  current  is  coulomb  per  second  (C/s), 
which  is-the^same  as  ampere  (A).  A  current  must  flow  through  a  finite  area  (a  com 
ducting  wire  of  a  fihite  cross  section,  for  inStajice);  hence  it  is  not  a  point  function.  Iri 
electromagnetics  define  a  vector  point  function  volume  current  density  (or  simply, 
.current  density )  J,  Which  measures  the  amount  of  current  flowing  through  a  unit  area 
normal  to  the  direction  df  current  flow.  Xhe  bold-faced  J  is  a  vector  whose  magnitude 
is  the  current  per  utiit  area  (A/m2)  and  whose  direction  is  the  direction  of  current  flow, 
We  shall  elaborate,  on  the  relation  between  I  and  .1  in  Chapter  5.  For  very  good 
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conductors,  high-frequency  alternating  currents  are  confined  in  the  surface  layer,  in¬ 
stead  of  flowing  throughout  the  interior  of  the  conductor.  In  such  cases  there  is  a  need 
to  define  a  surface  current  density  J5,  which  is  the  current  per  unit  width  on  the  con¬ 
ductor  surface  normal  to  the  direction  of  current  flow  and  has  the  unit  of  ampere  per 
meter  (A/m).  f 

....  There  are  fo  r  fundamental  vector  field  quantities  in  electromagnetics,  electric 
Jietd  intensity  K,  electric  JUts  density  (or  electric  displacement)  T),  magnetic  Jinx  density 
B,  and  magnetic  field  intensity  II.  The  definition  and  physical  signiiicanec  of  these 
quantities  will  be  explained  fully  when  they  are  introduced  later  in  the  book.  At  this 
time,  we  want  only  to  establish  the  following.  Electric  field  intensity  E  is  the  only 
vector  needed  in  discussing  electrostatics  (effects  of  stationary  electric  charges)  in  free 
space,  and  is  defined  as  the  electric  force  on  a  unit  test  charge.  Electric  displacement 
vector  D  is  useful  in  the  study  of  electric  field  in  material  media,  as  we  shall  see  in 
Chapter  3.  Similarly,  magnetic  flux  density  B  is  the  only  vector  needed  in  discussing 
magnetostatics  (effects  of  steady  electric  currents)  in  free  space,  and  is  related  to  the 
magnetic  force  acting  on  a  charge  moving  with  a  given  velocity.  The  magnetic  field 
intensity  vector  H  is  useful  in  the  study  of  magnetic  field  in  material  media.  The 
definition  and  significance  of  B  and  H  will  be  discussed  in  Chapter  6. 

The  four  fundamental  electromagnetic  field  quantities,  together  with  their  units, 
are  tabulated  in  Table  1—1.  In  Table  1-1,  V/m  is  volt  per  meter,  andT  stands  for  tesla 
or  volt-second  per  square  meter.  When  there  is  np  time  variation  (as  in  static,  steady, 


.Table  1-1  Electromagnetic  Field  Quantities 


Symbols  and  Units 
for  Field  Quantities 

Field  Quantity 

Symbol 

Unit 

Electric 

Electric  field  intensity 

E 

V/m 

Electric  flux  density 
.  (Electric  displacement) 

D 

C/m2 

Magnetic 

Magnetic  flux  density 

B 

T 

Magnetic  field  intensity 

H 

A/m 

or  stationary  cases),  the  electric  field  quantities  E  and  D  and  the  magnetic  field 
quantities  B  and  H  form  two  separate  vector  pairs.  In  time-dependent  cases,  however, 
electric  and  magnetic  field  quantities  arc  coupled;  that  is,  time- varying  E  and  D  will 
give  rise  to  B  and  H,  and  vice  versa.  All  four  quantities  are  point  functions;  they  are 
defined  at  every  point  in  space  and,  in  general,  are  functions  of  space  coordinates. 
Material  (or  medium)  properties  determine  the  relations  between  E  and  D  and 
between  B  and  H.  These  relations  are  called  the  constitutive  relations  of  a  medium  and 
will  be  examined  later.  ! 
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1-3/i  SI  UMlTS  AND  UNIVERSAL  CONSTANTS  ? 

$  •  ; }  [  ' 

The  principal  Objective  of  studying’  electromagnetism  is  to  understand  the  intern 
action  between  charges  iand  currents  at  a- distance  based  on  the  electromagnetic 
model.  Fields- and,  waves  (time-  and  space-dependent  fields)  are  basic  conceptual 
quantities  of  this  nfedel.  Fundamental  postulates  will  relate  E,  D,  B,  H,  and  the  source 
quantities;  and  derived •  relations  will; lead  to  the  explanation  and  prediction  of 
electromagnetic  phenomena. 

i  C  ii 

1-3  SI  UNITS  AND^  !  ; 

UNIVERSAL  CONSTANTS  ! 

..  i 

A  meacuremeal  ofuuiy  physical  quantity  must  be  expressed  as  a  number  followed  by 
a  unit.  Thus,  we  mdy  talk  about  a  length  of  three  meters,  a  mass  of  two  kilograms,  and 
a  time-period  of  teh  seconds.  To  be  useful,  a  uniit  system  should  be  based  on  some 
fundamental  units  of  convenient  (practical)  sizes.  In  mechanics  all  quantities  can  be 
expressed  in  terms, bf  three  basic  units  (for  length,  mass  and  time).  In  electromagnetics 
work  a  fourth  basic  unit  (for  current)  is  needed.  The  SI  ( International  System  of  Units 
or  Le  Sysietne  Internationale  d' Unites )  is  an  MKSA  system  built  from  the  four 
fundamental  Units  listed  in  Table  1-2.,  All  other  units  used  in  electromagnetics, 
including  thoke  appearing  in  Table  1-1,  are  derived  units  expressible  in  terms  of 
m,  kg,  s,  and  A.  For  example,  the  unit  for  charge,  coulomb  (C)  is  ampere-second  (A-s); 
the  unit  for  electric  field  intensity  (V/m)  is  kg/m/A-s5;  and  the  unit  for  magnetic  flux 
density,  tesla  (T),  is  kg/A-s2.  More  complete'tables  of  the  units  for  various  quantities 
are  given  in  Appendix  A. 

In  our  electromagnetic  model  there  are  three  universal  constants,  in  addition  to 
the  field  quantities-, listed  in  Table  1-1.  They  relate  to  the  properties  of  the  free  space 
(vacuum).  They  are  as  follows:  velocity  of  electromagnetic  wave  (including  light)  in 
free  space,  c;  permittivity  of  free  space,  e0;  and  permeability  of  free  space,  p0.  Many 
experiments  have  been  performed  for  precise  measurement  of  the  velocity  of  light; 
to  many  decimal  places.  For  our  purpose,  it  is  sufficient  to  remember  that 


Table  1-2  Fundamental  Si  Units 


Quantity 

■  Unit 

Abbreviation 

Length 

meter 

m 

Mass 

kilogram 

kg 

Time 

second 

s 

Current 

ampere 

A 
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The  other  two  constants,  €0  and  n0,  pertain  to  electric  and  magnetic  phenomena 
respectively:  e0  is  the  proportionality  constant  between  the  electric  flux  density  D 
and  the  electric  field  intensity  E  in  free  space,  such,  that 

(1-7) 

ixn  is  the  proportionality  constant  between  the  magnetic  field  intensity  H  and  the 
magnetic  flux  density  B  in  free  space,  such  that 


(1-8) 

The  values  of  e0  and  /x0  are  determined  by  the  choice  of  the  unit  system,  and  they 
are  not  independent.  In  the  SI  system  (rationalized1,  MKS  A 'system),  which  is  almost 
universally  adopted  for  electromagnetics  work,  the  permeability  of  free  space  is 
chosen  to  be 

(1-9) 

where  H/m  stands  for  henry  per  meter.  With  the  values  of  c  and  /i0  fixed  in  Eqs.  (1-6) 
and  (1-9),  the  value  of  the  permittivity  of  free  space  is  then  derived  from  the  following 
relationships: 


or 


(1-11) 

where  F/m  is  the  abbreviation  for  farad  per  meter.  The  three  universal  constants  and 
their  values  are  summarized  in  Table  1-3. 

Now  that  we  have  defined  the  basic  quantities  and  the  universal  constants  of  the 
electromagnetic  model,  we  can  develop  the  various  subjects  in  electromagnetics.  But, 

*  This  system  of  units  is  said  to  be  rationalized  because  the  factor  4n  does  not  appear  in  the  Maxwell’s 
equations  (the  fundamental  postulates  of  electromagnetism).  This  factor,  however,  will  appear  in  many 
derived  relations.  In  the  unrationalized  MKSA  system,  n0  would  be  10“ 7  (H/m),  and  the  factor  47t  would 
appear  in  the  Maxwell’s  equations. 
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before  we  <d&;that,  ,toe  must  be. equipped  with  the  appropriate  mathematical  tools.  In 
the  following  chapter,  we  discuss  the  basic  rules  of  operation  for  vector  algebra  and 
vector  calculus.  ■' 


REVIEW  QUESTIONS 

R.l-1  What  is  electromagnetics? 

R.l-2  Describes,  two  phenomena  or  situations,  other  than  those  depicted  in  Figs.  1-1  and  1-2, 
that  cannot  be  adequately  explained  by  circuit  theory. 

R.l-3  What  are  the  three  essential  steps  in  building  an  idealized  model  for  the  study  of  a  scientific 
subject?  ’  :  i  • 

R.l-4  What  are  the  four  fundamental  SI  units  in  electromagnetics? 

R.l-5  What  are  the  four  fundamental  field  quantities  in  the  electromagnetic  model?  What  are 
their  units?  «  . 

.  ;  j 

R.l— 6  What  are  the  three  Universal  constants  in  the  electromagnetic  model,  and  what  are  their 
relations?  ... 

R.l- 7  What  are  the  source  quantities  in  the  electromagnetic  model? 


(1-11)  ?■ 
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2-1  INTRODUCTION 


As  we  noted  in  Chapter  1,  some  of  the  quantities  in  electromagnetics  (such  as  charge, 
current,  energy)  arc  scalars:  and  some  others  (such  as  electric  and  magnetic  field 
intensities)  are  vectors.  Both  scalars  and  vectors  can  be  functio'nSrff  time  and  position. 
At  a  given  time  and  position,  a  scalar  is  completely  specified  by  its  magnitude  (positive 
or  negative,  together  with  its  unit).  Thus,  we  can  specify,  for  instance,  a  charge  of 
—  1  yuC  at  a  certain  location  at  t  =  0.  The  specification  of  a  vector  at  a  given  location 
and  time,  ,on  the  other  hand,  requires  both  a  magnitude  and  a  direction.  How  do  we 
specify  the  direction  of  a  vector?  In  a  three-dimensional  space  three  numbers  are 
needed,  and  these  numbers  depend  on  the  choice  of  a  coordinate  system.  Conversion 
of  a  given  vector  from  one  coordinate  system  to  another  will  change  these  numbers. 
However,  physical  laws  and  theorems  relating  various  scalar  and  vector  quantities 
certainly  must  hold  irrespective  of  the  coordinate  system.  The  general  expressions  of 
the  laws  of  electromagnetism,  therefore,  do  not  require  the  specification  of  a  co¬ 
ordinate  system.  A  particular  coordinate  system  is  chosen  only  when  a  problem  of  a 
given  geometry  is  to  be  analyzed.  For  example,  if  we  are  to  determine  the  magnetic 
field  at  the  center  of  a  current-carrying  wire  loop,  it  is  more  convenient  to  use  rec¬ 
tangular  coordinates  if  the  loop  is  rectangular,  whereas  polar  coordinates  (two- 
dimensional)  will  be  more  appropriate  if  the  loop  is  circular  in  shape.  The  basic 
electromagnetic  relation  governing  the  solution  of  such  a  problem  is  the  same  for 
both  geometries. 

Three  main  topics  will  be  dealt  with  in  this  chapter  on  vector  analysis : 

1.  Vector  algebra — addition,  subtraction,  and  multiplication  of  vectors. 

2.  Orthogonal  coordinate  systems — Cartesian,  cylindrical,  and  spherical  coordi¬ 
nates. 

3.  Vector  calculus  —  differentiation  and  integration  of  vectors;  line,  surface,  and 
volume  integrals;  “del”  operator;  gradient,  divergence,  and  curl  operations. 

Throughout  the  rest  of  this  book,  we  will  decompose,  combine,  differentiate,  integrate, 
and  otherwise  manipulate  vectors.  It  is  imperative  that  one  acquire  a  facility  in  vector 
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algebra  and  Vecto|  calculus.  In  a  three-dimensional  space  a  vector  relation  is,  in  fact, 

three  scalar  relations.  The  use  of  vector-analysis  techniques  in  electromagnetics  leads 
to  concise  andT  elegant  formulations.  A  deficiency  in  vector  analysis  in  the  study  Of 
,  electromagnetics  Is  similar  to  a  deficiency  in  algebra  and  calculus  in  the  study  of 
physics ;  and  it  is  ObvioUs  that  these  deficiencies  cannot  yield  fruitful  results. 

In  solving  pribtical (problems,  we  always  deal  with  regions  or  objects  of  a  given 
shape,  and  it  is  necessary  to  express  gqnetar'fotrpulas  in  a  coordinate  system  appro¬ 
priate  for  thq  giyln  geometry.  For  familiar  rectangular  (x,  >•;  2)  co¬ 

ordinates  are,,  obviously,  awkward  to  yse  faj-  problems  involving  a  circular  cylinder 
or  a  sphere  because  .the  boundaries  of  a  circular  Cylinder  and  a  sphere  cannot  be 
described  by, Constant  values  of  x,  y,  arid  z.  th  this  chapter, \ye  discuss  the  three  most 
commonly /Used  Orthogonal  (perpendicular), coordinate  systems  and  the  representa¬ 
tion  and  operation  ofwectors  in  these  systems.  Familarity  with  these  coordinate 
systems  is  essential  in  the  solution  of  electromagnetic  problems. 

Vector  Cdlculhs  pertains  to  the  differentiation  and  integration  of  vectors.  By 
defining  certain  differential  operators,  we  .can  express  the  basic  laws  of  electro* 
magnetism  in  a  cohciseiway  that  is  invariant  with  the  choice  of  a  coordinate  system. 
In  this  chapter  wc.introduce  the  techniques  for  evaluating  different  types  of  integrals 
involving  Vfectors,  find  define  and  discuss  the  various  kinds  of  differential  operators. 

2-2  VECTOR  ADDITION  , 

AND  SUBTRACTION  V 

We  know  that  a  vector  has  a  magnitude  and  a  direction.  A  vector  A  can  be  written  as 

:  A  -  aA/4 ,  (2-1) 

:  ...  :f  -  :  1  ■ 

where  A  is  the  magnitude  (and  has  the  unit  and  dimension)  of  A, 

1}  ,  •  ; 

!  1  A  =  |A|,  '  (2-2) 

and  aA  is  a  dimensionless  unit  vector+  with  a  Unity  magnitude  having  the  direction  of 
A.  Thus, 
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(2-3) 


i  ..  f 

The  vectOr-A.can  be  represented  graphically  by  a  directed  straight-line  segment  of  a 
length  |A|  =  .-1  with  its  arrowhead  pointing  in;ihe  direction  of  a.,,  as  shown  in  Fig.  2-1. 
Two  vectors, are  equal  if  they  have  the  same 'magnitude  and  the  same  direction,  even 
••  though  they  may  be  displaced  in  space.  Sindh  it  is  difficult  to  write  boldfaced  letters 
by  hand,  it  is  a  common  practice  to  use  an  arrow  or  a  bar  over  a  letter  (A  or  A)  or 


r  In  some  books  the  unit  vector  in  the  direction  of  A  is  variously  denoted  by  A,  uA,  or  iA. 
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|A|  =  A 


A  -  a aA 


Fig.  2-1  Graphical  representation 
.  of  vector  A. 


a  wiggly  line  under  a  letter  (A)  to  distinguish  a  vector  from  a  scalar.  This  distin¬ 
guishing  mark,  once  chosen,  should  never  be  omitted  whenever  and  wherever  vectors 
are  written. 

Two  vectors  A  and  B,  which  are  n'ot  in  the  same  direction  nor  in  opposite  direc¬ 
tions,  such  as  given  in  Fig.  2~2(a),  determine  a  plane.  Their  sum  is  another  vector  C 
in  the  same  plane.  C  =  A  +  U  can  be  obtained  graphically  in  two  ways. 

1.  By  the  parallelogram  rule:  The  resultant  C  is  the  diagonal  vector  of  the  parallelo¬ 
gram  formed  by  A  and  B  drawn  from  the  same  point,  as  shown  in  Fig.  2— 2(b). 

2.  By  the  head-to-tail  rule:  The  head  of  A  connects  to  the  tail  of  B.  Their  sum  C  is 
the  vector  drawn  from  the  tail  of  A  to  the  head  of  B,  and  vectors  A,  B,  and  C  form 

a  triangle,  asshown  in  Fig.  2-2(c). 

It  is  obvious  that  vector  addition  obeys  the  commutative  and  associative  laws. 

Commutative  law:  A  +  B  =  B  +  A.  (2-4) 

Associative  law:  A  +  (B  +  C)  =  (A  +  B)  +  C.  (2-5) 

Vector  subtraction  can  be  defined  in  terms  of  vector  addition  in  the  following  way  : 

A  —  B  =  A  +  (  —  B),  (2-6) 

where  -B  is  the  negative  of  vector  B;  that  is,  -B  has  the  same  magnitude  as  B,  but 

its  direction  is  opposite  to  that  of  B.  Thus, 

—  B  =  (  —  aB)B.  (2-7) 

The  operation  represented  by  Eq.  (2-6)  is  illustrated  in  Fig.  2-3. 
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(a)  Two  vectors. 


(b)  Parallelogram  rule.  (c)  Head-to-tail  rule. 


Fig.  2-2  Vector  addition,  C  =  A  +  B. 
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(a)  Two  vectors,  f.. 
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vj  (b)  Subtraction  <3f  ,  v 

’  vectors,  A -IB!...  ;  Fig.  2-3  Vector  subtraction. 


2-3  PRODUCTS  OF-VECVOB^;  -  ■  '  *  , 

•  Multiplication  of  i  vector  A  by  a  positive  scalar  k  changes  the  magnitude  of  A  by 
k  times  without  changing  its  direction  ( k  can  be  either  greater  or  less  than  1). 

T  ;!  ,  kA  =  aA(/M) .  (2-8) 

It  is  not  sufficient  to  say  “the  multiplication  of  one  vector  by  another”  or  “the  prod¬ 
uct  of  two  vectors”  because  there  are  two  distihet  and  very  different  types  of  products 
of  two  vectors.  They  are  (1)  scalar  or  ddt  products,  and  (2)  vector  or  cross  products. 
These  will  be  defined  in  the  following  subsections. 

if  ;<  ;i 

2-3.1  Scalar  or  Dot  Product 

The  scalar  or  dot  product  of  two  vectors  A  and  B,  denoted  by  A  •  B,  is  a  scalar,  which 
equals  the  product  Of  the<magnitudes  of  A  and  B  and  the  cosine  of  the  angle  between 
them.  Thus,  .  «  . 

:i  A  •  B  ='AB  cos  6 AII.  (2-9) 


In  Eq.  (2-9),  the  syitibol  4=  signifies  “equal  by  definition”  and  0AB  is  the  smaller  angle 
between  A  and  B  ahd  is  less  than  it  radians  (i80°),  as  indicated  in  Fig.  2-4.  The  dot 
product  of  two  vedtors  (i)  is  less  than  or' equal  to  the  product  of  their  magnitudes; 
(2)  can  be  either  a  positive  or  a  negative  quantity,  depending  on  whether  the  angle 
between  them  is  smaller  dr  larger  than  tc]2  radians  (90°);  (3)  is  equal  to  the  product  of 


B  cos  eAB 


Fig.  2-4  Illustrating  the  ddt 
product  of  A  and  B. 
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the  magnitude  of  one  vector  and  the  projection  of  the  other  vector  upon  the  first  one; 
and  (4)  is  zero  when  the  vectors  are  perpendicular  to  each  other.  It  is  evident  that 

A- A  =  A2  (2-10) 

or 

A  =  J/a7a.  (2-11) 

Equation  (2-11)  enables  us  to  find  the  magnitude  of  a  vector  when  the  expression  of 
the  vector  is  given  in  any  coordinate  system: 

The  dot  product  is  commutative  and  distributive.-  : 

Commutative  law:  A  •  B  =  B  •  A.  (2-12) 

Distributive  law:  A  •  (B  +  C)  =  A  •  B  +  A  •  C.  (2-13) 

The  commutative  law  is  obvious  from  the  definition  of  the  dot  product  in  Eq.  (2-9), 
and  the  proof  of  Eq.  (2-13)  is  left  as  an  exercise.  The  associative  law  does  not  apply 
to  the  dot  product,  since  no  more  than  two  vectors  can  be  so  multiplied  and  an  ex¬ 
pression  such  as  A  •  B  •  C  is  meaningless. 
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Example  2—1  Prove  the  law  of  cosines  for  a  triangle.  •, 

Solution:  The  law  of  cosines  is  a  scalar  relationship  that  expresses  the  length  of  a 
side  of  a  triangle  in  terms  of  the  lengths  of  the  two  other  sides  and  the  angle  between 
them.  Referring  to  Fig.  2-5,  we  find  the  law  of  cosines  states  that 

c  =  s[a2  +  B2  —  2 AB  cos  a. 

We  prove  this  by  considering  the  sides  as  vectors;  that  is 

C  =  A  +  B. 

Taking  the  dot  product  of  C  with  itself,  we  have,  from  Eqs.  (2-10)  and  (2-13). 

C2  =  C  •  C  =  (A  +  B)  •  (A  +  B) 

^=A  A  +  BB  +  2AB 
=  A2  +  B2  +  2AB  cos  0AB. 
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Note  that  0AB  is,  by  definition,  the  smaller  angle  between  A  and  B  and  is  equal  to 
(180°  —  a);  hence,  fcos  B^b  *  cos  (180°  4-jdt)  =*  —  cos  a.  Therefore, 


C2  =  A2  +:B2  — j lAB  cos  a, 


and  the  law  of  coslhes;  Follows  directly.  \  j 


2-3.2  Vector  or  Cross  Product 


[  ) 

<r  '■ 


The  vector  or  cro$k  p/pduct  <  f  two  vectors  A  and  B,  denoted  by  A  x  B,  is  a  vectdr 
perpendicular  to  tile  plane  containing  A  and  B:  its  meenitude  is  AB  sin  0AB,  where 
is  ‘lie  small sr  dhgle  between  A  and  S,  ana  us  direction  follows  that  of  thejfcuxnbi 
of  the  right  hand  when  the  fingers  rotate  front,  A  to  B  through  the  angle  dAB  (the  right- 
hand  rule.)  ; 


A  x  B  =  a„|/4B  sin  9AB |. 


(2-14) 


O 


o  lc.it  of  a 
igle  between 


This  is  illustrated  itl  Fig.  2-6.  Since  B  sin  dAB  Is  the  height  of  the  parallelogram  formed 
by  the  vectors  A  and  B,  we  recognize  that  the  (magnitude  of  A  x  B,  \AB  sin  8AB |,  which 
is  always  positive,  is  numerically  equal  tolthe  area  of  the  parallelogram. 

Using  the  definition; in  Eq.  (2-14)  and  following  the  right-hand  rule,  we  find  that 

B  x  A  =  —  A  x  B.  (2-15) 

j 

Hence  the  cross  prbduct;  is  not  commutative.  V/e  can  see  that  the  cross  product  obeys 
the  distributive  law,  ;  ;  ? 


13). 


i 

i 


A  x  (B'+  C)WA)tB  +  AxC.  (2-16) 

Can  you  show  tHis  in)  general  without  resolving  the  vectors  ’  into  rectangular 
components?  ’• 

The  vector  prdduct  is  obviously  noti  associative;  that  is, 

■  A  X  (B  x  C)>  (A  x  B)  X  C.  (2-17) 


i 


.1 


! 

f 


Fig.  2-6  Cross  product  of  A 
and  B.  A  x  B. 
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The  vector  representing  the  triple  product  on  the  left  side  of  the  expression  above  is 
perpendicular  to  A  and  lies  in  the  plane  formed  by  B  and  C,  whereas  that  on  the  right 
side  is  perpendicular  to  C  and  lies  in  the  plane  formed  by  A  and  B.  The  order  in  which 
the  two  vector  products  are  performed  is  therefore  vital  and  in  no  case  should  the 
parentheses  be  omitted. 

2-3.3  Product  of  Three  Vectors 

There  are  two  kinds  of  products  of  three  vectors-;  tin  hie!  V,  life  mdur  triple  product 
and  the  rector  triple  product.  The  scalar  triple  product  is  much  the  simpler  of  the  two 
and  has  the  following  property:  . 

(2-18) 

Note  the  cyclic  permutation  of  the  order  of  the  three  vectors  A,  B,  and  C.  Of  course, 

A  •  (B  x  C)  =  -A  •  (C  x  B) 

=  -B-(A  x  C) 

=  —  C  •  (B  x  A).  (2-19) 

As  can  be  seen  from  Fig.  2-7,  each  of  the  three  expressions  in  Eq.  (2-18)  has  a  magni¬ 
tude  equal  to  the  volume  of  the  parallelepiped  formed  by  the  three  vectors  A,  B,  and 
C.  The  parallelepiped  has  a  base  with  an  area  equal  to  |B  x  C|  =  \BC  sin  0^  and  a 
height  equal  to  | A  cos  02|;  hence  the  volume  is  | ABC  sin  cos  d2\. 

The  vector  triple  product  A  x  (B  x  C)  can  be  expanded  as  the  difference  of  two 
simple  vectors  as  follows: 

(2-20) 

Equation  (2-20)  is  known  as  the  “ back-cab ”  rule  and  is  a  useful  vector  identity.  (Note 
“BAC-CAB”  on  the  right  side  of  the  equation!) 


/ 

/ 

/ 

Fig.  2-7  .  Illustrating  scalar 
triple  product  A  •  (B  x  C). 


tssion  above  is 
at  on  the  right 
order  in  which 
use  should  the 


■triple  product 
pier  of  the  two 


(2-18) 
i  C.  Of  course, 


^  (2-19) 

i)  ha„ ..  magni- 
;tors  A,  B,  and 
:  sin  Ojj  and  a 

(Terence  of  two 


(2-20) 
identity.  (Note 
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[>  *:  Example  2-2*  Prove  the  back-cab  rule  of  vector  triple  product. 

&  ’  ' 

(.  !  Solution:  In  order  to  prove  Eq.  (2-20),  it  is  convenient  to  expand  A  into  two 

r  components 

A  =  A||  +  A_l, 

I  where  Ay  and  Ax  are,  respectively,  parallel  and  perpendicular  to  the  plane  containing 

t  •  B  an<d  C.  Because  the  vector  representing  (B  x  C)  is  also  perpendicular  to  the  plane, 

t  the  cross  product  of  Ax  and  (B  x  C  vanishes.  Let  D  =  A  x  (B  x  C).  Since  only  A,, 

!  is  effective  here,  we  have 

(-'■  ■  . 

D  =  A||x(BxC).  ' 

,  ■  Referring  to  Fig.  2-8,  which  shows  the  plane  containing  B,  C,  and  A(| ,  we  note 

that  D  lies  in  the  same  plane  and  is  normal  to  A^ .  The  magnitude  of  (B  x  C)  is 
;  BC  sin  (0X  -  02)  and  that  of  A,,  x  (B  x  C)  is  A „BC  sin  -  02).  Hence, 

;  D  =  D  -aD-  A||BC  sin  (0,  -  d2) 

'  =  (B  sin  0,)(/l||C  cos  02)  —  (C  sin  02){A^B  cos  flj 

=  [B(An  ~C)  -  C(An  -B)]  •  aB. 


Fig.  2-8  Illustrating  the 
back-cab  rule  of  vector  triple 
product. 

The  expression  above  does  not  alone  guarantee  that  the  quantity  inside  the  brackets 
to  be  D,  since  the  former  may  contain  a  vector  that  is  normal  to  D  (parallel  to  Ay); 
that  is,  D  •  aD  =  E  •  afl  does  not  guarantee  E  =  D.  In  general,  we  can  write 

B(A„  •  C)  —  C(A„  -fi)  =  D  +  fcA(|, 

where  k  is  a  scalar  quantity.  To  determine  k,  we  scalar-multiply  both  sides  of  the 
above  equation  by  Ay  and  obtain 

(Ay  •  B)(Ay  •  C)  -  (Ay  •  C)(Ay  •  B)  =  0  =  Ay  •  D  +  kA2. 


f  The  back-cab  rule  can  be  verified  in  a  straightforward  manner  by  expanding  the  vectors  in  the  Cartesian 
coordinate  system  (Problem  P.2--8).  Only  those  interested  in  a  general  proof  need  to  study  this  example. 


I  -it  ' 
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Since  A|(  *  D  =  0,  so  k  =  0  and 

D  *  B(A]|(  •  Q  —  C(A|j  •  B),  ■  '  . 

which  proves  the  back-cab  rule  Inasmuch  as  An  •  C  =  A  •  C  and  A(1  -  B  =  A  'B. 

Division  by  a  vector  is  not  defined,  and  expressions  such  as  k/A  and  B/A  are 
meaningless.  i  ■  3  ; 

2-4  ORTHOGONAL  COORDINATE  SYSTEMS 

We  have  indicated  before  that  although  the  laws  of  electromagnetism  are  invariant 
with  coordinate  system,  solution  of  practical  problerfis  requires  that  the  relations 
derived  from  these  laws  be  expressed  in  a  coordinate  system  appropriate  to  the 
geometry  o!  the  given  problems,  f  or  example,  if  we  are  to  determine  the  electric  field 
at  a  certain  point  in  space,  we  ^t  least  need  to  describe  the  position  of  the  source 
and  the  location  of  this  point  in  g  coprdinate  system..  In  a  three-dimensional  space  a 
point  can  be  located  as  the  intersection  of  three  surface^.  Assume  that  the  three 
families  of  surfaces  are  described  j?y  tp  =  constant,  u2  =  constant,  and  u3  =  constant, 
where  the  us  need  not  all  be  lengths.  (In  the  familiar  Cartesian  or  rectangular  coordi¬ 
nate  system,  ut,  u2,  and  u3  correspond  to  x,  y,  and  z  respectively.)  When  these  three 
surfaces  are  mutually  perpendicular  to  one  another,  we  have  an  orthogonal  coordinate 
system.  Nonorthogonal  coordinate  systems  are  not  used  because  they  complicate 
problems. 

Some  surfaces  represented  by’«j  —  constant  ( i  =  lj;2,  or  3)  in  a  coordinate  system 
may  not  be  planes;  they  may  be  curved  surfaces.  Let  and  a„,  be  the  unit 

vectors  in  the  three  coordinate  directions.  They  are.  called  the  base  vectors.  In  a 
general  right-handed,  orthogonal,  curvilinear  coordinate  system,  the  base  vectors  are 
arranged  in  such  a  way  that  the  following  relations  are  satisfied: 

aKl,  x  aUI  =  aU3  ;  (  (2-21a) 

,  a„2  *  a„3  =  a„,  :  i  i  (2-21  b) 

;  aU3.x  a„,  =  aU2.  ,  (2-21c) 

These  three  equations  are  not  all  independent,  as  the  specification  of  one  automatically 

implies  the  other  two.  We  have,  of  cqufse,  K.  1 

*  '  -  •' 

au,  au2  ”  1  au3  =  au3  "  au,l==  0  (2—22) 

and  J  \  . 

a«i  *««,  *  l  »U1  =  a«s !  a«4r  L  (2_23) 

Any  vector  A  can  be  written  as  tfje  sum  of  it?  components  in  the  three  orthogonal 
directions,  as  follows :  S  :  ■  ‘  ' 


A  rb  ^UiAU2  "b  au3/f,,3. 


(2-24) 
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(2- 2  la) 
(2— 21b) 
(2 -21c) 
itomatically 

(2-22) 

0-23) 

ortbjT  'nal 


(2-24) 


i 


in. 

I’.. 


where  the  magnitudes  of  the  three  components,  AUI,  AU1,  and  AU3,  may  change  with 
the  location  of  A;  that  is,  they  may  be  functions  of  uu  u2,  and  u3.  From  Eq.  (2-24) 
the  magnitude  of  A  is 

A  =  |A|  =  (A2  +A22  +  A23)1/2.  :  (2-25) 

Example  2-3  Given  three  vectors  A,  B,  and  C,  obtain  the  expressions  of  (a)  A  •  B, 
(b)  A  x  B,  and  (c)  C  "(A  x  B)  in  the  orthogonal  curvilinear  coordinate  system 

(«i,  Ui,  u3). 

Solution:  First  we  write  A,  B  and  C  in  the  orthogonal  coordinates  (uu  u2,  u3): 

^  "b  ^U2^U2  ”b  , 

E  *'ui^ui  "b  ‘\2BU2  +  a U3BU3, 

E  “b  ^U2^U2  "b  a U3CU3. 

a)  A  •  B  =  (aUtAUl  +  aU2.4U2  +  a„3AU3)  •  (aUlBUi  +  a„2BU2  +  aU3£U3) 

=  AUiBUl  +  AU2BU2  +  AU3BUj,  (2-26) 

in  view  of  Eqs.  (2-22)  and  (2-23). 


b)  A  x  B  =  (a,„/1„l  +  a„. 


a»i  +  a»A,)  *  (a„A,  +  KAi  +  a„,B,J 

/hii^u2)  b"  a„I(/1UJB„J  —  AUIBU.J  +  aUl(/lUlBUJ  —  /1UJBU|) 


^ U2 

a«3 

II 

^wi 

^U2 

A, 

K 

K 

(2-27) 


Equations  (2-26)  and  (2—27)  express,  respectively,  the  dot  and  cross  products 
of  two  vectors  in  orthogonal  curvilinear  coordinates.  They  are  important  and 
should  be  remembered. 

c)  The  expression  for  C  ‘(A  x  B)  can  be  written  down  immediately  by  combining 
the  results  in  Eqs.  (2-26)  and  (2-27). 


C  •  (A  x  B)  =  CUl(AUlBU} 


~  AU2BU2)  +  CU2(AU3BUl  -  AUiBU3)  +  CU3(AUlB 

CU2 .  A 

AU2  All}  . 

K  bU3 


Eq.  (2—28)  can  be  used  to  prove  Eqs.  (2—18)  and  (2-19)  by  observing  that  a 
permutation  of  the  order  of  the  vectors  on  the  left  side  leads  simply  to  a  rearrange¬ 
ment  of  the  rows  in  the  determinant  on  the  right  side. 


In  vector  calculus  (and  in  electromagnetics  work),  we  are  often  required  to 
perform  line,  surface,  and- volume  integrals.  In  each  case  we  need  to  express  the 
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differential  length-change  corresponding  to  a  differential  change  in  one  of  the  co¬ 
ordinates.  However,  some  of  the  coordinates,  say  u(:  (i  =  },  2,  or  3),  may  not  be  a 

ength ,  and  a  conversion  factor  is  needed  to  convert  a  differential  change  du,  into  a 
change  in  length  dd(:  " 


<ld,  =  li/du,. 


(2  29) 


where  h,  is  called  a  metric  coefficient  and  may  itself  be  a  function  of  «„  u2,  and  u3. 
For  example,  in  the  two-dimensional  polar  coordinates  [u1,  fi2)  =  (r,  (j>),  a  differential 
change  d<p(  =  du2)  in  (f>  (  =  ?;?)  corresponds  to  a  differential  length-change  dd2  =  rd<l> 
(h2  =  r  =  u,)  in  the  a^, ( - •fV1,)-(.!irijction.  A  directed  ditVcrcnjini  lenglit  change  in  an 
arbitrary  direction  can  be  written  qs  thevcclor  sum  of  the  component  length  changes:* 


=  aMi  M r  +  a„2  d/2  +  a„3  dd3 


(2-30) 


or 


=  Kffii  du{)  +  a„2(/!2  du2)  +  a uJJt3  ffi3). 


(2-31) 


In  view  of  Eq.  (2-25),  the  magnitude  of  d<?  is  ' 

dd  =  [(dd,)2  +  (dd2f  +  (dd3)2Y'2  ■' 

=  [(/i,  du,)2  +  (/i2  du2)2  +  h3  du3)2~]v2 .  (2-32) 

The  differential  volume  dv  formed  by  differential  coordinate  changes  duu  du2,  and 
du3  in  directions  aBl,  a„2,  and  aU]  respectively  is  (ddL  dd2  dd3),  qr 


dv  =  hih2h3  du,  du2  du3 : 


(2-33) 


Later  we  will  have  occasion  to  express  the  current  or  flux  flowing  through  a 
differential  area.  In  such  cases  the  cross-sectional  area,  perpendicular  to  the  current 
or  flux  flow  must  be  used,  and  it  is  convenient  to  consider  the  differential  area  a  vector 
with  a  direction  normal  to  the  surface:  that  is, 


ds,=  a„  ds. 


(2-34) 


For  instance,  if  current  density  J  js  not  perpendicular  to  a  differential  area  of  a  mag¬ 
nitude  ds,  the  current,  dl,  flowing  through  ds  must  be  the  component  of  J  normal  to 
the  area  multiplied  by  the  area.  Using  the  notation  in  Eq,  (2—34),  we  can  write  simply 

'  (//.==  J  ‘ds  1,  .(  , 

■== J  *  a„  ds.  ;  ■  (2-35) 

In  general  orthogonal  curvilinear  coordinates,  the  differential  area  ds,  normal  to  the 


unit  vector  aU!  is 


dsi  —  aUi(dd 2  dd 3) 
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f  This  l  is  the  symbol  of  the  vector  l. 
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may  not  be  a 
nge  dut  into  a 

(2-29) 


=  aUl(/22/i3  (2-36) 

Similarly,  the  differential  area  normal  to  unit  vectors  aU2  and  aU3  are,  respectively, 


u2,  and  u3. 
.  a  differential 
ge  d£  2  =  r  dtp 
change  in  an 
gth  changes 

(2-30) 


i  Many  orthogonal  coordinate  systems  exist;  but  we  shall  only  be  concerned  with 

(2-31)  j  the  three  that  are  most  common  and  most  useful: 


o 

2-32) 
(hi ,,  (Ju2,  and 


i 

i 


1.  Cartesian  (or  rectangular)  coordinates^ 

2.  Cylindrical  coordinates. 

3.  Spherical  coordinates. 

These  will  be  discussed  separately  in  the  following  subsections. 


(2-33) 

tg  through  a 
o  the  current 
area  a  v.ector 

(2-34) 

'ea  of  a  mag- 
J  normal  to 
write  simply 


^2-35) 
ormal  to  the 


2-4.1  Cartesian  Coordinates 

(«i,  u2,  W3)  =  (X,  y,  z) 

A  point  P{xly  yu  zj  in  Cartesian  coordinates  is  the  intersection  of  three  planes 
specified  by  x  =  xl5  y  -  ylt  and  z  =  zu  as  shown  in  Fig.  2-9.  It  is  a  right-handed 
system  with  base  vectors  a,,  a,,,  and  az  satisfying  the  following  relations: 


ax  x  -  a.  (2— 39a) 

a^,  x  a.  =  ax  (2-39b) 

az  x  ax  =  ar  (2- 39c) 

The  position  vector  to  the  point  P(x1;  ylt  zj  is 

UP  =  axXj  +  a  yyl  +  a-Zj.  (2-40) 

A  vector-A  in  Cartesian  coordinates  can  be  written  as 

A  =  a XAX  +  a yAy  +  a ,A..  j  (2-41) 


’  The  term  “Cartesian  coordinates”  is  preferred  because  the  term  “rectangular  coordinates”  is  customarily 
associated  with  two-dimensional'  geometry. 
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Fig,  2-9 


Cartesian  coordinates. 


The  dot  product  of  two  vectors  A  and  B  is,  from  Eq.  (2-26), 


A  -  B  «  AXBX  +  AyBy  +  A;B„ 


(2-42) 


and  the  cross  product  of  A  and  B  is,  from  Eq.  (2-27), 

A  x  B  =  aJAyB:  -  A:Byi  +  a y(A.Bx  -  AXB.)  +  &.(AxBy  -  AyBx) 

h  2 


Ay  A, 

By  IT  B: 


(2-43) 


Since  x,  y,  and  z  are  lengths  themselves,  all  three  metric  coefficients  are  unity; 
that  is.  hl=h2-h2  =  l.  The  expressions  for  the  differential  length,  differential  area’ 
and  differential  volume  are —  from  ;.Eqs.  (2-31),  (2-36),  $-37),  (2-38),  and  (2-33)  — 
respectively,  f 


dh  =  axdx  +  ay  dy  +  a.  dz; 


A  =  a.c  dy  dz 
dsy  =  ay  dx  dz 
dsz  =  az  dx  dy; 


(2-44) 

(2-45a) 

(2-45b) 

(2-45c) 


and 


:  dv  =  dx  dy  dz. 


(2-46) 
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Example  2-4  A  scalar  line  integral  of  a  vector  field  of  the  type 


t  ;  is  of  considerable  importance  in  both  physics  and  electromagnetics.  (If  F  is  a  force, 

j;  >•  the  integral  is  the  work  done  by  the  force  in  moving  from  P2  to  P2  along  a  specified 

■'  path;  if  F  is  replaced  by  E,  the  electric  field  intensity,  then  theantegral  represents  an 

j-  electromotive  force.)  Assume  F  =  a-pcy  +  a^x  -  y2).  Evaluate  the  scalar  line 

j)  integral  from  P,(5,  6)  to  P2( 3,  3)  in  Fig.  2-10  (a)  along  the  direct  path®,  PXP2;  then 

I  (b)  along  path  Q),  PXAP2. 

L‘  '  ;  '  '  1  . 


r\ 


2-42) 


Fig.  2-10  Paths  of  integration 
(Example  2-4). 


(2-43) 


;  Solution:  First  we  must  write  the  dot  product  F  •  d€  in  Cartesian  coordinates.  Since 

s  are  unity;  ;  this  is  a  two-dimensional  problem,  we  have,  from  Eq.  (2-44), 

rential  area,  ’  ; 

id  (2-33)  —  .  i  F  -  ri«f  ==  [a^xy  +  ay(3x  -  y2)]  ■  (a*  dx  +  ay  dy) 

I  =xydx  +  (3x~y2)dy.  (2-47) 


•  (2-44) 

(2— 45a) 
^45b) 
v--45c) 


It  is  important  to  remember  that  d€  in  Cartesian  coordinates  is  always  given  by 
Eq.  (2-44)  irrespective  of  the  path  or  the  direction  of  integration.  The  direction  of 
integration  is  taken  care  of  by  using  the  proper  limits  on  the  integral. 

a)  Along  direct  path  ®  —  The  equation  of  the  path  PtP2  is 

^  y  =  !(*  -  !)•  (2-48) 


This  is  easily  obtained  by  noting  from  Fig.  2-10  that  the  slope  of  the  line  P1P2 
is  \ .  Hence  y  =  (§)x  is  the  equation  of  the  dashed  line  passing  through  the  origin 
and  parallel  to  P1P2.  Since  line  PLP2  intersects  the  x-axis  at  x  =  +1,  its  equation 
is  that  of  the  dashed  line  shifted  one  unit  in  the  positive  x-direction ;  it  can  be 


(2-46) 


obtained  by  replacing  x  y/ith  (x  -  1).  We  have,  front  Eqs.  (2-47)  and  (2-48), 


Je?  F  'd€  =  Cx-v  dx  +  0*  -  y2)  dy] 

Path®  ;  Path  @  ‘ 

it'  f 

»  "=  J/  ix(x  -  1)  dx  +  J63  (Zy  +  3  ~'y2)  dy 

-  -37  +  27  =  -10. 

In  the  integration  with  respect  to  y,  the  reiatioq  3x  =  2y  +  3  derived  from 
Eq.  (2-48)  was  usedi- 


b)  Along  path  (2)  —  This  path  has  two  straight-line  segments: 

From  Pj  to  A:  x  =  5,  dx  =  0. 

F  •  de  =  (15  -y2)  dy. 

From  A  to  P2:  y  =  3.  dy  =  0. 

F  •  d£  =  3x  dx , 

Hence,  ’  .  ‘  f 

Path®  ; 

—  j  3  (15  —  y2)  dy  +  3x  dx 
=  18-24=  -6!..  '  . 

We  see  here  that  the  value  of  the  line  integral  depends  on  the  path  of  integration. 
In  such  a  case,  we  say  that  the  vector  field  F  is  not  conservative. 


2-4.2  Cylindrical  Coordinates 

(tii,  w2,  u3)  =  (r,  <f>,  z) 

1  In  cylindrical  coordinates  a  point  P(r,,  (j>  t,  zx)  is  the  intersection  of  a  circular  cylin¬ 
drical  surface  r  —  rx,  a  half-pjane: cpntaining  the  z-axis  and  making  an  angle  <j>  =  <f>x 
with  the  xz- plane,  and  a  plane  parallel  to  the  xy-plaqe  at  z  =  z,.  As  indicated  in 
Fig.  2-11,  angle  <j>  is  measured  from  the  positive  x-axjs,  and  the  base  vector  a0  is 
tangential  to  the  cylindrical  surface.  The  following  right-hand  relations  apply: 


a„  x  a,  =  ac 
x  a.  =  ar 
,az  x  ar  =  a* 


(2— 49a) 
(2— 49b) 
(2-49c) 


/~A 


d  (2-48), 


leriv.d  irom 


Cylindrical  coordinates  are  important  for  problems  with  long  line  charges  or  currents, 
and  in  places  where  cylindrical  or  circular  boundaries  exist.  The  two-dimensional 
polar  coordinates  are  a  special  case  at  c  =  0. 

A  vector  in  cyiindrical  coordinates  is  written  as 


integration, 


f- 

f- 


\ 


f 

I 


A  a, ..-I,  t-  a,;,/!,;,  I-  a,/L. 


(2-50) 


The  expressions  for  the  dot  and  cross  products  of  two  vectors  in  cylindrical  coordi¬ 
nates  follow  from  Eqs.  (2-26)  and  (2-27)  directly. 

Two  of  the  three  coordinates,  r  and  z  (iq  and  w3),  are  themselves  lengths;  hence 
h i  =  h2  =  1.  However,  tp  is  an  angle  requiring  a  metric  coefficient  h2  =  r  to  convert 
#  to  d/2.  The  general  expression  for  a  differential  length  in  cylindrical  coordinates 
is  then,  from  Eq.  (2—31): 


i 

i 

i 

i 

i 

rcular  cylin- 
ngle  cp  =  tp1 
indicated  in 
ver^a*  is  j 

iPf  ,  •  ! 

(  7a) 

(2-49  b) 

(2-49c) 


d€  -  a,  dr  -f  a dtp  +  a ,dz.  j 

The  expressions  for  differential  areas  and  differential  volume  are 

dsr  =  arr  dtp  dz 
ds^  =  a0  dr  dz 
dsz  =  a  ,r  dr  dtp 

'  and 

dv-r  dr  dtp  dz. 


(2-51) 


(2- 52a) 
(2- 52b) 
(2- 52c) 


(2-53) 
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Fig.  ?-12  A  differential 
vplufne  element  in  cylindrical 
coordinates.  ; 


I 


A  typical  differential  volume  element  at  a  point  (r,  <j),  z)  resulting  from  differential 
changes  dr,  dcj>,  and  dz  in  tfif  three  orthogonal  coordinate  directions  is  shown  in 
Fig.  2-12.  t  '  ; 

A  vector  given  in  cylindrical  coordinates  can  be  transformed  into  one  in  Cartesian 
coordinates,  and  vice  versa.  Suppose  we  want  to  expres^  A  =  arAr  +  a^A#  +  a  .A.  in 
Cartesian  coordinates;  that  is,  wp.want  to  write  A  as  a XAX  +’  ayAy  +  a ,A.  and  deter¬ 
mine  Ax,  Ay,  and  A..  First  of  ajl,  we  note  that  A.,  the  z-coipponent  of  A,  is  not  changed 
by  the  transformation  from  cylindrical  to  Cartesiari  coordinates.  To  find  Ax  we  equate 
the  dot  products  of  both  expressions  of  A  with  a,..  Thus, 

i  ’  h  /  ,  -Jv 

Ax  tf  .A  •  ax 

=:  Ara,  •  ax  +  A^  •  a*. 

The  term  containing  Az  disappears  here  because  a2  ■  ax  =  0.  Referring  to  Fig.  2-13, 
which  shows  the  relative  positions  of  the  base  vectors  ax,  ay,  an  and  a^,  we  see  that 


and 


(2-54) 


»♦  •  =  bos  ^  +  <f>  j  siqV>  • 

Hence,  -•  ,i  ;• 

-  Ar  cos  (j)  —  A#  sin.  0 . ... 


(2-55) 

(2-56) 


AT 


■  ■■  •'•■■•"■  ■  ;  V# 

2  .  t  \  * 
l-V 


:■:'  S  A  ';-i-  sli c*&  u 

,• '  ■  ■  ■ 


...  cV^y. 

■.  •  V.  »ii:;V‘-: 


i  differential 
is  shown  in 


-  § 
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Similarly,  to  find  Ay,  we  take  the  dot  products  of  both  expressions  of  A  with  ay 

Ay  =  A-  ay 

=  Arar  •  ay  +  •  ar 


From  Fig.  2-13,  we  find 


and 


It  follows  that 


a,  •  ay  —  cos  (-  —  (p  \  —  sin  <j> 


a0  •  ay  =  cos  <p. 

Ay  =  Ar  sin  (p  +  A^  cos  (p . 


(2-57) 

(2-58) 

(2-59) 


in  (f'—'vsian  ‘ 

S  +  u*.  in  ) 

-  an  ;ter- 
nol changed 
lx  we  equate 


It  is  convenient  to  write  the  relations  between  the  components  of  a  vector  in  Cartesian 
and  cylindrical  coordinates  in  a  matrix  form: 


'cos  cp 

—  sin  (/> 

•  O' 

r/i,i 

Ay 

= 

sin  (p 

COS  (p 

0 

A  j , 

Az 

0 

0 

1 

A.  j 

(2-60) 


>  Fig.  2-13, 
we  see  that 

(2-54) 
•  (2-55) 
(2-56) 

r\ 


Our  problem  is  now  solved  except  that  the  cos  <p  and  sin  cp  in  Eq.  (2-60)  should  be 
converted  into  Cartesian  coordinates.  Moreover,  An  A^  and  A.  may  themselves  be 
functions  of  r,  (p,  and  z.  In  that  case,  they  too  should  be  converted  into  functions  of 
x,  y,  and  z  in  the  final  answer.  The  following  conversion  formulas  are  obvious  from 
Fig.  2-13.  From  cylindrical  to  Cartesian  coordinates: 


(2- 61a) 
(2- 6  lb) 
(2— 61c) 


The  inverse  relations  (from  Cartesian  to  cylindrical  coordinates)  are 

(2- 62a) 
(2— 62b) 
(2-62c) 


(p  =  tan_1  - 


x  =  r  cos  <l> 
y  —  r  sin  <p 
z  —  z. 


V 
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Example  2-5  Express  tjie  yectdr  ! 

4  =  a,|3  cos  $ )  -  p^2r  +  8,5 

in  Cartesian  coordinates. 

’  :  V 

Solution:  Using  Eq.  (2-60)  (directly,  we  have  ;  , 

■  ;•  ;  1.  !  . 

■  41.J.  —  sin  0  {  0’  "3  cos  <f> 

Ay  j, «?  jin  <fi'  cos  <p  l  0  —  2 r 

A,\  (.0  0  1  5  • 


A  =  a*(3  cos2  < p  +  Zr  sin ;</>)  +  a,.(3  sin  (j)  cos  ^  -  2r  cos  (j))  +  a.5 
But,  from  Eqs.  (2-61)  and  (2-62),  - 

j  x  ■ 

COS  <p  = - 


sin  <ji  — 


U1  +  y2 


Therefore, 


which  is  the  desired  answer.  ;1 


Example  2-6  Given  F  ®  a^cy  t  a,,2x,  evaluate  the  scalar  line  integral 

;•  U  J>-*  !;■  , 

along  the  quarter-circfe  shown  iniFig.  2- 14. 


fig,  2-14  Path  for  line  integral 
x  (Example  2-6).  ;■  >, 
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Solution:  We  shall  solve  this  problem  in  two  ways:  first  in  Cartesian  coordinates, 
then  in  cylindrical  coordinates. 

>  a)  In  Cartesian  coordinates.  From  the  given  F  and  the  expression  for  di  in  Eq. 
(2-44),  we  have 

F  •  d€  =  xy  dx  —  2x  dy. 

The  equation  of  the  quarter-circle  is  x2  4-  y2  =  9(0  <  x,  y  <  3).  Therefore, 
j;  F  •  d€  =  j3°  xV9 ~2dx  -  2  Jo3  V9 —yfdy 


=  — j(9  —  x2)3/2 


yV9  “  y2  +  9  sin  1  - 


=  _9l1+2> 

b)  In  cylindrical  coordinates.  Here  we  first  transform  F  into  cylindrical  coordinates. 
Inverting  Eq,  (2-55),  we  have 

P/lrl  fcos  cf)  —sin  (f>  01  ” 1  [,4,1 


A, i,  =  sin 

A,  0 


cos  <j)  .0  \  Ay 


cos  4>  ■  sin  (f>  01  fAx 

=  —  sin  0  cos  4>  0  Ay  . 

0  0  lj  \_AZ_ 

With  the  given  F,  Eq.  (2-63)  gives 

Fr  1  [”  cos  (p  sin  (p  01  f  xy 

F#  =  —  sin  4>  cos  <f>  0  —lx 

F,  0  0  10 


(2-63) 


which  leads  to 


F  =  a r{xy  cos  <j>  —  2x  sin  <j) )  —  a ^(xy  sin  cj>  +  2x  cos  <p). 

For  the-present  problem  the  path  of  integration  is  along  a  quarter-circle  of  a 
radius  3.  There  is  no  change  in  r  or  2  along  the  path  (dr  =  0  and  dz  —  0);  hence 
Eq.  (2-51)  simplifies  to 

df  =  a^.3  d(f> 


F  •  d€  =  —  3(xy  sin  <f)  +  2x  cos  4>)  d<fi  ■ 
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Because  of  the  circular  path,  Fr  is  immaterial  tq  the  presfjpt  integration.  Along 
the  path,  x  =  3  cos  dmnd  y  —  3  sin  </>.  Therefore. 

L  F  ^  -  JT  ~  3(9  sin2  <p  cos  <p  +  6  cos2  <j>)  dtp 
=  —  9(sin3  (j>  +  <p  +  sin  <p  qos  <f>) 


=  — 9|  1  +  -  ], 


which  is  the  same  as  before. 


In  this  particular  example,  F  is  given  in  Cartesian  coordinates  and  the  path  is 
circular.  There  is  no  compelling  reason  to  solve  the  problem  in  one  or  the  other 
coordinates.  We  have  shown  the  conversion  of  vectors  and  the  procedure  of  solution 
in  both  coordinates. 


Example  2-7  Given  F  =  a  rkjr  +  a  J<2:,  evaluate  the  scalar  surfacsTirTtegral 

(j)F  •  ds 

over  the  surface  of  a  closed  cylinder  about  the  c-axis  specified  by  z  =  ±3  and  r  =  2, 
as  shown  in  Fig.  2-15. 


Solution:  In  connection  with  Eq.  (2-34)  we  noted  that  the  direction  of  ds  is  normal 
to  the  surface.  This  statement  is  actupllydmprecise  because  a  normal  to  a  surface  can 
point  in  either  of  two  directions.  No  ambiguity  would  arise  in  Eq.  (2-35),  since  the 
choice  of  a„  simply  determines  the  reference  direction  of  currept  flow.  In  the  present 
case,  where  F  •  ds  is  to  be  integrated  oyer  a  closed  surface  (denoted  by  the  circle  on 
the  integral  sign),  the  direction  of  ds  is  always  to  be  taken  qg  that  of  the  outward 
normal.  Our  problem  is  to  carry  out  the  surface  integral 


OVc 
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We 

a) 


c) 
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v  • 
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;ration.  Along  over  the  entire  specified  surface.  This  integral  gives  the  net  outward  flux  of  the  vector 

;  '  F  through  the  enclosed  surface. 

J  \  ,  The  cylinder  in  Fig.  2-15  has  three  surfaces:  the  top  face,  the  bottom  face,  and 

'  the  side  wall.  So, 


d  the  path  is 
or  the  other 
c  of  solution 


(£f  •  ds  =  (  F  •  a„  ds  +  f  F  •  an  ds  +  f  F  •  a„  ds. 

J  *1  top  J  bottom  n  Jsido  " 

face  face  wall 

We  evaluate  .the  three  integrals  on  the  right  side  separately, 
a)  Top  fa  e.  z  =  3,  a„  =  az 

F  •  a„  =  k2z  =  3/c2 

ds  =  r  dr  d<j>  (from  Eq.  2-52); 

L  f  •  *» ds = r  jo 3k* dr  w = nnk'-- 

face 


icgra! 


o 


b)  Bottom  face,  z  —  —  3,  a„  =  —a. 

F  •  n„  =  —  k>:  =  3 k2 


1  :iv 


—  2. 


«  is  normal 
surface  can 
5).  since  the 
the  present 
he  circle  on 
.he  outward 


i 


t, 


t- 

j‘ 

\ 

i 

i 

('• 

I; 


ds  —  r  dr  dtj) ; 


r 

JIxiKnm 

face 


F  •  a„  ds  —  1 2nki 


which  is  exactly  the  same  as  the  integral  over  the  top  face. 


c)  Side  wall. 


Therefore, 


r  =  2,  a„  =  ar 


ds  =  rdfldz  =  2d<j)dz  (from  Eq.  2-52a); 

L  F‘*"ds  =  J-33  Jo2"  k t  d(t>  dz  =  12nki  ■ 

wall 


F  •  ds  —  I2nk2  +  12 nk2  +  12nk1 
—  127t(fcj  +  2.k2). 


2-4.3  Spherical  Coordinates 

(«1,  H2,  u3)  =  (R,  0,  (j)) 

* 

A  point  P(Rt,  0j,  4>i)  in  spherical  coordinates  is  specified  as  the  intersection  of  the 
following  three  surfaces:  a 'spherical  surface  centered  at  the  origin  with  a  radius  R  = 
R i ;  a  right  circular  cone  with  its  apex  at  the  origin,  its  axis  coinciding  with  the  z-axis 


and  having  a  half-angle  6  =  8 1;  and  q  half-plane  containing  the  z-axis  and  making  an 
angle  with  the  .xz-plane.  The  pose  vector  a«  at  P  is  radial fyom  the  origin  and  is 

quite  different  from  ar  in  cylindrical  coordinates,  the  latter  being  perpendicular  to  the 
:-axis.  The  base  vector  a0  lies  in  the  tp  p  (p1  plane  and  is  tgpgential  to  the  spherical 
surface,  whereas  the  base  vector  a ^  is  the  same  as  that  in  cylindrical  coordinates. 
These  are  illustrated  in  Fig.  2-16.  For  a  right-handed  system  we  have 

3r  x  a»  =  a4>  (2 -64a) 

a«,xa*  =  as  (2-64b) 

a*tX  aR  =  a9-  ;•  (2-64C) 

Spherical  coordinates  are  important  for  problems  Involving  point  sources  and 
regions  with  spherical  boundaries.  When  an  observer  is  very  far  from  the  source  region 
of  a  finite  extent,  the  latter  could  be  considered  as  the  origin  of  a  spherical  coordinate 
system;  and,  as  a  result,  suitable  simplifying  approximations  cotijd  be  made.  This  is 
the  reason  that  spherical  coordinalcsaire  used  in  solving  antenna  problems  in  the  far 

A  vector  in  spherical  coordinates  iswritten  as 


A  —  &rAr  +  aay4e  + 


(2-65) 


The  expressions  for  the  dot  and  crqss  products  of  two  vectors  in  spherical  coordinates 
can  be  obtained  from  Eqs.  (2-26)  pn4j(2-27).  .  i  ' :  ’*  ’  ■.<  • ' 

In  spherical  coordinates,  only  R(ut)  is  a  length.  The  other  two  coordinates,  6 
and  cj)  (u2  and  u3),  are  angles.  Referrjng  to.F jg.  2-17,  where  a  typical  differential  volume 
element  is  shown,  we  see  that  metric  coefficients  h2  =  Rand  hz  =  k  sin  0  are  required 
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2-65) 

nates 


differ^!  f  a^dt  and  ^3’  resPectively-  The  general  expression  for  a 

differential  length  is,  from  Eq.  (2-31), 


d€  —  a RdR  +  a 0R  dO  +  a sin  9  d<p . 


(2-66) 


The  expressions  for  differential  areas  and  differential  volume  resulting  from  differ¬ 
ential  changes  dR,  dO,  and  d<jj  in  the  three  coordinate  directions  are 


dsR  —  aRR-  sin  8  dO  dcj> 
dse  =  a eR  sin  9  dR  dip 
ds^  =  a pR  dR  d9 


and 


dv  =  R 2  sin  0  dR  dd  d<p. 


(2 -67  a) 
(2-67b) 
(2-67c) 


(2-68) 


For  convenience  the  base  vectors,  metric  coefficients,  and  expressions  for  the  differ¬ 
ential  volume  are  tabulated  in  Table  2-1. 

A  vector  pyen  in  spherical  coordinates  can  be  transformed  into  one  in  Cartesian 
or  cylindrical  coordinates,  and  vice  versa-.  From  Fig.  2-17,  it  is  easily  seen  that 


x  =  R  sin  9  cos  <p 
y  =  R  sin  8  sin  <p 
z  =  R  cos  0. 


(2— 69a) 
(2-69b) 
(2 -69c) 
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Table  2-1  Three  Basic  Orthogonal  Coordinate  Systems 

9  . 


Coordinate-system  Relations 

Cartesian 

Coordinates 

{x,y,z) 

Cylindrical 
Coordinates 
(r,  <t>,  z) 

Spherical 
Coordinates 
(R,  0,  b) 

au, 

a*  : 

v  -  r 

aR 

Bad  Vectors- 

au2 

ay 

a*; 

a,  2,.: 

a,.,1-. 

■  *»= 

a- 

a< 

hi 

1 

1 

i 

Metric  Coefficients 

1  .  : 

r 

R 

1  ' 

1  -i 

R  sin  0  • 

Differential 

Volume 

dv 

dx  dy  ii 

r  4r  d(j>  dz • 

R:  sin  0  4R  dO  d<j> 

Conversely,  measurements  in  Cartesian  coordinates  can  be  transformed  into  those 
in  spherical  coordinates: 


b)  In 

'  bj 
di 
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W 


It 

coord 

pc 

coord 
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(2-70a) 
(2-70b) 
(2— 70c) 


Example  2-8  The  position  of  a  point  P  in  spherical  coordinates  is  (8,  120°,  330°). 
Specify  its  location  (a)  in  Cartesiari  coordinates,  and  (b)  in.  cylindrical  coordinates. 

Solution:  The  spherical  coordinates  of  the  given  point  are  R  =  8,0  =  120°,  and 
<p  =  330".  '  ! ;  \  -  : 

a)  In  Cartesian  coordinates.  We  use  Eqs.  (2  -69a,  b,  c):  - 

x  =  8  sin  120°  eo$  330°  =  6 
y  =  8  sin  12j>°  sin  330"  =  -2  '  ’ 

z  =  8  cos  120°  4= 4. 

Hence,  the  location  of  the  point  is  fj(6, >2^/3,  —4),  and-' the  position  vector  (the 
vector  going  from  the  origin  to  the  point)- is 

OP  =  aj  -  ayQ.j3  -  a.4. 

i  i  «  'Vs\'. 
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'  (2 -70c) 
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b)  In  cylindrical  coordinates.  The  cylindrical  coordinates  of  point  P  can  be  obtained 
by,  applying  Eqs.  (2-62a,  b,  c)  to  the  results  in  part  (a),  but  they  can  be  calculated 
directly  from  the  given  spherical  coordinates  by  the  following  relations,  which 
can  be  verified  by  comparing  Figs.  2-11  and  2-16: 

r  ~  R  sin  0  (2-71a) 

<f>  =  </>  (2- /lb) 

z  —  R  cos  0.  (2— 71c) 

We  have  P( 4  s/3,-  330°,  -  4);  anu  its  position  vector  in  cylindrical  coordinates  is 

OP  =  3,4^3  -  a,4. 

It  is  interesting  to  note  here  that  the  “position  vector”  of  a  point  in  cylindrical 
coordinates,  unlike  that  in  Cartesian  coordinates,  does  not  specify  the  position  of 
the  point  exactly.  Can  you  write  down  the  position  vector  of  the  point  P  in  spherical 
coordinates? 

Example  2-9  Convert  the  vector  A  =  aK/lR  +  a0Ag  +  a^A^  into  Cartesian  co¬ 
ordinates. 

Solution:  In  lliis  problem  we  want  lo  write  A  in  liie  form  of  A  •-  aA/l ,  +-atAy  +  a..*l .. 
This  is  very  different  from  the  preceding  problem  of  converting  the  coordinates  of 
a  point.  First  of  all,  we  assume  that  the  expression  of  the  given  vector  A  holds  for 
all  points  of  interest  and  that  all  three  given  components  AR,  Ag  and  may  be 
functions  of  coordinate  variables.  Second,  at  a  given  point,  AR,  Ag ,  and  will  have 
definite  numerical  values,  but  these  values  that  determine  the  direction  of  A  will, 
in  general,  be  entirely  different  from  the  coordinate  values  of  the  point.  Taking  dot 
product  of  A  with  ax,  we  have 

Ax  —  A  •  av 

=  Arzr  •  ax  +  A0 a„  •  ax  +  A0 a0  •  ax. 

Recalling  that  aR  ■  ax,  a0  •  ax,  and  a^  •  ax  yield,  respectively,  the  component  of  unit 
vectors  aR,  a„,  and  a^,  in  the  direction  of  ax,  we  find,  from  Fig.  2-16  and  Eqs. 
(2 -69a,  b,  c): 


vector  (the 


f. 


(2-74) 


r 


V:  ■ 
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Thus, 


.  i 

•  i 


Ax  —  '^4j?  sin  8  cos  $  +  A9  cos  8  cos  0  —  \A^  sip  <f> 

_  ArX  4. .; _ Apes  -• ' . . A,„y 

V*2  +  y2'T?  '  70c2  +'?j(.xr+3'2'+ rJ)  Jx2+y2 


Similarly,  • 


'Ay  —  An  sin  0  sin  $  +  Aa  cos  0  sin  r/>  +  cos  <j) 

•'I  ■ 


-L,V  : 


:  +  - 


4*  ‘ 


<V 


and 


Vx-’TfT?  y/(xr+  r)(.x-  +  y~  +  z2)  Jx2  +  y2 

AnZ 


A,  =  Ar  cos  8  —  Ae  sip  6  = 


_ Ae^Jx2  +  y2 

s/x2  +  y2  +  z2  jx*  +  y2  +  z 2 


(2-75) 


(2-76) 

(2-77) 


If  Ar,  Ag,  and  A#  are  themselves  functions  of  R,  0,  and  4>,  they  tQoneed  to  be  converted 
into  functions  of  x,  y,  and  z  by  the  use  of  Eqs.  (2-70a,  b,  q).  Equations  (2-75),  (2-76), 
and  (2-77)  disclose  the  fact  that  when  a  vector  has  a  simple  form  in  one  coordinate 
system,  its  conversion  into  apother  coordinate  system  usually  results  in  a  more 
complicated  expression.  ;  , 

Example  2-10  Assuming  that  q. cloud  of  electrons  copfined  in  a  region  between 
two  spheres  of  radii  2  and  5  cm.hap.a;  charge  density  Of  ' 

-3.x  10r8  ,  ;■  - 

.  — Tftrr-  cos2  <f>  (C/m3), 

I  I 

find  the  total  charge  contained  in  the  region. 


Solution :  We  have 


,  3  x  1(T8  ,  , 

em- . —  cos2  </>. 


0=  \  pdv. 


The  given  conditions  of  the  prpbfeni  obviously  point  to  the  use  of  spherical  coordi¬ 
nates.  Using  the  expression  for  flo  in  Eq.  (2-68),  we  perforin  a  triple  integration. 

Q  =  Jo  '  Jo;  Jo°o2  PR2  sin  ¥R  d%  W- 

.  \  ,  . 

Two  things  are  of  importance  here.  .  First,  since  p  is  givep  in  units  of  coulombs  per 
cubic  meter,  the  limits  of  integration  for  R  must  be  converted  to  meters.  Second,  the 
full  range  of  integration  for  0  ig  from  0  to  7r  radians,  not  from  0  to  2 n  radians.  A  little 
reflection  will  convince  ug  that  a  half-circlc  (not  a  full-circle)  rotated  about  the  z-axis 


(2-75) 


(2  76) 


(2-77) 


oil  verted 
).  (2-76), 
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1  coordi- 
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through  271  radians  (4>  from  0  to  2n)  generates  a  sphere.  We  have 

"*2*  fir  fO.05  1 

R 

1 

..  I.  1  -T-T-T+- 

J 


Q  =  -3  x  10- 8  J’*  J*  Jo°o°25  ^j-cos2  <p  sin  B  dR  dd  d<j> 

=  —3  x  io~s  r*  p(--i 

'o  Jo  \  o.C 


0.05  +  002 


-  -0.9  x  10‘‘  r'(-cosS) 

-6  A/*  ..  ;in  2.(1) 


=  -1.8  x  10’ 


V2 


COS2  (p  d(j) 
In 


1.8  77 


10 


(iiQ. 


2-5  GRADIENT  OF  A  SCALAR  FIELD 

In  electromagnetics  we  have  to  deal  with  quantities  that  depend  on  both  time  and 
position.  Since  three  coordinate  variables  are  involved  in  a  three-dimensional  space, 
we  expect  to  encounter  scalar  and  vector  fields  that  are  functions  of  four  variables: 
U,  uly  »2,  u  j).  In  general,  the  fields  may  change  as  any  one  of  the  four  variables  changes. 
We  now  address  the  method  for  describing  the  space  rate  of  change  of  a  scalar  field 
at  a  given  time.  Partial  derivatives  with  respect  to  the  three  space-coordinate  variables 
arc  involved  and,  inasmuch  as  the  rate  of  change  may  be  different  in  different  direc¬ 
tions,  a  vector  is  needed  to  define  the  space  rale  of  change  of  a  scalar  field  at  a  given 
point  and  at  a  given  time. 

Let  us  consider  a  scalar  function  of  space  coordinates  V(uu  u2,  u3\  which  may 
represent,  say,  the  temperature  distribution  in  a  building,  the  altitude  of  a  mountain¬ 
ous  terrain,  or  the  electric  potential  in  a  region.  The  magnitude  of  V,  in  general, 
depends  on  the  position  of  the  point  in  space,  but  it  may.be  constant  along  certain 
lines  or  surfaces.  Figure  2-18  shows  two  surfaces  on  which  the  magnitude  of  V  is 
constant  and  has  the  values  V1  and  Vl  +  dV,  respectively,  where  dV  indicates  a  small 
change  in  V.  We  should  note  that  constant- F  surfaces  need  not- coincide  with  any  of 
the  surfaces  that  define  a  particular  coordinate  system.  Point  is  on  surface  Vx;  P2 


Fig.  2-18  Concerning  gradient 
of  a  scalar. 


\ 
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is  the  corresponding  point  op  surface  Vl  +  dV  along  the  normal  vector  dn;  and  P3  is 
a  point  close  to  P2  along  anpthpr  vector  d€  #  da.  For  the  same  change  dV  in  F,  the 
space  rate  of  change,  dV/dd,  Is  obviously  greatest  along  dn  because  dn  is  the  shortest 
distance  between  the  two  surfaces. Since  the  magnitude  of  dVjdt  depends  on  the 
direction  of  d€,  d  V jdf  is  a  directional  derivative.  We  define  the  vector  that  represents 
both  the  magnitude  and  the  direction  of  the  maximum  spgce  rate  of  increase  of  a  scalar 
as  the  gradient  of  that  scalar,  We  write 


grad  F  4  a„  — . 


(2-78) 


For  brevity  it  is  customary  to  employ  the  operator  del  represented  by  the  symbol  V 
and  write  VF  in  place  of  grad  F.  Thus, 


(2-79) 


We  have  assumed  that  d V  is  positive  (an  increase  in  F);  if  dV  is  negative  (a  decrease 
in  F  from  Pt  to  P2),  VF  will  be  negative  in  the  a„  direction.  : 

The  directional  derivative  along  d€  is 

dV  dV  dn  dV  . 

V  ~  dn  dd~  C°S  * 


^Tn  a»‘a^  (W)  •  a" 


(2-80) 


Equation  (2-80)  states  that  the  space  rate  of  increase  of  y  in  the  a,  direction  is  equal 
to  the  projection  (the  component)  of  the  gradient  of  F  iq  that  direction.  We  can  also 
write  Hq.  (2  80)  as 


\d.V  =  (VF)  •  dC, 


(2-81) 

of  F  as  a  result  of  a 
:ssed  in  terms  of  the 


where  d€  =  a,  df.  Now,  dV'u\  Ecp  (2-81)  is  the  total  difjbrential  of  F  as  a  result  of  a 
change  in  position  (from  P t  tp  P‘3  in  Fig.  2-18);  it  dan  pe  expressed  in  terms  of  the 
differential  changes  in  coordinates: 

■  r?F  ’  cV  dV 

dvm?‘+ir“‘  tsr"*  <^82> 

;  r  ; 

where  df,  u  d( 2,  and  thf3  are  the  components  of  the  vector  differential  displacement 
di ?  in  a  chosen  coordinate  system.  In  terms  of  general  orthogonal  curvilinear  coordi- 


In  ' 

rwvcc! 


’  In  a  more  formal  treatment,  changes  AF'ahd  A/  would  be  used,  and  the  ratio  At7/ A/  would  become  the 
derivative  dV/d<t  as  A/  approaches  zoro.  We'avoid  this  formality  in  favor  of  simplicity. 
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ymbol  V 

(2-79) 


8? 


nates  (iq,  u2,  u3),  d€  is  (from  Eq.  2-31), 

dd  —  aUl  d/f  j  +  aU2  d£ 2  +  a„3  dt3 

=  aUl(hi  du i)  +  a ut(h2  du2)  +  ajh3  du3).  (2-83) 

It  is  instructive  to  write'  dV  in  Eq.  (2—82)  as  the  dot  product  of  two  vectors,  as  follows : 


dV 


dV 


dV 


dV  ~  '  TT-  t  a<u  IT+a»3Tr)‘ (au,  d£ i  +  aU2  dt2  +  a„3  dt3) 


dt\ 

dV 


'dt2 

dV 


dV\ 

~ 1  a“‘  +*u*dT2  +  a“3  dZ~J  ' d€' 

Comparing  Eq.  (2-84)  with  Eq.  (2-81),  we  obtain 

dV 
“U25^ 
or 


dV 


VF  =  a„.  4-  a,„  —  +  a 


dV_ 

‘“’UK 


(2-84) 


(2-85) 


O 

deuv'se 


(2-80) 

i  is  equal 
can  also 

(^-81) 

-suit  of  a 
ns  of  the 


laccment 
r  coordi- 

oecome  the 


(2-86) 


Equation  (2-86)  is  a  useful  formula  for  computing  the  gradient  of  a  scalar,  when 
the  scalar  is  given  as  a  function  of  space  coordinates. 

In  Cartesian  coordinates,  («,,  u2,  u3)  =  (x,  y,  z)  and  /i,  =  h2  =  h3  =  1,  we  have 


(2-87) 


or 


?F  =  |ar^  +  ayf  +  az|-lF. 
dx  dy  dzj 


(2-88) 


In  view  of  Eq.  (2-88),  it  is  convenient  to  consider  V  in  Cartesian  coordinates  as  a 
vector  differential  operator. 


(2-89) 


Looking  at  Eq.  (2-86),  one  is  tempted  lo  define  V  as 
•  •  ’  (  d  d  d  \ 

V*“‘  *1  3«t  +  a“%  du2  +  a“3  h3  8u3) 

in  general  orthogonal  coordinates,  but  one  must  refrain  from  doing  so.  True,  this 
definition  would  yield  a  correct  answer  for  the  gradient  of  a  scalar.  However,  the 
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same  symbol  V  has  been  used  conventional ly  to  signify  sojne  differential  operations 
of  a  vector  (divergence  and  curl,,  wtych  we  will  consider  later  in  this  chapter),  where 
an  extension  of  V  as  an  operator  ip  general  orthogonal  coordinates  would  be  incorrect. 

Example  2-11  The  electrostatic  held  intensity  E  is  derivable  as  the  negative  gradient 
of  a  scalar  electric  potential  V;  that 'is, jE  =  -  VV.  Determine  E  at  the  point  (1,  1,  0)  if 

a)  V=  V0e~x  sip  .  1  ,  '  . 

b)  7=  V0R  cos  J. 

Solution:  We  use  Eq.  (2-86)  to  evaluate  E  =  —  W  in  Cartesian  coordinates  for 
part  (a)  and  in  spherical  coordinates  for  part  (b). 


f-  ,,  _v  •  ny 

:T  ’  Sill  — 

qz  ,  4 


=  fax  sin  a,  |  cos 


Thus,  E(l,  1, 0)  *  Ux  U  3-  =  £ac, 
V  4/  y/2e 

where 


i 

4)-. 


b)  E -  -  a«  Jit  +  “•  m +  "* V-R cos  9 

=  -(a*  cos  0  -  a*  sip  0)7O.  :  j  ; 

In  view  of  Eq.  (2-77),  the  rpsult 'above  converts  very  simply  to  E  =  —  a;70  in 
Cartesian  coordinates.  This  is  tiq't  surprising  since  a  careful  examination  of  the 
given  V  reveals  that  V0R  cos  6  is,  jin  fact,  equal  to  V0z,  In  Cartesian  coordinates, 

H  d  h .  ; ; 

E=  ^VV;)f.-az~(VQz)*= -ZiVo. 


2r-6  DIVERGENCE  OF  A  VECTOR  Fj^Ld  ] 


■  I  j  •  1 

In  the  preceding  section  we  considered  the  spatial  derivatives  of  a  scalar  field,  which 
led  to  the  definition  of  the  gradient. /We  now  tumour  attention  to  the  spatial  deriv¬ 
atives  of  a  vector  held.  This  will  lead  to  the  dehnitions  of  fhe  divergence  and  the  curl 
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r),  where 
ncorrect. 


:  gradient 

(1,1,0)  if 


ns  for. 


§ 
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of  a  vector.  We  discuss  the  meaning  of  divergence  in  this  section  and  that  of  curl  in 
Section  2-8.  Both  are  very  important  in  the  study  of  electromagnetism. 

In  the  study  of  vector  fields  it  is  convenient  to  represent  field  variations  graphically 
by  directed  field  lines,  which  are  called  flux  lines  or  streamlines.  These  are  directed 
,  lines  or  curves  that  indicate  at  each  point  the  direction  of  the  vector  field.  The  mag¬ 
nitude  of  the  field  at  a  point  is  depicted  by  the  density  of  the  lines  in  the  vicinity  of 
the  point.  In  other  words,  the  number  of  flux  lines  that  pass  through  a  unit  surface 
normal  to  a  vector  is  a  measure  of  the  magnitude  of  the  vector.  The  flux  of  a  vector 
field  is  analogous  to  the  flow  of  an  incompressible  fluid  such  as  water.  For  a  volume 
with  an  enclosed  surface  there  will  be  an  excess  of  outward  or  inward  flow,  through 
the  surface  only  when  tne  volume  contains,  respectively,  a  source  or  a'srnf: ;  thaf  E,‘ 
a  net  positive  divergence  indicates  the  presence  cl  a  source  of  fluid  inside  the  volume, 
.and  a  net  negative  divergence  indicates  the  presence  of  a  sink.  The  net  outward  flow  ' 
of  the  fluid  per  unit  volume  is  therefore  a  measure  of  the  strength  of  the  enclosed 

S0UrCe-  skrooj 

We  define  the  divergence  of  a  vector  field  A  at  a  point,  abbreviated  div  A,  as  the 

net  outward  flux  of  A  per  unit  volume  as  the  volume  about  the  point  tends  to  zero : 


IfU). 


O 


( 

)  A  •  ds 
s 

Av 

(2-90) 
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The  numerator  in  Eq.  (2-90),  representing  the  net  outward  flux,  is  an  integral  over 
the  entire  surface  S  that  bounds  the  volume.  We  have  been  exposed  to  this  type  of 
surface  integral  in  Example  2  -7.  Equation  (2  -90)  is  the  general  definition  of  div  A 
which  is  a  scalar  quantity  whose  magnitude  may  vary  from  point  to  point  as  A  itself 
varies.  This  definition  holds  for  any  coordinate  system;  the  expression  for  div  A,  like 
that  for  A,  will,  of  course,  depend  on  the  choice  of  the  coordinate  system. 

At  the  beginning  of  this  section  we  intimated  that  the  divergence  of  a  vector  is  a 
type  of  spatial  derivative.  The  reader  may  perhaps  wonder  about  the  presence  of  an 
integral  in  the  expression  given^by  Eq.  (2-90);  but  a  two-dimensional  surface  integral 
divided  by  a  three-dimensional  volume  will  lead  to  spatial  derivatives  as  the  volume 
approaches  zero.  We  shall  now  derive  the  expression  for  div  A  in  Cartesian  co¬ 
ordinates. 

Consider  a  differential  volume  of  sides  Ax,  Ay,  and  Az  centered  about  a  point 
P(x0,  y0,  z0)  in  the  field  of  a  vector  A,  as  shown  in  Fig.  2-19.  In  Cartesian  coordinates, 
A  =  axAx  ~-f-ay4j,  +  a./L.  We  wish  to  find  div  A  at  the  point  (x0,  y0,  ~0).  Since  the 
differential  volume  has  six  faces,  the  surface  integral  in  the  numerator  of  Eq.  (2-90) 
can  be  decomposed  into  six  parts. 
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On  the  front  face. 


J front  ^  AfrpnV  front  “  Afroat  *  ax(A,y  Az) 

facc  fape  .  face  face 


<4*  l-^o  ^  2  '  *v°»  zo  )  Av  Az 


(2-92) 


The  quantity  /4x([x0  +  (Ax/2),  y0,  z0])  can  be  expanded  as  a  Taylor  series  about  its 
value  at  (x0,  y0,  z0),  as  follows: 

.  f  .  Ax  A  Ax  clAx 

AA  xo  +  v-,  y0,  «6  =  /lx(^o,  yo,  z0)  +  T‘  T-5 

V  2  /  2  3x  (X0.,0.IO) 

«  +  higher-order  terms,  (2-93) 

where  the  higher-order  terjns  (fi.O.T.)  contain  the  factors  (Ax/2)2,  (Ax/2)3,  etc. 
Similarly,  on  the  back  face,  ■  -i  "i  j  ' 

/back  A  ’  **f  AWk  '  4s  back  =  Aback  *  ( -  a#  Ay  Az) 

face  f»c»  i  %  face  face 

=  tAx(x0  ~  y0,  z0J  Ay  4z.  (2-94) 

The  Taylor-scries  expansion  of  /\x  ^x„  -  y0,  z„j  is 

a  f  Ax  \  .  .  ■  ,  Ax  dAx 

Ar(xo-^,yo,Zoh=Ax(x0,y0,z0)---~-~  +H.O.T.  (2-95) 

\  2  J  l  l:  2  ’Av  ^ 

Substituting  Eq.  (2-93)  in  Eq.  (?-9i)  and  Eq.  (2-95}  in  %  (2-94)  and  adding  the 
contributions,  we  have  /  ;  i  ’• 


/front  +  /back  I  A  *  =  (  "aTT  +  H.O.T.  Ij  Ax  Ay  Az.  (2-96) 

face  face  J  \  VX  /  |(*o.  yo.'fo) 

Here  a  Ax  has  been  factored  out  from.the  H.O.T.  in  Eqs.  (2-93)  and  (2-95),  but  all 
terms  of  the  H.O.T.  in  Eq.  (2-96)  still  contain  powers' of  A*. 
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(2-92) 
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Following. the  same  procedure  for  the  right  and  left  faces,  where  the  coordinate 
changes  are  +  Ay/2  and  —  Ay/2,  respectively,  and  As  =  Ax  A c,  we  find 


Jright  Jleft 
face  face 


'  A 

A  •  ds  =  l  ~~  +  H.O.T. 

dy 


(Xo,  yo,  zo) 


Ax  Ay  Ac.  (2-97) 


f 

r 

Jtop 

J  bottom 

face 

face 

Here  the  higher-order  terms  contain  the  factors  Ay,  (Ay)2,  etc.  For  the  top  and  bottom 
faces,  we  have 

”  "I  /  OA ,  \ 

ds  =  +  H.O.T. )  Ax  Ay  Ac,  (2-98) 

■  ■  •  \dZ  /  (xo.yo,  za) 

where  the  higher-order  terms  contain  the  factors  Ac,  (Ac)2,  etc.  Now  the  results  from 
’Eqs.  (2-96),  (2-97),  and  (2-98)  are  combined  in  Eq.  (2-91)  to  obtain 

f  »  ,  f^Ax  d/L  3/1 A 

■  %*■*-{-& +-i?  +  -sf),  ,AxA,Al  (2■9!’, 


about  its 


+  higher-order  terms  in  Ax,  Ay,  Ac. 

Since  Ac  =  Ax  Ay  Ac,  substitution  of  Eq.  (2—99)  in  Eq.  (2—90)  yields  the  expression 
of  div  A  in  Cartesian  coordinates 


(2-93) 
v/2)\  etc. 


(2-94) 

.  (2-95) 
iding_the 

(1  j) 

5),  but  all 


div  A 


0/1 ,  3/1,  3/1. 

. •••  -) - »-  + . 

3.v  3y  3c 


(2-100) 


The  higher-order  terms  vanish  as  the  diflerential  volume  Ax  Ay  Ac  approaches  zero. 
The  value  of  div  A,  in  general,  depends  on  the  position  of  the  point  at  which  it  is 
evaluated.  We  have  dropped  the  notation  (x0,  y0,  z0)  in  Eq.  (2-100)  because  it  applies 
to  any  point  at  which  A  and  its  partial  derivatives  are  defined. 

With  the  vector  differential  operator  del,  V,  defined  in  Eq.  (2-89)  for  Cartesian 
coordinates,  we  can  write  Eq.  (2-100)  alternatively  as  V  •  A.  However,  the  notation 
V  •  A  has  been  customarily  used  to  denote  div  A  in  all  coordinate  systems;  that  is, 


V  •  A  =  div  A . 


(2-101) 


We  must  keep  in  mind  that  V  is  just  a  symbol,  not  an  operator,  in  coordinate  systems 
other  tham_Cartesian  coordinates.  In  general  orthogonal  curvilinear  coordinates 
(«i»  «2.  w3),  Eq.'(2-90)  will  lead  to 


V  •  A 


M2/13 


^  ^  ^ 

-  (/J2/13/I1)  +  — —  ( h1h3A2 )  +  ——  [hJtiAz) 


(2-102) 


Example  2-12  Find  the  divergence  of  the  position  vector  to  an  arbitrary  point. 


"  !  •  r  &'■- 

i  *  £kft 
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Solution:  We  will  find  the  sqjution  in  Cartesian  as  wel}  asTn  spherical  coordinates. 

-  tf- 

a)  Cartesian  coordinates.  The  expression  for  the  position  Vector  to  an  arbitrary 

point  (x,  y,  z)  is  ■  !  '  , 

,  OP  =  atx-+  a, ,y  4-  a ,z.  ■  (2-103) 

Using  Eq.  (2-100),  we  have  '' 

3.| 

:  ;;  ox.  <7y  loz 

b)  Spherical  coordinates.  Here  the  positiop  vector  is  siirjplv 

UP  =  &rR.  (2-104) 


(2-104) 


Its  divergence  in  spherical  coordinates  {R.  0.  </>)  van  he  obtained  from  Eq,  (2  - 102) 
by  using  Table  2-1  as  follows  : 

v  •  A  =  IP  {R2A +  ir—n  4  ?in  0)  +  (2-105) 

R  SR  R  sin  0  o0  -  RsmOdfi 

Substituting  Eq.  (2-104)  in  Eg.  (2-105),  we  also  obtain  V  •'(OP)  —  3,  as  expected. 

j  I  1 

Example  2-13  The  magnetip  flux,  density  B  outride  a. very  long  current-carrying 
wire  is  circumferential  and  is  ipversely  proportional  to  the  distance  to  the  axis  of  the 
wire.  Find  V  •  B.  :  '1  >' 


!  ;  1 


Solution:  Let  the  long  wire  bp  coincident  with  the  r-axj^  in  a  cylindrical  coordinate 
system.  The  problem  states  that  " 

‘  M  B  =  a*-.  i  ■ 

r  :  . 

.  i  ■  * 

In  cylindrical  coordinates  (r,  0,  2),  I^q.  (2-102)  reduces  lo 


2-7  DIV 


fi 


.•  1  8  1  8Aj,  8 A. 

,  \  •  A:  -  -v-  (r/lr)  -i - vF  "b  "Tp 

.  r  Or  r  v<lV,  dp 


(2-106) 


Now  B0  =  k/r,  and  Br  —  B,  =  0.  Equation  (2-106)  giyes 

;  V-B  =  0.  0  '  ' 

I  i  V  :  ■'  • 

We  have  here  a  vector  thqt  is  hot  a  constant,  but  whose  divergence  is  zero.  This 
property  indicates  that  the  magnetic  flux  lines  close  upqn  themselves  and  that  there 
are  no  magnetic  sources  or  sj'nks.  A  divergenceless  fielej  is  called  a  solenoidal  field. 
More  will  be  said  about  this  type  b(  field  later  in  the  boqk. 
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Dordinates. 
1  arbitrary 

(2-103) 


(2-104) 
iq.  (2-102) 

(2-105) 

n 

>  exp  td. 

>t-earrying 
axis  of  the 

.'oordinate 

(2-106) 

n 

/.cro.  This 
that  there 
lidal  field. 


2-7  DIVERGENCE  THEOREM 

In  the  preceding  section  we  defined  the  divergence  of  a  vector  field  as  the  net  outward 
flux  per  unit  volume.  We  may  expect  intuitively  that  the  volume  integral  of  the  diver¬ 
gence  of  a  vector  field  equals  the  total  outward  flux  of  the  vector  through  the  surface 
that  bounds  the  volume ;  that  is, 

(2-107) 

'I  his  identity,  which  will  be  pro  veil  in  the  following  paragraph,  is  called  the  divergence 
theorem 7  It  applies  to  any  volume  V  that  is  bounded  by  surface  S.  The  direction  of 
ds  is  always  that  of  the  outward  normal,  perpendicular  to  the  surface  ds  and  directed 
away  from  the  volume. 

For  a  very  small  differential  volume  element  A Vj  bounded  by  a  surface  Sj,  the 
definition  of  V  •  A  in  Eq.  (2-90)  gives  directly 


(V-  A)jAVj  =  j>  A-«fe.  (2-108) 

In  case  of  an  arbitrary  volume  V,  we  can  subdivide  it  into  many,  say  N,  small  dif¬ 
ferential  volumes,  of  which  Ac,-  is  typical.  This  is  depicted  in  Fig.  2-20.  Let  us  now 
combine  the  contributions  of  all  these  differential  volumes  to  both  sides  of  Eq.  (2-108). 
We  have 


(2-109) 


The  left  side  of  Eq.  (2-109)  is,  by  definition,  the  volume  integral  of  V  •  A: 


ton  ^  (V  •  AfAvj  =  £  (V  •  A)  dv. 

Vj~  j= i 


(2-110) 


f  It  is  also  known  as  Gauss’s  theorem. 


■J 

t 
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The  surface  integrals  on  the  right  side  of  Eq.  (2-109)  are  summed  over  all  the  faces 
of  all  the  differential  volume  elements.  The  contribiitibns  from  the  internal  surfaces 
of  adjacent  elements  will,  however,  cancel  each  other;  because  at  a  common  internal 
surface,  the  outward  normals  of  the  adjacent  elements  point  in  opposite  directions. 
Hence,  the  net  contribution  of  the  right  side  of  Eqi  (2—109)  is  due  only  to  that  of 
the  external  surface  S  bounding  the  volume  V;  that  is. 


lim 

Avj—C} 


U-lli) 


lue  suustnuuon  of  Eqs.  (2-1  IQ)  and  (2-111)  in  Eq.  (2-109)  yields  the  divergence 
theorem  in  Eq.  (2-107). 

The  validity  of  the  limiting  processes  leading  to  the  proof  of  the  divergence 
theorem  requires  that  the  vector  field:  A,  as  well  as  its  first  derivatives,  exist  and  be 
continuous  both  in  V  and  on  ,9.  Thcidivcrgencc  theorem  is  an  important  identity  in 
vector  analysis.  It  converts  a  volume  integral  of  the  divergence  of  a  vector  to  a  closed 


surface  integral  of  the  vector,  apd  vice  versa.  We  use  it  frequently  in  establishing 
other  theorems  and  relations  in  electromagnetics.  We  no|e  ^at.'aTthough  a  single 
integral  sign  is  used  on  both  sides  of  Eq.  (2-107)  for  simplicity,  the  volume  and 
surface  integrals  represent,  respectively,  triple  and  double.,  integrations. 


Example  2-14  Given  A  =  a*xJ  +  a yxy  +  a,yz,  verify  the  divergence  theorem  over 
a  cube  one  unit  on  each  side.  The  cube  is  situated  in  the  first  octant  of  the  Cartesian 
coordinate  system  with  one  corqer  at  the  origin. 


Solution:  Refer  to  Fig.  2-21.  W$  first  evaluate  the  surface  integral  over  the  six  faces. 
1.  Front  face:  x  =  1,  ds  —  a*  dy  di\. 


iron,  A  '  dS  =jo  Jo  ^ 
face 


2.  Back  face:  x  =  0,  ds  =  —  ax  cjy  dz;' i 


1 


'  A  •  ds  =  0. 

back 

face 


3.  > 


4.  I 


6.  I 

Addi 


Hent 


as  be 

Exar 
for  t: 
cam 
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1  the  faces  . . 

•  -  £? 
1 

dl  surfaces  ; 

m  internal 

'  1 

directions. 

‘  4fr 

to  that  of 

m 

:  .  tS 
1$ 

(2-111) 

:  i 

livergence 

f 

•  ;  ft' 

iivergence 

M- 

ist  and  be 
dentity  in 
o  a  dosed 
tablishing 
i  a  single 
iun^-sjnd 

>rcm  over 

f  artesian 

:  six  faces. 

3.  Left  face:  y  =  0,  ds  =  -ay  dx  dz; 

f  A  •  ds  =  0.. 

Jleft 

face 

4.  Right  face:  y  =  1,  ds  =  ay  dx  dz; 

I*  A  •  ds  =  f  f  x  dx  dz  =  \. 

J right  JO  JO  2 

face 

5.  Top  face:  z  =  1,  ds  =  dx  dy  a.; 

X  ^“JoJo  ydxdy  =  l 

face 

6.  Bottom  face:  z  =  0,  ds  =  -a.  dx  dy; 

f  A  •  ds  =  0. 

J  bottom 
face 

Adding  the  above  six  values,  we  have 

(j^  A  ■  ds  =  1  +  0  +•  0  +  ’j  +  4  +  0  —  2 . 
Now  the  divergence  of  A  is 


Hence, 


as  before. 


0  “)  3  * 

V  '  A  “  Dx  lXl)  +  <Ty  {Xy>  +  TziyZ)  '*  3X  +  >’ 


Sv  V  ‘  A  dv  =  J,1  J0‘  J,1  (3x  +  y)  dx  dy  dz  =  2, 


Example  2-15  Given  F  =  a RkR,  determine  whether  the  divergence  theorem  holds 
for  the  shell  region  enclosed  by  spherical  surfaces  at  R  =  R2  and  R  =  R2(R2  >  Rt) 
centered  at  the  origin,  as  shown  in  Fig.  2-22. 


■■  ■'  .  ■  •'  ,,  .• ->•  ..  V>  «V  :  h.  <4 


Fig.  2-22  A  spherical  shell 
region  (Example  2-15). 
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Solution:  Here  the  specified  region  has  two  surfaces, "pt  R~  Ry  and  R  =  R2. 
At  outer  surface:  R  =  R2,  fis  r~  aRR\  sin  6  d6  dip', 

JouUr  F  ''ds  =  Jo  B  Jo*  (kRi)Rl  sin  6  dfl  dtp  =  4? ikR\ . 

surface 

At  inner  surface:  R  =  Rx,  ds  ==  -aRR^  sin  8  d6-dcj>; 

JL,  F  '  ds  ~  -  -Jo  *  Jo*  {kR  ^  sin  9  d6  d*  T 

■  surface  .■  '■  *  •!"  ■ 


Actually,  since  the  integrand  is  independent  of  0  or in  both  cases,  the  integral  of  a 
constant  over  a  spherical  surface  is- simply  the  constant  multiplied  by  the  area  of 
the  surface  (4tt R\  for  the  outer  sprfade  and  AnR\  for  the  inner  surface),  and  no  integra¬ 
tion  is  necessary.  Adding  the  two  results,  we  have.  - 

cj>  |«-  •  ./s  —  4/rA(Kj  -  « 

To  find  the  volume  integral  we  first  determine  V  •  F  for  an  F  that  has  only  an 
Fr  component:  1 

^  t 

v ' F  =  F  Wi  {TFr)  =  F  dR[kRZ)  =  3k- 

Since  V  •  F  is  a  constant,  its  volume  integral  equals,  the  product  of  the  constant  and 
the  volume.  The  volume  of  the  shell  region  between  the  two  spherical  surfaces  with 
radii  R,  and  R2  is  47i(R|  -*  R\)/3.  Therefore,  <• 

Jk  V  •  F  dv  =;(T  •  F)F  =  4nk(kl  —  #), 

as  before.  ’■<  : 

This  example  shows  that  the  divergence  theorem  holds  even  when  the  volume 
has  holes — that  is,  even  when  the  volume  is  enclosedby  a  multiply  connected  surface. 

2-8  CURL  OF  A  VECTOR  FIELD  ’ 

*  4  ■■  : 

In  Section  2-6  we  stated  that  a  net  outward  flux  of  a  vpetor  A  through  a  surface 
bounding  a  volume  indicates  the  presence  of  a  source.  This  source  may  be  called  a 
•  flow  source  and  div  A  is  a  measure  of  the  strength  of  the  flow  source.  There  is  another 
kind  of  source,  called  vortex  source,  which  causes  a  circulation  of  a  vector  field  around 
it.  The  net  circulation  (or  simply:  circulation)  of  a  vector,  field  around  a  closed  path  is 
defined  as  the  scalar  line  integral  of  t(ie  vector  over  thepajh.  We  have 

di e.  (2-112) 

Equation  (2-112)  is  a  mathematicaljcjefinition.  The  physical  meaning  of  circulation 
depends  on  what  kind  of  field  (fie  vector  A  represents.  If  A  is  a  force  acting  on  an 
object,  its  circulation  will  be  the  work  done  by  the  force  in  moving  the  object  once 


Circulation  of  A  around  contour 
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\ 


Fig.  2-23  Relation  between  a„ 
and  dt  in  defining  curi. 


abound  the  contour;  if  A  represen  .s  an  electric  field  intensity,  then  the  circulation 
will  be  an  electromotive  force  mound  the  closed  path,  as  we  shall  see  later  in  the- 
book.  The  familiar  phenomenon  of  water  whirling  down  a  sink  drain  is  an  example 
of  a  vortex  sink  causing  a  circulation  of  fluid  velocity.  A  circulation  of  A  may  exist 
even  when  div  A  =  0  (when  there  is  no  flow  source). 

•  Since  circulation  as  defined  in  Eq.  (2- 112)  is  a  line  integral  of  a  dot  product,  its 
value  obviously  depends  on  the  orientation  of  the  contour  C  relative  to  the  vector 
A.  In  order  to  define  a  point  function,  which  is  a  measure  of  the  strength  of  a  vortex 
source,  we  must  make  C  very  small  and  orient  it  in  such  a  way  that  the  circulation  is 
a  maximum.  We  define1. 


(2-113) 


In  words,  Eq.  (2-113)  states  that  the  curl  of  a  vector  field  A,  denoted  by  Curl  A  or 
V  x  A,  is  a  vector  whose  magnitude  is  the  maximum  net  circulation  of  A  per  unit  area 
as  the  area  tends  to  zero  and  whose  direction  is  the  normal  direction  of  the  area  when 
the  area  is  oriented  to  make  the  net  circulation  maximum.  Because  the  normal  to  an 
area  can  point  in  two  opposite  directions,  we  adhere  to  the  right-hand  rule  that  when 
the  fingers  of  the  right  hand  follow  the  direction  of  d€,  the  thumb  points  to  the  a„ 
direction.  This  is  illustrated  in  Fig.  2-23.  Curl  A  is  a  vector  point  function  and  is 
conventionally  written  as  V  x  A  (del  cross  A)  although  V  is  not  to  be  considered  a 
vector  operator  except  in  Cartesian  coordinates.  The  component  of  V  x  A  in  any 
other  direction  a„  is  au  ■  (V  x  A),  which  can  be  determined  from  the  circulation  per 
unit  area  noqnal  to  au  as  the  area  approaches  zero. 


(2-114) 


where  the  direction  of  the  line  integration  around  the  contour  Cu  bounding  area 
A su  and  the  direction  a„  follow  the  right-hand  rule. 

f  In  books  published  in  Europe  the  curl  of  A  is  often  called  the  rotation  of  A  and  written  as  rot  A. 
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Fig.  2-24  Determining  (V  x  A),. 


We  now  use  Eq.  (2-114)  to  find  the  three  components  of  V  x  A  in  Cartesian 
coordinates.  Refer  to  big.  2  -24  where  a  dill'crential  reelangular  area  parallel  to  the 
.'-■plane  and  having  sides  Ay  and  Ac  is  drawn  about  a  typical  point  /’(.v0<  y0,  c0). 
We  have  au  =  ax  and  As„  =  Ay  Ac  and  the  contour  Cu  consists  of-the  four  sides  1,  2,  3, 
and  4.  Thus, 


(V  x  A)*  =  Jim  - — — 
Ay  Ar-0  A y  Az 


'cf  : 

Jsides' 


A  •  d-C 


(2-115) 


In  Cartesian  coordinates  A  =  ax4.r'+  +  a .A^  The  contributions  of  the  four 

t/S  tUa  )  —  —  * 


sides  to  the  line  integral  are 


Side  1 :  dt  =  a.  dz.  A  ■  d€  ?=  Ai  ( x0,  yQ  +  -~,z0)  dz, 


where  /4.^x0,  y0  +  ZqJ  can  £>e  expanded  as  a  Taylor  series: 

A:(xn,  y0  +  — ,  =;A,(x0,  y0,  z0)  +  ^  ~  ,  +  H.O.T.,  (2-116) 

where  H.O.T.  contains  the  factors  (Ay)2,  (Ay)  ',  etc.  T|tus, 

£d«t  A'^  =  feo,VoT0)  +  ~|;  i  +  H.O.T.  j  Ac.  (2-117) 

e  i  1  -y  \*o.  ro,  rp)  J 

Side  3 :  d€  =  a.  dz,  A  •  df  =  A. (x0,  y0  -  — .  ijA  dz. 


where 


Ar|x0,yo  Zo |  —  Az(,Xo,  y0,  c0) — t-t-t-2'  +H.O.T.;  (2-118) 

V  2  /  .  2-  (-vo.yo.--p) 


Jside  3  A  *  d{  =  \A^0,  Vo,  Zfi)  ~  ~  ~ 


|(*o.  io,  ro) 


+  H.O.T.  >(  —  Az).  (2-119) 


'artesian 
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Note  that  d€  is  .the  same  forsides  1  and  3,  but  that  the  integration  on  side  1  is  going 
upward  (a  A z  change  in  z),  while  that  on  side  3  is  going  downward  (a  —  Az  change 
in  z).  Combining  Eqs.  (2-117)  and  (2-119),  we  have 


I 


'sides 
1  At  3 


■  d€  =  (^  +  H.O.T. 

\ay 


Ay  Az . 


(2-120) 


(JCU,  ytu  rfl) 

The  H.O.T.  in  Eq.  (2-120)  still  contain  powers  of  Ay.  Similarly,  it  may  be  shown  .hat 

dA, 


f  . 

J  sides 
2 


■d€  =  [  — +  H.O.T. 
dz 


Ay  Az. 


(2-121) 


l(*o.  yoi  -o) 

Subsutucng  Eqs.  (2-120)  and  (2-121)  in.  Eq.  (2-115)  and  noting  that  the  higher- 
order  terms  tend  to  zero  as  Ay  — ►  0,  we  obtain  the  x-component  of  V  x  A: 

/T7  . ,  8  A.  dA,. 

(VxA^-e-y^.  (2-122) 

cy  oz 

A  close  examination  of  Eq.  (2-122)  will  reveal  a  cyclic  order  in  x,  y,  and  z  and 
enable  us  to  write  down  the  y-  and  z-eomponents  of  V  x  A.  The  entire  expression 
lor  the  curl  of  A  in  Cartesian  coordinates  is 


V  x  A  =  a. 


8A._ 

f>Y 


dA} 

Hz 


+  a, 


dA, 

dz 


dA. 


+  a. 


CAy 
I ).X 


dA 
r  v 


(2-123) 


Compared  to  the  expression  for  V  •  A  in  Eq.  (2-100),  that  for  V  x  A  in  Eq.  (2-123) 
is  more  complicated,  as  it  is  expected  to  be,  because  it  is  a  vector  with  three  compo¬ 
nents,  whereas  V  •  A  is  a  scalar.  .Fortunately  Eq.  (2-123)  can  be  remembered  rather 
easily  by  arranging  it  in  a  determinantal  form  in  the  manner  of  the  cross  product 
exhibited  in  Eq.  (2-43). 


(2-124) 


The  derivation  of  V  x  A  in  other  coordinate  systems  follows  the  same  procedure. 
However,  jtjs^more  involved  because  in  curvilinear  coordinates  not  only  A  but  also 
di  changes  in  magnitude  as  the  integration  of  A  •  d€  is  carried  out  on  opposite  sides 
of  a  curvilinear  rectangle.  The  expression  for  V  x  A  in  general  orthogonal  curvi¬ 
linear  coordinates  («,,  u,,  u ■,)  is  given  below. 


V  x  A  = 


.  1 


hi  h2h3 


a»,h i  • 

atiJl2 

“ujl 

d 

3 

8 

dUy 

du2 

du3 

hiAl 

/?2^2 

h3A 

(2-125) 
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It  is  apparent  from  Eq.  (2-125)  tljai  an  operator  form  qannqt  be  found  here  for  the  [ 

symbol  V  in  order  to  consider  y  x  A  a  cross  prpduc(,  The  expressions  of  V  x  A 
in  cylindrical  and  sphericatl  tijordinates  can  be  easily  obtained  from  Eq.  (2-125)  by  I 

using  the  appropriate  uu  u2,  aqd  ifo  and  their  metric  coefficients  hu  h2,  and  h3.  ; 

^  !  '■  ■ 

Example  2-16  Show  that  ,V  x  A' =  0  if  ‘  ! 

a)  A  =  a, h(k/r)  in  cylindrical coordinates,  where  fc«is  a  cpnstant,  or  j 

b)  A  =  a Rf(R)  in  sphofical  coordinates,  where  f{R)  is  any,  function  of  the  radial  j  . 

distance  R.  •  "■  ' 
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!'C  for  Ihe 
of  V7  x  A 
.  -125)  by 


A  curl-free  vector  Held  is  called  an  irrotational  or  a  conservative  field.  We  will 
see  in  the  next  chapter  that  an  electrostatic  field  is  irrotational  (or  conservative).  The 
expressions  for  V  x  A  given  in  Eqs.  (2-126)  and  (2-127)  for  cylindrical  and  spherical 
coordinates,  respectively,  will  be  useful  for  later  reference. 


2-9  STOKES’S  THEOREM 


ho  radial 


>:  h.  =  1, 


I  n''> 


h,  =  1, 


For  a  very  small  differential  area  A Sj  bounded  by  a  contour  C},  the  definition  of 
V  x  A  in  Eq.  (2- 113)  leads  to 


(V  X  A),-  (As j)  =  (j)/A  •  dC. 


(2-12.5) 


In  obtaining  Eq.  (2-128),  we  have  taken  the  dot  product  of  both  sides  of  Eq.  (2-113) 
with  a„  A  Sj  or  As;.  For  an  arbitrary  surface  S,  we  can  subdivide  it  into  many,  say  :V, 
small  differential  areas.  Figure  2-25  shows  such  a  scheme  with  As^  as  a  typical 
differential  element.  The  left  side  of  Eq.  (2-128)  is  the  flux  of  the  vector  V  x  A  through 
the  area  Asj.  Adding  the  contributions  of  all  the  differential  areas  to  the  flux,  we  have 


IV 

lim  V  (\7  x  A)j ■  (A.Sj)  =  f  (VxA)-ds. 

a.v,  -or—!  Js 


(2-129) 


Now  we  sum  up  the  line  integrals  around  the  contours  of  all  the  differential  elements 
represented  by  the  right  side  of  Eq.  (2-128).  Since  the  common  part  of  the  contours 
of  two  adjacent  elements  is  traversed  in  opposite  directions  by  two  contours,  the  net 
contribution  of  all  the  common  parts  in  Ihe  interior  to  the  total  line  integral  is  zero, 
and  only  the  contribution  from  the  external  contour  C  bounding  the  entire  area  S 
remains  after  the  summation. 


lim  Yl  f  A  •  d€  )  =  f  A  •  d€. 

Uj — o  A-1  \ficj  J  Jc 


Combining  Eqs.  (2-129)  and  (2-130),  we  obtain  the  Stokes  s  theorem: 


(2-127) 


Js  (V  x  A)  •  ds  = 


(2-131) 


Fig.  2-25  Subdivided  area  for 
proof  of  Stokes’s  theorem. 
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which  states  that  the  surface  integral  of  the  curl  oj  at  vector  field,  over  cm  open  surface 
is  equal  to  the  clpsed  line  integral  pJT'the  vector  along  the  contour  bounding  the  surface. 

As  with  the  divergence  theorem!  the  validity  of  the  limiting  processes  leading  to 
the  Stokes’s  theorem  requires  thqt  the  vector  field;  A,  as  well  as  its  first  derivatives, 
exist  and  be  continuous  both  on  S  and  along  C.  Stokes’s  theorem  converts  a  surface 
integral  of  the  curl  of  a  vector  tq  lal  line  integral  of  the  Vector,  and  vice  versa.  Like 
the  divergence  theorem,  Stokes’s  theorem  is  an  important  identity  m  vector  analysis, 
and  we  will  use  it  frequently  |a  'establishing  other  theorems  and  relations  in 

magnetics.  »  ,  ■ 

If  the  surface  integral  of  V  x  A  is  carried  over  a  closed  surface,  there  will  be  no 
surface-bounding  external  contour,  and  Eq.  (2—131)  tells  us  that 

(|  (V  x  A)  -  ds  =  0  ,  (2-132) 


ai 

th 

th, 

F 

F: 


for  any  closed  surface  S.  The  geometry  in  Fig.  2-25  is  chosen  deliberately  to  em¬ 
phasize  the  fact  that  a  nontrivial  application  of  Stokes's  theorem  always  implies  an 
open  surface  with  a  rim.  The  simplest  open  surface  would  be'a'Two-dimensional 
plane  or  disk  with  its  circumference  as  the  contour.  We  remind  ourselves  here  that 
the  directions  of  d€  and  ds  (a„)  follow  the  right-hand  rule. 


Example  2-17  Given  F  =  a Xxy  —  a,.2x,  verify  Stokes’s  theorem  over  a  quarter- 
circular  disk  with  a  radius  3  in  the  first  quadrant,  as  was  shown  in  Fig.  2-14 
(Example  2-6). 

i  f 

Solution :  Let  us  first  find  the  jurfade  integral  of  V  x  F.  From  Eq.  (2-130), 

V.'  I 

VxF  =  |—  f-\  1=  _a  (2  +  x). 
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It  is  important  to  use  the  proper  limits  for  the  two  variables  of  integration.  We  can 
interchange  the  order  of  integration  as 

Js  (V  x  F)  •  ds  =  f03  -(2  +  x)  dy  dx 

and  get  the  same  result.  But  it  would  be  quite  wrong  if  the  0  to  3  range  were  used  as 
the  range  of  integration  for  both  x  and  y.  (Do  you  know  why?) 

For  the  line  integral  around  ABO  A  we  have  already  evaluated  the  part  around 
the  arc  from  A  to  B  in  Example  2-6.'  • 

From  B  to  0 :  x  —  0,.;md  F  \ F- •.(*»,  </>')•=  —  2x  dy  —  6. 

From  0  to  A:  y  =  0,  and  F  •  d€  =  F  •  (av  dx)  =  xy  dx  =  0.  Hence, 

from  Example  2-6,  and  Stokes’s  theorem  is  verified. 

Of  course,  Stokes’s  theorem  has  been  established  in  Eq.  (2-13L)  as  a  general 
identity;  there  is  no  need  to  use  a  particular  example  to  prove  it.  We  worked  out  the 
example  above  for  practice  on  surface  and  line  integrals.  (We  note  here  that  both  the 
vector  field  ami  its  first  spatial  derivatives  are  finite  and  continuous  on  the  surface 
as  well  as  on  the  contour  of  interest.) 


2-10  TWO  NULL  IDENTITIES 

Two  identities  involving  repeated  del  operations  are  of  considerable  importance 
;  in  the  study  of  electromagnetism,  especially  when  we  introduce  potential  functions. 

:  We  shall  discuss  them  separately  below. 

’  *?:  ■  I 

2-10.1  Identity  I 

\i.  V  x  (VF)  =  0  (2-133) 

In  words,,  f/ie  curl  of  the  gradient  of  any  scalar  field  is  identically  zero.  (The  existence 
i>  of  V  and  its  Etst  derivatives  everywhere  is  implied  here.) 

is  Equation  (2-133)  can  be  proved  readily  in  Cartesian  coordinates  by  using  Eq. 

Q  S9)  lor  V  and  performing  the  indicated  operations.  In  general,  if  we  take  the 
:i  surface  integral  of  V  x  (VK)  over  any  surface,  the  result  is  equal  to  the  line  integral  of 

jv  VF  around  the  closed  path  bounding  the  surface,  as  asserted  by  Stokes’s  theorem: 

F  Js  [V  x  (VF)]  ■  ds  =  (VF)  •  d€. 


(2-134) 


However,  from  Eq.  (2-81),  :  i  |  .  |  '  ;  j 

=  =i°-  (2-135) 

The  combination  of  Eqs.  (2-13^)  apd((2-135)  states  :that  tjie  surface  integral  of  V  x 

(VE)  over  any  surface  is  zero.  Tlje  integrand  itself  must  therefore  vanish,  which  leads  •*. 

to  the  identity  in  Eq.  (2-133).  Since  4  coordinate  system  is  pot  specified  in  the  deriva-  “ 

tion.  the  identity  is  a  general  one  aqd  is  invariant  (with  the  choices  of  coordinate 
systems.  i  j:'  ;  ; 

A  converse  statement  .  c.f  Identity ; I  can  be  mad£  as  fqjlows . ,  (T  a  vector  field,  is^  .  « 

curi-jree ,  then  it  can  be  expressed  as  the  gradient  of  a  scalar  field.  Let  a  vector  field 
be  E.  Then,  i£  V  x  E  =  0,  we  can  define  a  scalar  field'  V  sucji  that 


E  =  —  VK.  (2-136) 

The  negative  sign  here  is  unimportant  as  far  as  Identity  I  is  concerned.  (It  is  included 
in  Eq.  (2-136)  because  this  relation  conforms  with  a  basic  relation  between  electric 
field  intensity  E  and  electric  scalar  potential  V  in  electrostatics,  which  we  will  take  up 
in  the  next  chapter.  At  this  stage  it  is  immaterial  what  E  and  V  represent.)  We  know 
from  Section  2-8  that  a  curl-free  vector  field  is  a  conservative  field;  hence  an  irrota- 
tional  {a  conservative)  vector  fielt\  can  always  be  expressed  as  the  gradient  of  a  scalar 
field.  ;  '  : 

T  ,  /' 

2-10.2  Identity  II 

(2-137) 

In  words,  the  divergence  of  the  curl  of  [any  vector  field  is  identically  zero. 

Equation  (2-137),  too,  can  be  proved  easily  in  (Cartesian  coordinates  by  using 
Eq.  (2-89)  for  V  and  performing  (he Indicated  operatipns.  We  can  prove  it  in  general 
without  regard  to  a  coordinate  system  by  taking  thervolurne  integral  of  V  •  (V  x  A) 
on  the  left  side.  Applying  the  divergence  theorem,  wg;have 

V-(V  x;/|)di;=^((V  xA)-ds.  (2-138) 

Let  us  choose,  for  example,  the  arbitrary  volume  V  enclosed  *by  a  surface  S  in  Fig.  2-26. 
The  closed  surface  S  can  be  splij  into, two  open  surfaces,  ^  and  S2,  connected  by  a 
common  boundary  which  has  been  dVawn  twice  as  C,'and  Q2.  We  then  apply  Stokes’s 
theorem  to  surface  bounded  by  Cp  and  surface  Sj  bounded  by  C2,  and  write  the 
right  side  of  Eq.  (2-138)  as  ;  j  £  1 

£  |  i  ) 

ys  (V  x  A)  •  ds  =  Js’  (V;X  A)  "a„i  ds  +  J  (V  x  A)  •  an2  ds 

:  i  •  £ 

=  <£  A^de  +  S  A-dk. 

JO,  i  Jc2  *  -. 
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The  nopals  anl  and  a„2  to  surfaces  St  and  S2  are  rtitward  normals,  and  their  relations 
with  the  path  directions  of  C\  and  C1  follow  the  right-hand  rule.  Since  the  contours. 

and  C2  are,  in  fact,  one  and  the  same  common  boundary  between  and  S2,  the 
two  line  integrals  on  the  right  side  of  Eq.  (2-139)  traverse  the  same  path  in  opposite 
directions.  Their  sum  is  therefore  zero,  and  the  volume  integral  of  V  •  (V  x  A)  on  the 
left  side  of  Eq.  (2-138)  vanishes.  Because  this  is  true  for  any  arbitrary  volume,  the 
integrand  itself  must  be  zero,  as  indicated  by  the  identity  in  Eq.  (2-137). 

A  converse  statement  of  Identity  II  is  as  follows:  If  a  vector  field  is  divergenceless, 
then  it  can  he  expressed  as  the  curl  of  another  vector  field.  Let  a  vector  held  be  B. 
This  converse  statement  asserts  that  if  V  ■  B  =  0,  we  can  define  a  vector  field  A  such 
that 

li  -  V  x  A .  (2-140) 

In  Section  2-b  we  mentioned  that  a  divergenceless  field  is  also  called  a  solenoidal 
field.  Solenoidal  fields  arc  not  associated  with  How  sources  or  sinks.  The  net  outward 
llux  of  a  solenoidal  field  through  any  closed  surface  is  zero,  and  the  llux  lines  dose 
upon  themselves.  We  are  reminded  of  the  circling  magnetic  flux  lines  of  a  solenoid 
or  an  inductor.  As  we  will  see  in  Chapter  6,  magnetic  flux  density  B  is  solenoidal 
and  can  be  expressed  as  the  curl  of  another  vector  field  called  magnetic  vector 
potential  A. 


2-11  HELMHOLTZ’S  THEOREM 

In  previous  sections  we  mentioned  that  a  divergenceless  field  is  solenoidal,  and  a 
curl-free  field  is  irrotational.  We  may  classify  vector  fields  in  accordance  with  their 
being  solenoidal  and/or  irrotational.  A  vector  field  F  is 

1.  Solenoidal  and  irrotational  if 

'  V  •  F  =  0  and  VxF  =  0. 

Example',  A  sialic  electric  field  in  a  charge-free  region. 

■  2.  Solenoidal  but  not  irrotational  if 

V  •  F  =  0  and  VxF^O. 

Example :  A  steady  magnetic  field  in  a  current-carrying  conductor. 
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3.  Irrotational  but  not  solenoidal  if 

V  x  F  =  0  and  V  •  F  0. 

Example:  A  static  electric  field  in  a  charged  region. 

4.  Neither  solenoidal  nor  irrotational  if  , 

V  •  F  #  0  and  V  x  F  ^  0. 

Example:  An  electric  field  ini  'firrgen  medium  with- a  time-varying  magnetic  field. 

The  most  general  vector  field  then  lias  both  a  nonzero  divergence  and  a  nonzero  curl, 
and  can  be  considered  as  the  sum  of  a  solenoidal  field  and  an  irrotational  field. 

Helmholtz's  Theorem:  A  vector  field  ( vector  point  Junction)  is  determined  to 
within  an  additive  constant  if  both  its  d mergence  and  its  curl  are  specified  everywhere. 
In  an  unbounded  region  we  assume  that  both  the  divergence  and  the  curl  of  the 
vector  field  vanish  at  infinity.  If  the  vector  field  is  confined  within  a  region  bounded 
by  a  surface,  then  it  is  determined  if  its  divergence  and  curl  throughout' the  region, 
as  well  as  the  normal  component  of  the  vector  over  the  bounding  surface,  are  given. 
Here  we  assume  that  the  vector' function  is  single-valued  and  that  its  derivatives  are 
finite  and  continuous.  5  : 

Helmholtz’s  theorem  can  be  proved  as  a  mathematical  theorem  in  a  general  wayf 
For  our  purposes,  we  remind  ourselves  (see  Section  2—8)  that  the  divergence  of  a 
vector  is  a  measure  of  the  strength  of  the  flow  source  and  that  the  curl  of  a  vector  is 
a  measure  of  the  strength  of  the  ;yprtex  source.  When  the  strengths  of  both  the  flow 
source  and  the  vortex  source  are  specified,  we  expect  that  the  vector  field  will  be 
determined.  Thus,  we  can  decompose  a‘  general  vector  field  F  into-:  an  irrotational 
part  F,  and  a  solenoidal  part  Fs:  rwt-  .•  ; 


Heir 

O'm 


F  =  FY+  F  „ 

(2-141) 

'  Soh, 

1 

a) 

jv  x  Ff  =  0 

(2- 142a) 

V*  F,i  g 

i  ■.  t 

(2- 142b) 

fV  •  Fs  =  0 

(2- 143a) 

lVxfy=G, 

(2- 143b) 

be  known!  We  have 

i 

V  •  F  =  F  t  =  g 

) .  1 

(2-144) 

- 

i 

i 

r 

b) 

VxF  =  V  x  F5  =  G. 

(2-145) 

Helmholtz  s  theorem  asserts  that  when  g  and  G  are  specified,  the  vector  function  F 


r  See.  for  instance.  G.  Arisen.  Mathematical  Methods  for  Physicists,  Academic  Press  (1966),  Section  1.15. 
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is  determined.  Since  V-  and  Vx  are  dififerential  operators,  F  must  be  obtained  by 
integrating  g  and  G  in  some  manner,  which  will  lead  to  constants  of  integration.  The 
determination  of  these  additive  constants  requires  the  knowledge  of  some  boundary 
conditions.  The  procedure  for  obtaining  F  from  given  g  and  G  is  not  obvious  at  this 
time;  it  will  be  developed  in  stages  in  later  chapters. 

The  fact  that  F,  is  irrotational  enables  us  to  define  a  scalar  (potential)  function 
V,  in  view  of  identity  (2-133),  such  that 

F,  =  —  VK.  (f-146) 

Similarly,  identity  (2-137)  and  Eq.  (2-  143a)  allow  the  definition  of  a  vector  (potential) 
function  4.  such  that 

Fs  =  VxA.  (2-147) 

Helmholtz’s  theorem  states  that  a  general  vector  function  F  can  be  written  as  the 
sum  of  the  gradient  of  a  scalar  function  and  the  curl  of  a  vector  function.  Thus, 

F  =  -  VK+  V  x  A.  (2-148) 

In  following  chapters  we  will  rely  on  Helmholtz’s  theorem  as  a  basic  element  in 
the  axiomatic  development  of  electromagnetism. 


Example  2-18  Given  a  vector  function 

F  -  n,(3r  -  c,,-)  I  a A  -  2z)  -  a  (r,r  I-  r). 

a)  Determine  the  constants  cq,  c2,  and  c3  if  F  is  irrotational. 

b)  Determine  the  scalar  potential  function  V  whose  negative  gradient  equals  F. 


Solution 

a)  For  F  to  be  irrotational,  V  x  F  =  0;  that  is, 

ay  ar 

d  v 

dy  di 

CjX-2-  —  (c3y  +  z) 

=  M-c3  +  2)  -  a/q  +  a.(c2  -  3)  =  0. 

Each-eomponent  of.V  x  F  must  vanish.  Hence,  cq  =  0,  c2  =  3,  and  c3  =  2. 

b)  Since  F  is  irrotational,  it  can  be  expressed  as  the  negative  gradient  of  a  scalar 
function  Hull  is, 


V  X  F  = 


a* 

ox 

3  y-cx2 


F  =  — VF  =  -a. 


5V 

dx 


8V  dV 

- - a,  — 

oy  oi 


=  ax3 y  +  ay(3.x  -  2 z)  -  a.(2y  +  r). 


■ction  1.15. 
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Three  equations  are  obtained: 


8V  . 

rr— .=  —3x  +  2z 

dy- 

ev, : 

T-  —  2v  +  ?.  . 

az  • 


(2-149) 


(2-150) 


(2-151) 


Integrating  Eq.  (2-149)  partially  with  respect  to  x,  we  have 

V  =  -3.vr  +  ./',()■,  :).  •;  (2- 152) 

where  /,(  v.  z)  is  a  function  of  v  and  z  yet  to  be  determined.  Similarly,  integrating 
Eq.  (2-150)  with  respect  to  y  and  Eq.  (2-151)  with  respect  to-ejeads  to 


V  =  —  3  xy  +  2yz  +  /2(.x,;z) 


(2-153) 


V  =  2yz  +  y  +  /3(x,  y) . 


(2-154) 


Examination  of  Eqs.  (2—152),  (2—153),  and  (2-1541  enables  us  to  write  the  scalar 
potential  function  as 


V  =  -3,xv  +  2  yz  +  — . 

2 


(2-155) 


Any  constant  added  to  Eq.  (2—155)  would  still  make  K  an  answer.  The  constant 
is  to  be  determined  by  a  boundary  condition  or  the  condition  at  infinity. 


REVIEW  QUESTIONS 


,  Three  vectors  A.  B.  and  C,  drawn  in.a  hcad-to-tail  fashion,  fprm  three  sides  of  a  trianale. 
What  is  A  +  B  +  C?  A  +  B  -  C?  ’  ' 

R-2-2  Lnder  what  conditions  can  the  dot  product  of  two  vpetors  jje  negative? 

R.2-3  Write  down  the  results  of  A  •  B  and! A  x  B  if  (a)  A  ||  B,  and  (b)  A 1 B. 

R.2-4  Which  of  the  following  products  of  vectors  do  not  make  sense?  Explain, 
a)  (A  •  B)  x  C  b)  A(B  -C) 

c)  A  x  B  x  C  d)  A/B  :  i 

c)  A/a ,  f)  (A  x  JJ)  •  C  '  i;  » 


R 


R. 

fu: 
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(2-149) 

(2-150) 

(2-151) 

(2-152) 

-’unitina 


R.2-5  Is  (A  •  B)C  equal  to  A(B  •  C)? 

R.2-6  Does  A  •  B  =  A  •  C  imply  B  =  C?  Explain. 

R.2-7  Does  AxB  =  AxC  imply  B  =  C?  Explain. 

R.2-8  Given  two  vectors  A  and  B,  how  do  you  find  (a)  the  component  of  A  in  the  direction  of 
B  and  (b)  the  component  of  B  in  the  direction  of  A? 

R.2-9  What  makes  a  coordinate  system  (a)  orthogonal?  (b)  curvilinear?  and  (c)  right-handed? 

R.2-1G  Given  a  sector  F  in  orthogonal  curvilinear  coordinates  (uh  u2,  u 3),  explain  how  to 
determine  (a)  F  and  (b)  a,-. 

11.2-11  What  are  inctnc  coenicicvib  ; 

R.2-12  Given  two  points  P,(l.  2.  3)  and  P ,(—  1,  0,  2)  in  Cartesian  coordinates,  write  the  expres¬ 
sions  of  the  vectors  P,  P,  and  PJ\. 


(2-153) 

O 

2- 

e  scalar 

(2-155) 

onstant 


R.2-13  What  are  the  expressions  for  A  •  B  and  A  x  B  in  Cartesian  coordinates? 

R-2-14  What  are  the  values  of  the  following  dot  products  of  base  vectors? 

a)  a,  •  av  It)  a,.  ■  a,, 

c)  aK  •  ar  d)  aK  •  av 

e)  aR  •  ar  f )  ar  •  a, 

R.2-15  What  is  the  physical  definition  of  the  gradient  of  a  scalar  field? 

R.2-16  Express  the  space  rate  of  change  of  a  scalar  in  a  given  direction  in  terms  of  its  gradient. 
R.2-17  What  does  the  del  operator  V  stand  for  in  Cartesian  coordinates? 

R.2- 18  What  is  the  physical  definition  of  the  divergence  of  a  vector  field? 

R.2-19  A  vector  field  with  only  radial  flux  lines  cannot  be  solenoidal.  True  or  false?  Explain. 


triangle. 


R.2— 20  A  vector  field  with  only  curved  flux  lines  can  have  a  nonzero  divergence.  True  or  false? 
Explain. 

R.2-21  State  the  divergence  theorem  in  words. 

R.2-22  What  is  the  physical  definition  of  the  curl  of  a  vector  field? 

R.2- 23  A  vector  field  with  only  curved  llux  lines  cannot  be  irrotational.  True  or  false?  Explain. 
R.2- 24  A  vector  field  with  only  straight  flux  lines  can  be  solenoidal.  True  or  false?  Explain. 
R.2-25  State.  S_tokes’s  theorem  in  words. 

R.2-26  What  is  the  difference  between  an  irrotational  field  and  a  solenoidal  field? 


K.2  27  Slide  I  lelmholl/s  theorem  In  words. 

R.2-28  Explain  how  a  general  vector  function-  can  be  expressed  in  terms  of  a  scalar  potential 
function  and  a  vector  potential  function. 
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PROBLEMS 


P.2-1  Given  three  vectors  A,  B,  and  C  asfollows,  ; 

1. 

A  =  aT  +  a„2  —  as3 
B  =  —  ay4  +  a. 

C  =  ^5  -  a.2,  . 

find  ' 

a)  a A  b)  |A  —  Bj 

<0  A-B  -r  '  . d)  0AB, 

e)  the  component  of  A  in  the  direction  of  C  f)  A  x  C 

g)  A  •  (B  x  C)  and  (A  x  B)  •  C  h)  (A  xB)i(C  and  A  x  (B  x  C) 

P.2-2  The  three  corners  of  a  triangle  are  at  P,( 0,  1,  —2),  P2( 4,  1,  —3),  and  P3( 6,  2,  5). 

a)  Determine  whether  AP |  /UP,  is  n  right  triangle. 

b)  Find  the  area  of  the  triangle,  ; 

P.2-3  Show  that  the  two  diagonals  of  a  rhombus  are  perpendicular  to  eaehujther.  (A  rhombus 
is  an  equilateral  parallelogram.)  ’ 

P-2-4  Show  that,  if  A  •  B  =  A  *'C  and  A  *  B  =  A  x  C,  where  A  is  pot  a  null  vector,  then  B  =  C. 

P.2-5  Unit  vectors  and  aB  denote  the. directions  of  twb-dimepsional  vectors  A  and  B  that 
make  angles  a  and  /J,  respectively,  witjn  a  reference  .x-axis,  as  shown  ip  Fig.  2-27.  Obtain  a  formula 
for  the  expansion  of  the  cosine  of  thp  difference  of  two  angles,  cos  (a  —  §),  by  taking  the  scalar 
product  a,  •  a„.  .  ?  •  •  * 

i 


Fig.  Zyin  Graph  for 
Problem  P.2-5. 


P.2-6  Prove  the  law  of  sines  for  a  triangle. 

'  !  t  :  * , 

•  P.2-7  Prove  that  an  angle  inscribed  in  a  |emicircle  is  a  right  angje. 

P.2-8  Verify  the  back-cab  rule  of  the  vector  triple  product  of  three  vectors,  as  expressed  in 
Eq.  (2-20)  in  Cartesian  coordinates.  ■’  ■  • 

i  t>  '  ) 

P.2-9  An  unknown  vector  can  be  determined  if  both  its  scalar  product  and  its  vector  product 
with  a  known  vector  are  given,  Assuming  jV  is  a  known  vector,  determine  the  unknown  vector 
X  if  both  p  and  P  are  given,  where  p  *=  A  •'  X  and  P  =  A  x  X. 

P.2-10  Find  the  component  of  the  yectqrt  A  =  -a^z  +  a.y.at'  the  point  P{( 0,  -2,  3),  which  is  ' 
directed  toward  the  point  P2(^3.  —  (50rj,  J)f 
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rhombus 


d  B  ' 
for,..  . 
to  scalar 


ressed  in 

piw; 

n  VCC.._ 


P.2-11  The  position  of  a  point  in  cylindrical  coordinates  is  specified  by  (4,  27t/3,  3).  What  is  the 
location  of  the  point 

a)  in  Cartesian  coordinates? 

b)  in  spherical  coordinates? 

P.2-12  A  field  is  expressed  in  spherical  coordinates  by  E  =  aK(25/K2). 

a)  Find  |E|  and  Ex  at  the  point  P(  —  3, 4,  —  5). 

b)  Find  the  angle  which  E  makes  with  the  vector  B  =  a*2  —  ay2  +  a.. 

P.2-13  Express  the  base  vectors  aR,  a9,  and  a0  of  a  spherical  coordinate  system  in  Cartesian 
coordinates. 

P-2-I4  Given  a  vector  function  E  ~  a*y  4-  a^x,  evaluate  the  scalar  line  integral  j  E  ■  il(  from 
.  P.'ft  1,  -l)  toP2(8,2,  -1) 

a)  along  the  parabola  x  =  2y2, 

b)  along  the  straight  line  joining  the  two  points. 

Is  this  E  a  conservative  field? 

P.2-15  For  the  E  of  Problem  P.2-14,  evaluate  j  E  ■  d€  from  P3( 3, 4,  -  1)  to  P4( 4,  -3,  -  1)  by 
converting  both  E  and  the  positions  of  P3  and  P4  into  cylindrical  coordinates. 

P.2-16  Given  a  scalar  function 

v  =  (jsin^x^sin  jyje~;, 

delcnninc 

a)  the  magnitude  and  the  direction  of  the  maximum  rate  of  increase  of  V  at  the  point 
P(l,  2,  3), 

b)  the  rate  of  increase  of  V  at  P  in  the  direction  of  the  origin. 

P.2-17  Evaluate 

(j)  (a^3  sin  9)  ■  ds 

over  the  surface  of  a  sphere  of  a  radius  5  centered  at  the  origin 
P.2-18  For  a  scalar  function  /  and  a  vector  function  A,  prove 

V  ■  (/A)  =  /V  •  A  +  A  •  Vf 

in  Cartesian  coordinates. 


P.2-19  For  vector  function  A  =  a/2  +  a.2z,  verify  the  divergence  theorem  for  the 
cylindrical  region  enclosed  by  r  —  5,  z  =  0,  and  z  =  4. 


P.2-20  For  the  vector  function  F  =  a rkjr  +  a ,k2z  given  in  Example  2-7  evaluate  j  V  •  F  du  over 
the  volume  specified  in  that  example.  Explain  why  the  divergence  theorem  fails  here. 


P.2-21  A  vector  field  D  =  aK(eos exists  in  the  region  between  two  spherical  shells  defined 
by  R  =  1  and  K  =  2.  Evaluate 

a)  j  D  •  ds 


which  is 


;v.  S 

V 


V 
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P.2-22  A  radial  vector  field  is  represented  by  F  =  a Rf(R),  What  do  we  know  about  the  function 
f(R)  if  V  •  F  =  0?,  "t  = 

P-2-23  For  two  differentiable  vector  functions  A  and  H,  prove 

V  •  (A  x  H)  =  H  •  (V  x  A)  -  E  •  (V  x  A). 

P.2-24  Assume  the  vector  function  A  =  ax3x2y2  -  a^y*. 

a)  Find  |  A  •  d.€  around  the  triangular  contour  shown  in  Fig.  2-28. 
h)  Evaluate  J  (V  •  A)  •  ds  over  the  triangular  area.  ]  ,  .  ■ 

c)  Can  A  be'expressed  as  the  gradient  of  a  scalar?  Explain. 


3-1  IN 


1 _ 1 _  Fig.  2-28  Graph,  for 

0  •  2  Problem  P.2-24. 

P-2-25  Given  the  vector  function  A  =  a1,*  sin  (<£/ 2),  verify  Stokes's  theorem  over  the  hemispherical 
surface  and  its  circular  contour  that  are  shown  in  Fig.  2-29. 


-^vJ 


Fig.  2-29  Graph  for  • 
Problem  P.2-25. 


P.2-26  For  a  scalar  function  /  and  a  vector  function  G,  prove 

V  X  (/G)  =  /V  x  G  +  (V/j;x  G 

in  Cartesian  coordinates. 

P.2-27  Verify  the  null  identities  '  < 

a)  V  x  (VF)  =  0  ’  •  ' 

b)  V-(V  x  A)  =  0  •  :  ■  .  !' 

by  expansion  in  general  orthogonal  curvilinear  coordinates. 
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Til  Section  1-2  vve  mciuioncd  that  three  essential  steps  are  involved  in  constructing  a 
deductive  theory  for  the  study  of  a  scientific  subject.  They  are  the  definition  of  basic 
quantities,  the  development  of  rules  of  operation,  and  the  postulation  of  fundamental 
relations.  We  have  defined  the  source  and  field  quantities  for  the  electromagnetic 
model  in  Chapter  1  and  developed  the  fundamentals  of  vector  algebra  and  vector 
calculus  in  Chapter  2.  We  are  now  ready  to  introduce  the  fundamental  postulates  for 
the  study  of  source-field  relationships  in  electrostatics.  In  electrostatics,  electric 
charges  (the  sources)  arc  at  rest,  and  electric  fields  do  not  change  with  time.  There  are 
no  magiiciie  fields;  lienee  we  deal  will)  a  relatively  simple  situation.  After  we  have 
studied  the  behavior  of  static  electric  fields  and  mastered  the  techniques  for  solving 
electrostatic  boundary-value  problems,  we  will  then  go  on  to  the  subject  of  magnetic 
fields  and  time-varying  electromagnetic  fields. 

The  development  of  electrostatics  in  elementary  physics  usually  begins  with  the 
experimental  Coulomb’s  law  (formulated  in  1785)  for  the  force  between  two  point 
charges.  This  law  states  that  the  force  between  two  charged  bodies,  qx  and  q2,  that 
are  very  small  compared  with  the  distance  of  separation,  jR12,  is  proportional  to  the 
product  of  the  charges  and  inversely  proportional  to  the  square  of  the  distance,  the 
direction  ot  the  force  being  along  the  line  connecting  the  charges.  In  addition.  Cou¬ 
lomb  found  that  unlike  charges  attract  and  like  charges  repel  each  other.  Using  vector 
notation,  Coulomb’s  law  can  be  written  mathematically  as 


it  ,  /  4l<?2 

Fl2  -  aR,^'  ~n2  ’ 
^12 


(3-1) 


where  Fl2  is  the  vector  force  exerted. by  q,  on  r/2,  aRl,  is  a  unit  vector  in  the  direction 
from  to  </2,  and  k  is  a  proportionality  constant  depending  on  the  medium  and  the 
system  of  units.  Note  that  if  </,  and  qz  arc  of  the  same  sign  (both  positive  or  both 
negative),  F12  is  positive  (repulsive);  and  if  qx  and  q2  are  of  opposite  signs,  F12  is 
negative  (attractive).  Electrostatics  can  proceed  from  Coulomb’s  law  to  define  electric 
field  intensity  E,  electric  scalar  potential,  V,  and  electric  flux  density,  D,  and  then  lead 
to  Gauss’s  law  and  other  relations.  This  approach  has  been  accepted  as  “logical,” 
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perhaps  because  it  begins  with  an  experimental  lawobsejwed  in  a  laboratory  and 
not  with  some  abstract  postulates.  \ 

We  maintain,  however,  thaf  Coulomb’s  law,  though  based  on  experimental 
evidence,  is  in  fact  also  a  postulate.  Consider  the  twoistipulations  of  Coulomb’s  law: 
that  the  charged  bodies  be  very  smqll  compared  witl^  the  distance  of  separation  and 
that  the  force  is  inversely  propojrtiqnal  to  the  square  of  the  distance.  The  question 
arises  regarding  the  first  stipulation', How  small  must  the  charged  bodies  be  in  order 
to  be  considered  “very  small”  compared  to  the  distahee?  In  practice  the  charged 
bodies  cannot  be  of  vanishing  sizes. (ideal  point  charges),  and  there  is  difficulty  in 
determining  the  “true”  distance  between  two  bodies  of  finite  dimensions.  For  given 
body  sizes,  the  relative  accuracy  in  distance  measurements  is  better  when  the  separa¬ 
tion  is  larger.  However,  practical  considerations  (weakness  of  force,  existence  of 
extraneous  charged  bodies,  etc.)  restrict  the  usable  distance  of  separation  i'n  the 
laboratory,  and  experimental  inaccuracies  cannot  bo  entirely  avoided.  This  leads  to 
a  more  important  question  concerning  the  inverse-square  relation  of  the  second 
stipulation.  Even  if  the  charged  bodies  are  of  vanishing  sizes,  experimental  measure¬ 
ments  cannot  be  of  infinite  accuracy,  no  matter  how  skillfpl  and  careful  an  experi- 
mentor  is.  How  then  was  it  possible  for  Coulomb  to  know  that  the  force  was  exactly 
inversely  proportional  to  the  square  (not  the  2.000001th  or  the  1.999999th  power)  of 
the  distance  of  separation? ’This  question  cannot  be  answered  from  an  experimental 
viewpoint  because  it  is  not  likely  that  during  Coulomb's  time  experiments  could 
have  been  accurate  to  the  seventh  place/  We  must  therefore  conclude, that  Coulomb's 
law  is  itself  a  postulate  and  (hat  (he'exact  relation  stipulated  by  Eq.  (3-1)  is  a  law  of 
nature  discovered  and  assumed  by  Coulomb  on  the  basis  of  his  experiments  of 
limited  accuracy.  In  “  .  I  l  '  ' 

Instead  of  following  the  historical  development  iof  electrostatics,  we  introduce 
the  subject  by  postulating  both  tfie  divergence  and  the  curl  of  the  electric  field  inten¬ 
sity  in  free  space.  From  Helmholtz’s  theorem  in  Section  2-J 1  we  know  that  a  vector 
field  is  determined  if  its  divergence  and  curl  are  specified.  We  derive  Gauss’s  law  and 
Coulombs  law  from  the  divergence  apd  curl  relations,  and  do  not. present  them  as 
separate  postulates.  The  concept  of  scalar  potential  follows  naturally  from  a  vector 
identity.  Field  behaviors  in  materia)  media  will  be  studied  and  expressions  for  elec¬ 
trostatic  energy  and  forces  will  be  developed.  ) 

<  }  , 

3-2  FUNDAMENTAL  POSTULATES  QF  ; 

ELECTROSTATICS  IN  FREE  SPACE  1  ^ 

V  \  ,  ,  j 

We  start  the  study  of  electromagnetism  with  the  consideration  of  electric  fields  due 
to  stationary  (static)  electric  changes,  ifi  free  space.  Electrostatics  in  free  space  is  the 

i\  ■;  ; 

f  The  exponent  on  the  distance  in  Coulopib’sdaw  has  been  verified  by  an  indirect  experiment  to  be  2  to 
within  one  part  in  1015.  (See  E.  R.  Willi^jns,  J.(£.  Falier.  and  Hi  Ap.Hall,  Phys.  Rev.  Letters,  vol.  26,  1971,' 
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simplest  special  case  of*  electromagnetics.  We  need  only  consider  one  of  the  four 
fundamental  vector  field  quantities  of  the  electromagnetic  model  discussed  in  Section 
1-2,  namely,  the  electric  field  intensity,  E.  Furthermore,  only  the  permittivity  of  free 
space  e0,  of  the  three  universal  constants  mentioned  in  Section  1—3  enters  into  our 
formulation. 

Electric  field  intensity  is  defined  as  the  force  per  unit  charge  that  a  very  small 
stationary  test  charge  experiences  when  it  is  placed  in  a  region  where  an  electric 
field  exists.  That  is, 


E  = 


!im  — 
«-o  q 


(V/m). 


(3-2) 


The  electric-field  intensity  F  i<\  proportional  to  and  in  the  direction  of  the  force 
h.  II  F  is  measured  in  uevvtonss(N)  and  charge  q  in  coulombs  (C),  then  Li  is  in  newtons 
per  coulomb  (N/C),  which  is  the  same  as  volts  per  meter  (V/m).  The  test  charge  q, 
of  course,  cannot  be  zero  in  practice;  as  a  matter  of  fact,  it  cannot  be  less  than  the 
charge  on  an  electron.  However,  the  finiteness  of  the  test  charge  would  not  make  the 
measured  E  differ  appreciably  from  its  calculated  value  if  the  test  charge  is  small 
enough  not  to  disturb  the  charge  distribution  of  the  source.  An  inverse  relation  of 
Eq.  (3-2)  gives  the  force,  F,  on  a  stationary  charge  q  in  an  electric  field  E: 


F  =  e/E  (N). 


-3) 


The  two  fundamental  postulates  of  electrostatics  in  free  space  specify  the 
divergence  and  curl  of  E.  They  are 


and 


V  x  E  =  0. 


(3-4) 


(3-5) 


In  Eq.  (3-4),  p  is  the  volume  charge  density  (C/m3),  and  e0  is  the  permittivity  of 
free  space,  a  universal  constant.3  Equation  (3-5)  asserts  that  static  electric  fields  are 
irrot ationcTh -whereas  Eq.  (3-4)  implies  that  a  static  electric  field  is  mlt  solenoidal 
unless  p  —  0.  These  two  postulates  are  concise,  simple,  and  independent  of  any 
coordinate  system;  and  they  can  be  used  to  derive  all  other  relations,  laws,  and 
theorems  in  deelrosuiliesl  Such  is  the  beauty  of  the  deductive,  axiomatic  approach. 


3  The  permittivity  of  free  space  e<j  =  —  x  10"9  (F/m).  See  Eq.  (1-11). 
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Equations  (3-4)  and  (3-5)  ar$  point  relations;  that  is,  (jieyhold  at  every  point 
in  space.  They  are  referred  to  as  thq  differential  form  of  the  postulates  of  electrostatics, 
since  both  divergence  and  curl  operations  involve  spatial  derivatives.  In  practical 
applications  we  are  usually  interested  in  jhe  total  field  of  an  aggregate  or  a  distribution 
of  charges.  This  is  more  conveniently 'obtained  by  an  integral  form  of  Eq.  (3  -4). 
Taking  the  volume  integral  of  both  sides  of  Eq.  (3-4)  overman  arbitrary  volume  V, 
we  have  [  ’  !  r  ' 


J(.V-Fdt  =i  fvprfr. 

In  view  of  the  divergence  theorerq  in  Eq.  (2-104),  Eq.  (3  -6)  becomes 


(3-6) 


(.1  7) 


where  0  is  the  total  charge  contained'  in  volume  V  bounded  by  siMace  S.  Equa¬ 
tion  (3-7)  is  a  form  of  Gauss's  law,  which  stales  thtxi-the  tptal  outward  Jlux  of  the 
electric  field  intensity  over  any  closed  surface  in  free  space  is  equal  to  the  total  charge 
enclosed  in  the  surface  divided  hy  eQ.  Gauss’s  law  is  one  pf  the  most  important  relations 
in  electrostatics.  We  will  discuss  it  further  in  Section  3-4,  along  with  illustrative 
examples.  ■; 

An  integral  form  can  also  be  obtained  for  the  .burl  rplation  in  Eq.  (3-5)  by 
integrating  V  x  E  over  an  open  surface  and  invoking  jStokes’s  theorem  as  expressed 
in  Eq.  (2-131).  We  have  ' . 


\E-  d<?  =  0. 

C  i 

j _ 


(3-8) 


The  line  integral  is  performed  ovef  a  closed  contour  C  bounding  an  arbitrary  surface; 
hence  C  is  itself  arbitrary.  As  a  matter!  of  fact,  the  surface  does  not  even  enter  into 
Eq.  (3—8),  which  asserts  that  the  $pal(ir  line  integral  of  /he  static  electric  Jield  intensity 
around  any  closed  path  vanishes.  This  is.simply  anothep  way  of  saying  that  E  is  irrota- 
tional  or  conservative.  Referring: to  Fig.  3-1.  we  scqlhat  if  the  scalar  line  integral 
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Fig.  3-1*  *  An  arbitrary  coHtour. 


it 


!  . 
;  5 


) 

t 


ry  point 
ostatics, 
practical 
ribution 
I-  (3-4). 
lume  V, 


.  liqua- 

‘  <V^ 

•.  i  /*> 

chit 

:>  trail  vc 

■  -')  by 
pressed 


airface: 
icr  into 
'density 
i  irrota- 
integral 


V':  •••.••  -i ivy-iy/v  . 


3-3  /  COULOMB’S  LAW  69 


of  E  over  the  arbitrary  closed  contour  CiC2  is  zero,  then 

Jc,  E  '  ^  +  Jc2  E  ‘  d<f  =  0  (3-9) 

or  ' 

Jp?  £-^  (3-10) 

Along  C,  Along  C2 

or 

JT  E’d€  =  fr!  E'd€-  (3-11) 

Along  C,  Along  C2 

Equation  (3-11)  says  that  the  scalar  .line  integral- of  the  irroiational  F.  held  is  inch 
pendent  ol  the  path;  it  depends  only  on  the  end  points.  As  we  shall  see  in  Section  1 
the  integral  in  Eq.  (3—11)  represents  the  work  done  by  the  electric  field  in  moving 
a  unit  charge  from  point  P j  to  point  P 2 ;  hence  Eqs.  (3—8)  and  (3-9)  imply  a  statement 
of  conservation  of  work  or  energy  in  an  electrostatic  field. 

The  two  fundamental  postulates  of  electrostatics  in  free  space  are  repeated  below 
because  they  form  the  foundation  upon  which  vve  build  the  structure  of  electrostatics. 


Postulates  of  Electrostatics 

in  Free  Space 

Differential  Form 

Integral  Form 

V  •  E  =  — 

(j)  E  ■  ds  =  — 

€o 

Js  e0 

V  x  E  =  0 

o 

II 

’TS 

^0 

Jc 

3-3  COULOMB’S  LAW 

We  consider  the  simplest  possible  electrostatic  problem  of  a  single  point  charge,  q, 
at  rest  in  a  boundless  free  space.  In  order  to  find  the  electric  field  intensity  due  to  q , 
we  draw  a  hypothetical  spherical  surface  of  a  radius  R  centered  at  q.  Since  a  point 
charge  has  no  preferred  directions,  its  electric  field  must  be  everywhere  radial  and 
has  the  same  .intensity  at  all  points  on  the  spherical  surface,  Applying  Eq  (3-7)  to 
Fig.  J-2(n),ive  have 

(j)^  L  •  ds  —  (J)  (uRER)  •  a^  els  —  — - 


■Er  §sds  =  ER(4nR2)  = 


or 


.  .  A 
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(a)  Point  charge  at  the  origin,  (b)  Point  charge  not  at  the  origin. 

Fig,  3-2  Electric  lit'kl  intensity  dpe  In  n  point  rltnrpe. 


Therefore, 


E  —  a  rEr  —  aR 


4k€0R2 


(V/m). 


(3-12) 


Equation  (3-12)  tells  us  that  the  electric  field  intensity  of  a  point  charge  is  in  the 
outward  radial  direction  and  hqs  a  magnitude  proportional  to  the  charge  and  inversely 
proportional  to  the  square  of  t\ie  distance  from  the  charge.  This  is  a  very  important 
basic  formula  in  electrostatics.  It  is  readily  verified'that  V  x  E  =  0  for  the  E  given  in 
Eq.  (3-12).  ;  ;  l  ^ 

If  the  charge  q  is  not  located  at  the  origin  of  a  choscr)  coordinate  system,  suitable 
changes  should  be  made  to  the  unifvector  and  the  distance  R  to  reflect  the  locations 
of  the  charge  and  of  the  point  at  which  E  is  to  be  determined.  Let  the  position  vector 
of  q  be  R  and  that  of  a  held  poifit  P  be  R,  as  shown  in  Fig.  3 — 2(b).  Then,  from 
Eq.  (3-12),  ;  ;  ; 


Ep  .  ;V  4jk0|R  —  R'1 


(3-13) 


where  z„P  is  the  unit  vector  drawn  from  q  to  P,  Since 

j  R-R' 


!R  -  R1 


we  have 


(3-14) 


g(R-R') 
4rte0|R  —  R'-j3 


(V/m). 


(3-15) 


Example  3-1  Determine  the  elecfric  field  intensity  a£  P{t- 0.2,0,  -2.3)  due  to  a 
point  charge  of  +  5  (nC)  at  Q(Q.2, 0rl,  —  2.5)  in  air.  jA.ll  dimensions  are  in  meters. 
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t.V^j 


iimsfly 


suitable 
jcations 
n  vector 
:n,  from 


(3-13) 


(3f4) 


Solution:  The  position  vector  for  the  field  point  P 

R  =  OP  =  —  a^O.2  —  a22.3 . 

The  position-  vector  for  the  point  charge  Q  is 

R'  =  OQ  =  a^O.2  +  ay0.1  -  a:2.5. 

The  difference  is 

R  -  R'  =  -  ax0.4  -  ay0.1  +  a.0.2, 

which  has  a  magnitude 

...  JR  ~  R'|  ==  [(  — u.4)2  +  (  — 0.1)2  +  (0.2)2]1/2  =  0.458  (m). 

Substituting  in  Eq.  (3-15),  we  obtain 

„  (  1  \  Q(R  -  R) 


\4neJ  |R  -  Rf 
5  x  10" 9 

=  (9  x  10*')  -----  (-a,0.4  -  av0.1  +  as0.2) 

=  214.5(-ax0.873  -  ay0.218  +  a:0.437)  (V/m). 

The  quantity  within  the  parentheses  is  the'  unit  vector  nv,.  =  (R  —  R')/]R  —  R’|, 
and  K,.  has  a  magnitude  uf  214.5  (V/m). 

Note:  The  permittivity  of  air  is  essentially  the  same  as  that  of  the  free  space. 
The  factor  l/(47te0)  appears  very  frequently  in  electrostatics.  From  Eq.  (1-11)  we 
know  that  <t0  =  l/(c2)t0).,But  pi0  =  4rc  x  1CT7  (H/m)  in  SI  units;  so 


1  =  ho  c2 

47ie0  4jt 


=  10_7c2  (m/F) 


(3-16) 


exactly.  If  we  use  the  approximate  value  c  =  3  x  108  (m/s),  then  l/(47te0)  =  9  x  109  (m/F). 

When  a  point  charge  r/2  is  placed  in  the  field  of  another  point  charge  q,  at  the 
origin,  a  force  F 12  is  experienced  by  q2  due  to  electric  field  intensity  E12  of  at  q2. 
Combining  Eqs.  (3-3)  and  (3-12),  we  have 


o-C 


iue.to  a 


^i2  —  (hEi  2  —  aR  — — —  (N). 

a 


(3-17) 


Equation”(3-17)  is  a  mathematical  form  of  Coulomb's  law  already  stated  in  Section  3-1 
in  conjunction  with  Eq.  (3-1).  Note  that  the  exponent  on  R  is  exactly  2,  which  is  a 
consequence  of  the  fundamental  postulate  Eq.  (3-4).  In  SI  units  the  proportionality 
constant  k  equals  l/(47t€0),  and  the  force  is  in  newtons  (N). 
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Fig.  3-3  Electrostatic  deflection  system'of  a  cathode-ray 
oscillograph  (Example  3-  2). 


Example  3-2  The  electrostatjc  deflection  system  of  a  cathode-ray  oscillograph  is 
depicted  in  Fig.  3-3.  Electrons  from  a  heated  cathode  are  given  an  initial  velocity 
v0  =  a-c0  by  a  positively  charged  anode  (not  shown).  The  electrons  enter  at  z  =  0 
into  a  region  of  deflection  plates  where  a  uniform  electric  field  Ed  =  —  a yEd  is  main¬ 
tained  over  a  width  w.  Ignoring  gravitational  effects,  find  the  vertical  deflection  of  the 
electrons  on  the  fluorescent  screen  .at  z  —  L. 


Solution :  Since  there  is  no  force  in  the  z-direction  in  the  z  >  0  region,  the  horizontal 
velocity  v0  is  maintained.  The  field  .Ed  exerts  a  force  on  the  electrons  each  carrying 
a  charge  -  e,  causing  a  deflection  in  the  y  direction.  • 

F  =  (■-e)Ed  =  a  yeEd. 

From  Newton’s  second  law  of  motion  in  the  vertical  direction,  we  have 


dv., 
m  ~~ 

.  dt 

where  m  is  the  mass  of  an  electron-;  Integrating  both,  sides,  we  obtain 

i  dy  e  ; 

E»  =  -r  =  —  Edt, 

-1  (It  m 

where  the  constant  of  integration  is  ^set  to  zero  because  vy  —  0  at  t  —  0.  Integrating 
again,  we  have 

.  y  =  Edt2. 

2m 

The  constant  of  integration  is  again  zero  because,  y  =  0  at  t  =  0.  Note  that  the 
electrons  have  a  parabolic  trajectory  between  the  deflection  plates. 

At  the  exit  from  the  deflection  plajes's  t  =  w/v0, 

I-*  2m  \v0J  ! 
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and 


When  the  electrons  reach  the  screen  they  have  traveled  a  further  horizontal  distance 
of  (L  -  w)  which  takes  (L  —  w)/v0  seconds.  During  that  time  there  is  an  additional 
vertical  deflection 


Hence  the  deflection  at  the  screen  is 


e£d  w(L  —  w) 
m  vl 


do  —  d1  +  d2 


e£j 

mvl 


w  L 


3—3.1  Electric  Field  due  to  a  System  of 
Discrete  Charges 


Suppose  an  electrostatic  field  is  created  by  a  group  ol’ a  discrete  point  charges  c/1 , 
<?2 >  ■  ■  •  located  at  different  positions.  Since  electric  field  intensity  is  a  linear  funct. on 
of  (proportional  to)  a Rq/R2,  the  principle  of  superposition  applies,  and  the  total  E 
field  at  a  point  is  the  vector  sum  of  the  fields  caused  by  all  the  individual  charges. 
From  Eq.  (3  -15)  wc  can  write  the  electric  intensity  at  a  field  point  whose  posit  on 
vector  is  R  as 


e  =  —L  V  g*(R  -  R'k) 

4ne0  Aj  |R  -  R^l3  ' 


(3-18) 


Although  Eq.  (3  18)  is  a  succinct  expression,  it  is  somewhat  inconvenient  to  use, 
because  of  the  need  to  add  vectors  of  different  magnitudes  and  directions. 

Let  us  consider  the  simple  case  of  an  electric  dipole  that  consists  of  a  pair  of  equal 
and  opposite  charges,  +  q  and  —  q,  separated  by  a  small  distance,  d,  as  shown  in 
3—4.  Let  the  center  of  the  dipole  coincide  with  the  origin  of  a  spherical  coordinate 
system.  Then  the  E  field  at  the  point  P  is  the  sum  of  the  contributions  due  to  +q 


R  +  d/2 


Fig.  3-4  Electric  field  of  a 
dipole. 
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!  I 


and  —q.  Thus, 


E  =» 


47r£o 


‘ft  -  i 

!  .  2 


„  d 

3 

d 

R  —  - 

R  +  - 

:  2 

L  2 

(3-19) 


The  first  term  on  the  right  side  of  Eq.(,(3— 19)  can  be  Simplified  if  d  «  R.  We  write 


R-i 

2 


R 


1 


-3/2 


d1' 

'R1  -  R  •  d  +  ~ 
4 


-3 12 


S  fi;3 
S  R~3 


R  ■  d' 


l  +  3R-(r 


2  R2 . 


(3-20) 


where  the  binomial  expansion  has  been  used  and  ail  terms  containing  the  second 
and  higher  powers  of  (d/R)  have  beeri  neglected.  Similarly,  for  the  second  term  on 
the  right  side  of  Eq.  (3-19),  we  have"  - 


R  + 


~3  .  .  J  3  R  •  d 
2  R“3|  1  - 


2  R1 


(3-21) 


Substitution  of  Eqs.  (3-20)  and  (3-21);  in  Eq.  (3-19)  leads  fp 


E  = 


„  R  •  d  „  ’■ 

3  — r  R  —id 


R2 


(3-22) 


The  derivation  and  inlcrprotatioh  of  Eq.  (3  -22)  require  the  manipulation  of 
vector  quantities.  We  can  apprcciate'.thut  determining  the  electric  field  caused  by 
three  or  more  discrete  charges  wilEbe  even  more  tedious.  In  Section  3  -5  wc  will 
introduce  the  concept  of  a  scalar  electric  potential,  witl|  which  the  electric  field 
intensity  caused  by  a  distribution  ofeharges  can  be  found  more  easily. 

The  electric  dipole  is  an  important  entity  in  the  study  of  the  electric  field  in 
dielectric  media.  We  define  the  product  of  the  charge  <7  an<^  the  vector  d  (going  from 
—  q  and  +q)  as  the  electric  dipoip  moment,  p: 


P  =  <5fd . 


(3-23) 


Equation  (3-22)  can  then  be  rewritten  as 

••  ■  s  .1 


E  = 


b 


t  i 


47ie0jR3 


Rp 


R1 


R  -  p 


(3-24) 


where  the  approximate  sign  (~)  over  the  equal  signTtas  bpen  left  out  for  simplicity. 
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&  ‘  If  the  dipole  lies  along  the  z-axis  as  in  Fig.  3-4,  then  (see  Eq.  2-77) 


(3-19) 


|0* 


p  =  a ,p  =  p(aR  cos  G  -  a9  sin  G) 
R  •  p  =  Rp  cos  G, 


and  Eq.  (3-24)  becomes 


(3-25)  ' 
(3-26) 


:  write 


I 

k.r 

t^i' 


(3-20) 


_  p 
4rt e0R3 


(aR  2  cos  G  +  a6  sin  G) 


(V/m). 


(3-27) 


Equation  (3-27)  gives  the  electric  field  intensity  of  an  electric  dipole  in  spherical 
coordinates.  We  see  that  E  of  a  dipole  is  inversely  proportional  to  the  cube  of  the 


distance  R.  This  is  reasonable  because  as  R  increases,  the  fields  due  to  the  closely 
spaced  +q  and  —  q  tend  to  cancel  each  other  more  completely,  thus  decreasing  more 
rapidly  than  that  of  a  single  point  charge. 


21) 


(3-22). 
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3-3.2  Electric  Field  due  to  a  Continuous 
Distribution  of  Charge 


The  electric  field  caused  by  a  continuous  distribution  of  charge  can  be  obtained  by 
integrating  (superposing)  the  contribution  ot  an  element  of  charge  over  the  charge 
distribution.  Refer  to  big.  3-5,  where  a  volume  charge  distribution  is  shown.  The 
volume  charge  density  /;  (C/m  '■)  in  a  function  of  the  coordinates.  Since  a  .diHcfenlial 
element  of  charge  behaves  like  a  point  charge,  the  contribution  of  the  charge  p  do 
in  a  differential  volume  element  dv1  to  the  electric  field  intensity  at  the  field  point  P  is 


We  have 


dE  =  aR 


p  dv’ 

4ne0R2 


(3-28) 


=  —  f 

47ie0  Jr 


P  ,  , 

r  srs-  dv 


2L ,,  _ 


(V/m), 


(3-29) 


;  I 


76  STATIC  ELECTRIC  FIELDS  /  S 


I ! 


or,  since  aR  =  R/R, 


t 

1  . 

r  R  ; 

E 

47teQ 

)yPj3dv'  *(V/m). 

(3-30) 


Except  for  some  especially  simpler  cases,  the  vector  triple  integral  in  Eq.  (3-29)  or 
Eq.  (3-30)  is  difficult  to  carry  out  because,  in  general,  all1  three  quantities  in  the 
integrand  (aR,  p,  and  R)  change  with  the  location  of  the  differential  volume  dv'. 

If  the  charge  is  distributed  on  a;surface  with  a, surface  charge  density  ps  (C/m2), 
then  the  integration  is  to  be  carried;  out  over  the  surface  (not  necessarily  flat).  Thus, 


:  (V  in), 

(3  31) 


For  a  line  charge,  we  have 


(3-32) 


where  p,  (C/m)  is  the  line  charge  density,  and  L  the  line  (not  necessarily  straight) 
along  which  the  charae  is  distributed. 


Example  3-3  Determine  the  electric  field  intensity  of. an  infinitely  long,  straight, 
line  charge  of  a  uniform  density  pA  'in  air.  9  . 


Solution:  Let  us  assume  that  the  line  charge  lids  alopg  the  z'-axis  as  shown  in 
Fig.  3-6.  (We  are  perfectly  free  to  do  this  because  the  field  obviously  docs  not  depend 

U/.M,  .....  <L«  IL...  Ii  . .  .  1  .  . «  :  '  .  ,  .  •  /  l  ■ 


on  how  we  designate  the  line.  It  is  an  accepted  contention  to  use  primed  coordinates 
for  source  points  and  unprinieif  coordinates  for  Jiclil  points  when  there  is  it  possibility 
of  confusion.)  The  problem  asks  us  to  find  the  electric  field  intensity  at  a  point  P, 
which  is  at  a  distance  r  from  fhe  line.  Since  the  problem  has  a  cylindrical  symmetry 
(that  is,  the  electric  field  is  independent  of  the  azimuth  angle  (ft),  it  would  be  most 
convenient  to  work  with  cylindrical  coordinates.  We  rewrite  Eq.  (3-32)  as 


(3-33) 


For  the  problem  at  hand  pf  is.constjant  and  a  line  ^lemefit  d{'  =  dz  is  chosen  to  be  at 
an  arbitrary  distance  z‘  from  the  ^origin.  It  is  most  important  to  remember  that  R 
is  the  distance  vector  directed  frpm  the  source  to.  the  field  point,  not  the  other  way 
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(3-31)'  >  •  Fig.  3-6  An  infinitely  long 

];  straight-line  charge. 
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Equation  (3-36)  is  an  important  result  for  an  infinite  line  charge.  Of  course,  no 
physical  line  charge  is  infinitely  long;  nevertheless,  Eq.  (3-36)  gives  the  approximate 
E  field  of  a  long  straight-line  charge  at  a  point  close  to  the  line  charge. 

3-4  GAUSS’S  LAW  AND  APPLICATIONS 

Jt  ' 

Gauss's  law  follows  directly  from  the  divergence  postulate  of  electrostatics,  Eq.  (3-4), 
by  the  application  of  the  divergence  theorem,  It; has  been  derived  in  Section  3-2 
as  Eq.  (3-7)  and  is  repeated  here  on  account  of  its  importance,' 

(3-37) 


Gauss's  law  asserts  that  the  total  outward  Jinx  of  the  E  -field  over  any  closed  surface 
in  free  space  is  equal  to  the  total  charge  enclosed  in  the  surface  divided  by  e0.  We  note 
that  the  surface  S  can  be  any  hypothetical  (mathematical)  closed  surface  chosen  for 
convenience ;  it  does  not  have  to  be.  and  usually  is  not,  a  physical  surface. 

Gauss's  law  is  particularly  useful  in  determining  the  E-field  of  charge  distributions 
with  some  symmetry  conditions,  such  that  the  normal  component  of  the  electric  field 
intensity  is  constant  over  an  enclosed  surface.  In  such  cases  the  surface  integral  on  the 
left  side  of  Eq.  (3-37)  would  be  very  easy  to  evaluate,  and  Gauss’s  law  would  be  a 
much  more  efficient  way  for  firiding  the  electrid  field  intensity  than  Eqs.  (3-29) 
through  (3—33).  On  the  other  hand,  when  symmetry  conditions  do  not  exist.  Gauss's 
law  would  not  be  of  much  help.  The  essence  of  applying  Gauss's  law  lies  first  in  the 
recognition  of  symmetry  conditions,  and  second  in  the  suitable  choice  of  a  surface 
over  which  the  normal  component  of  E  resulting  from  a  given  charge  distribution 
is  a  constant.  Such  a  surface  is  referred  to  as  a  Gaussian  surface.  This  basic  principle 
was  used  to  obtain  hq.  (3  13)  lor  a  point  charge  that  possesses  spherical  symmetry; 
consequently,  a  proper  Gaussian  jjurlaco  is  the  surbicif  of  a  sphere  centered  at  the 
point  charge.  Gauss’s  law  cquld  nbt  help  in  the  derivation  of  Eq.  (3-22)  or  (3-27) 
for  an  electric  dipole,- since  a  surface  about  a  separated  pair  of  equal  and  opposite 
charges  over  which  the  norrqal  component  of  E  remains  constant  was  not  known. 

•  t 

Example  3-4  Use  Gauss's  law  to  determine  the  electric  field  intensity  of  an  infinitely 
long,  straight,  line  charge  of  a  uniform  density  p A  in  air. 

Solution :  This  problem  was  solyed  in  Example  3-3  by  using  Eq.  (3-32).  Since  the 
line  charge  -is  infinitely  long,  the  .resultant  E  field  m.ust  be  radial  and  perpendicular 
to  the  line  charge  (E  =  ar£r),  aqd.  a  component,  of  E  along  the  line  cannot  exist. 
With  the  obvious  cylindrical  symmetry,  we  construct  a" cylindrical  Gaussian  surface 
of  a  radius  r  and  an  arbitrary  length  L  with  the  line  charge  as  its  axis,  as  shown  in 
Fig.  3-7.  On  this  surface,  Er  is  constant,  and  ds  -  a rr  dfi  dz  (from  Eq.  2-52a).  We 

1  i  y 
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Fig.  3-7  Applying  Gauss’s 
law  to  an  infinitely  long  line 
charge  (Example  3-4). 


have 


ji  ~  jo'  jj"  E/  ll=  =  2n>±Er- 


There  is  no  contribution  from  the  top  or  the  bottom-face  of  the  cylinder  because  on 
the  top  face  r/s  =  :\,r  dr  t!<l>  but  1C  has  no  s-componcnt  (here,  making  E  ds  =  0. 
Similarly  for  I  ho  hollom  lime,  The  lolnl  charge  enclosed  in  the  cylinder  is  Q  ofL. 
Substitution  into  Eq.  (3-37)  gives  us  immediately 


2ttrLEr  = 


Pri¬ 


or 


E  =  ar£r  =  ar 


Pi 

2ne0r 


This  result  is,  of  course,  the  same  as  that  given  in  Eq.  (3-36),  but  it  is  obtained  here 
in  a  much  simpler  way.  We  note  that  the  length,  L,  of  the  cylindrical  Guassian  surface 
does  not  appear  in  the  final  expression;  hence  we  could  have  chosen  a  cylinder  of  a 
unit  length. 

Example  ^-5  Determine  the  electric  field  intensity  of  an  infinite  planar  charge  with 
a  uniform  surface  charge  density  ps. 

Solution:  It  is  clear  that  the  F,  field  caused  by  a  charged  sheet  of  an  infinite  extent  is 
fionntil  to  the  sheet.  Equation  (3-31)  could  be  used  to  find  E,  but  this  would  involve 
a  double  integration  between  infinite  limits  of  a  general  expression  of  l/R2.  Gauss’s 
law  can  be  used  to  much  advantage  here. 


.  > ■  •  -if?  ^  '■  ■  ,  j  h* '  ‘ ■ 


Fig,  3-8  -  Applying  Gauss’s 

law  to  an-infinite  planar  charge 

(Example  3-5). 

1 


We  choose  as  the  Gaussian  surface  a  rectangular  box  with  top  and  bottom  faces 
of  an  arbitrary  area  A  equidistant  from  the  planar  charge,  as  shown  in  Fig.  3-8. 
The  sides  of  the  box  are  perpendicular  to  the  charged  sheet.  If  the  charged  sheet 
coincides  with  the  xy-plane,  then  on  the  top  face, 

E  •  ds  =  (a.E.)  •  (a.  ds)  =  E,  ds .  ' 

On  the  bottom  face, 

E  •  ds  =  ( —  a,£2)  ■  ( —  a.  ds)  =  Ez  ds  ■ 

l  i 

Since  there  is  no  contribution  from  the  side  faces,  we  have 

(j)s  E  r  ds  =  2E,  ds  =  I'E.A . 


The  total  charge  enclosed  in  the  box  is  Q  =  psA.  Therefore^ 

2E.A  =  ^-1,  ,■ 


Of  course,  the  charged  sheet  m^y  /lot  coincide  with,  the  xy-plane  (in  which  case  we 
do  not  speak  in  terms  of  above  below  the  plane),,  bu{  the  E  field  always  points 
away  from  the  sheet  if  ps  is  positive,  •  ■  ; 
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Example  3  6  Determine  the  E  field  caused  by  a  spherical  cloud  of  electrons  with 
a  volume  charge  density  p  =  —p0  for  0  <  R  <i  b  (both  p0  and  b  are  positive)  and 
p  =  0  for  R  >  b. 

Solution  .  First  we  recognize  that  the  given  source  condition  has  spherical  symmetry. 
The  proper  Gaussian  surfaces  must  therefore  be  concentric  spherical  surfaces.  We 
must  find  the  E  field  in  two  regions.  Refer  to  Fig.  3-9. 

a)  0  <  R  <  b 

A  hypothetical  spherical  Gaussian  surface  Si  with  R  <  h  is  constructed  within  the 
electron  cloud.  On  this  surface,  E  is  radial  and  has  a  constant  magnitude. 

E  =  a-Ejj,  .  -ds  —  a#  ds-. 

The  total  outward  E  flux  is 

<f>S(  E  •  ds  =  £*  ds  =  ER4nR2. 

The  total  charge  enclosed  within  the  Gaussian  surface  is 

Q  =  !)yP  ^ 

f  ;  4rc.  , 

=  <lv  =  -p„-jR\ 


3-9  lileeirie  field  intensity 
of  a  spherical  electron  cloud 
(Example  3-6). 
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Substitution  into  Eq.  (3-7)  yields 


E  *=  —  aR  — —  R, 
3e0 


0  <,R<b. 


We  see  that  within  the  unjforin  electron  cloud-the  E  field  is  directed  toward  the 
center  and  has  a  magnitude  proportional  to  the  distance  from  the  center, 
b)  R  >  b  r: 

For  this  case  we  construct  a  ppherical  Gaussiah,  surface  S0  with  R  >  b  outside 
the  electron  clou'd.  We  obtain  ’the  same  expression  "for  E  •  ds  as  in  case  (a). 
The  total  charge  enclosed  is  '  f 


Consequently, 


- iaR 


;  R>b,  .. 


which  follows  the  inverse  square  law  and  could  have  been  obtained  directly  from 
Eq.  (3-12).  We  observe  that  outside  the  charged  clqud  the  E  field  is  exactly  the 
same  as  though  the  total  chaijge  is  concentrated  on  a  single  point  charge  at  the 
center.  This  is  true,  in  general,  for  a  spherically- symmetrical  charged  region  even 
though  p  is  a  function  of  R.  1  ; 

The  variation  of  ER  versus  R  is  plotted  in  Fig.  3-9.  tyote  that  the  formal  solution 
of  this  problem  requires  only  a  few  lines.  If  Gauss’s  law  is  not  used,  it  is  necessary 

(1)  to  choose  a  differential  volume  element  arbitrarily  located  in  the  electron  cloud, 

(2)  to  express  its  vector  distance  R;to  a  field  point  jn  a  chosen  coordinate  ,system, 
and  (3)  to  perform  a  triple  integration  as  indicated-in  Eq-,  (3-29).  This  is  a  hopelessly 
involved  process.  The  moral  is:  Tty  to  apply  GdUss’s.law  if  symmetry  conditions 
exist  for  the  given  charge  distribution . 


ELECTRIC  POTENTIAL 


.  J  •  ' »  • 

In  connection  with  the  null  identity  in  Eq.  (2— 13(>)  we  poted  that  a  curl-free  vector 
field  could  always  be  expressed  as  the  gradient  of;  a  scalar  field.  This  induces  us  to 
define  a  scalar  electric  potential,  Vf,  Such  that  - 


E  =  — VF 


(3-38) 


because  scalar  quantities  are  easier  ito  handle  than!  vector  quantities.  If  we  can  deter¬ 
mine  V  more  easily,  then  E  cap  be  fbund  by  a  gradient  operation,  which  is  a  straight¬ 
forward  process  in  an  orthogonal-coordinate  system.  Tfye  reason  for  the  inclusion  of 
a  negative  sign  in  Eq.  (3-38)  Vyill  be  explained  presently, 


i 
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Example  3-6  Determine  the  E  field  caused  by  a  spherical  cloud  of  electrons  with 
a  volume  charge  density  p  =  -p0  for  0  <  R  ^  b  (both  p0  and  b  are  positive)  and 
p  =  QforR>b. 

Solution:  First  we  recognize  that  the  given  source  condition  has  spherical  symmetry. 
The  proper  Gaussian  surfaces  must  therefore  be  concentric  spherical  surfaces.  We 
must  find  the  E  field  in  two  regions.  Refer  to  Fig.  3-9, 

a)  0  <  R  <  b 

A  hypothetical  spherical  Gaussian  surface  St  with  R  <  h  is  constructed  within  the 
electron  cloud.  On  this  surface,  E  is  radial  and  has  a  constant  magnitude. 

E  =  aKERi  .  .  -ck  —  aRds. 

The  total  outward  E  flux  is 

E  ‘  ds  =  Er  Js  ds  =  Er4kR2. 

The  total  charge  enclosed  within  the  Gaussian  surface  is 

Q  =  jvpdu 


l 


Tig,  ,V9  lileclric  Held  intensity 
of  a  spherical  electron  cloud 
(Example  3-6). 
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Electric  potential  does  have  physical  significance,  and  it  is  related  to  the  work 
done  in  carrying  a  charge  from  one  point  to  another.  In  Section  3-2  we  defined  the 
electric  field  intensity  as  the  force  acting  on  a  unit  test  charge.  Therefore,  in  moving 
a  unit  charge  from  point  Pt  to  point  P2  in  an  electric  field,  work  must  be  done  against 
the,field  and  is  equal  to 

W  rPl 

7=-J PlE,d*  (J/C  or  V).  (3-39) 

<  Many  paths  may  be  followed  in  going  from  P j  to  P2  .  Two  such  paths  are  drawn  in 
Fig.  3-10.  Since  the  path  between  P,  and  P2  is  not  specified  in  Eq.  (3-39),  the  question 
naturally  arises,  how  does  flic  work  depend  on  the  path  taken?  A  little  thought  will 


lead  us  to  conclude  that  Wjq  in  Eq.  (3-39)  should  not  depend  on  the  path;  for,  if  it 
did,  one  would  be  able  to  go  from  P1  to  P2  along  a  path  for  which  W  is  smaller  and 


:t!y  ,.<>m 
aetl;  : 
re  at  the 
ion  even 


then  to  come  back  to  P j  along  another  path,  achieving  a  net  gain  in  work  or  energy. 
This  would  be  contrary  to  the  principle  of  conservation  of  energy.  We  have  already 
alluded  to  the  path-independence  nature  of  the  scalar  line  integral  of  the  irrotationai 
(conservative)  E  field  when  we  discussed  Eq.  (3-8). 

Analogous  to  the  concept  of  potential  energy  in  mechanics,  Eq.  (3-39)  represents 
the  difference  in  electric  potential  energy  of  a  unit  charge  between  point  P,  and  point 
P ,.  Denoting  the  electric  potential  energy  per  unit  charge  by  V,  the  electric  potential, 
we  have  • 
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Mathematically,  Eq.  (3-40)  can  be  obtained  by  substituting  Eq.  (3-38)  in  Eq.  (3-39). 
Thus,  in  view  of  Eq.  (2-81), 

=  /'‘(VV)  •(«,<«■) 
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Fig.  3-10  Two  paths  leading 
from  P,  to  P2  in  an  electric, 
field. 
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Fig.  3-11  Relative  directions 
of  p  and  increasing  V. 


What  we  have  defined  in  Eq,  (3—40)  is  a  potential  difference  ( electrostatic  voltage) 
between  points  P2  and  P, .  It  makes  no  more  sense  to  talk  about  the  absolute  potential 
of  a  point  than  about  the  absolute  phase  of  a  phasor  qr  the  absolute  altitude  of  a 
geographical  location:  a  referepce7,ero-potential  point,  a  reference  zero  phase  (usually 
at  i  —  0).  or  a  rdoroncc  zero  altiftiilc  (usually  at  sea  level)  must  first  be  specified.  In 
most  (but  not  all)  cases,  the  zero-potential  point  is  taken  a)  infinity.  When  the  reference 
zero-potential  point  is  not  at  infinity,  it  should  he -specifically  staled. 

We  want  to  make  two  more  points  about  Eq., (3-38).  First,  the  inclusion  of  the 
negative  sign  is  necessary  in  order,  to  conform  with  the  convention  that  in  going 
against  the  E  field  the  electric  potential  V  increases.  For  jnstance.  when  a  DC  battery 
of  a  voltage  V0  is  connected  between  two  parallel  conducting  plates,  as  in  Fig.  3-1 1, 
positive  and  negative  charges '.cumulate,  respectively,:  on  the  top  and  bottom  plates. 
The  F.  field  is  directed  from  positive  to  negative  charges,  while  the  potential  increases 
in  the  opposite  direction.  Secqnd,  \^c  know  from  Section  2-5  when  wc  defined  the 
gradient  of  a  scalar  field  that  the  direction  of  VF  is  nopnql  to  the  surfaces  of  constant 
F .  Hence,  if  we  use  directed  field  lines  or  streaniliaes'-  to  ‘indicate  the  direction  of  the 
E  field,  they  are  everywhere  perpendicular  to  eguipoteptial  lines  and  equipotential 
surfaces.  1  \ )  ■  f  j’ 

i-  ■ 


3-5.1  Electric  Potential  due  to  a  '. 

Charge  Distribution  i  3  ,, 

The  electric  potential  of  a  poipt  at  d  distance  R  frctfn  a  point  charge  q  referred  to  that 


at  infinity,  can  be  obtained  rejjdily  from  Eq.  (3-40): 


which  gives 


(3-41) 


f  y  =  .  3L.  . 
■  r  \  4;r e0R 


00-  ; 


(3-42) 


This  is  a  scalar  quantity  and  cjpp^hds  on,  besides  t/^ortly  the  distance  R.  The  potential 
difference  between  gny  two  ppiqts  P2  and  ut  distaqpes  R2  and  Rt,  respectively. 
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(3-41) 
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Fig.  3-12  Path  of  integration 
about  a  point  charge. 


from  q  is 


n,  =  yr,  -  v, 


—  f— 

4tre0  \R2 


(3-43) 


1  liis  icsult  may  appear  a  little  surprising  tit  first,  since  P2  and  Pt  may  not  lie  on  the 
same  radial  line  through  q,  as  illustrated  in  Fig.  3— 12.  However,  the  concentric  circles 
(spheres)  passing  through  P2  and  P,  are  equipotential  lines  (surfaces)  and  VP,  -  V,,t  is 
the  same  tis  Vr>  -  F,.,.  From  the  point  of  view  of  Eq.  (3  40)  we  can  choose  the  path 
of  intcgriition  from  t\  to  l‘s  and  then  from  P,  to  P2.  No  work  is  done  from  to 
P3  because  E  is  perpendicular  to  d€  =  a 4>Rl  d<j>  along  the  circular  path  (E  •  d€  =  0). 
The  electric  potential  due  to  a  system  of  n  discrete  point  charges  q2,  q2, . . . ,  qn 

located  at  R1(  R2, . . . ,  RJ,  is,  by  superposition,  the  sum  of  the  potentials  due  to  the 
individual  charges: 


47t60/L  |r-r;| 


(3-44) 


Since  this  is  a  scalar  sum,  it  is,  in  general,  easier  to  determine  E  by  taking  the  negative 
gradient  of  V  than  from  the  vector  sum  in  Eq.  (3-18)  directly. 

As  an  example,  let  us  again  consider  an  electric  dipole  consisting  of  charges  +q 
and  —  q  with  a  small  separation  d.  The  distances  from  the  charges  to  a  field  point  P  are 
designatedR+  and  2?_,  as  shown  in  Fig.  3-13.  The  potential  at  P  can  be  written  down 
directly: 

k  =  4^(«7-  Rl)‘  (3~45) 

If  d  «  R,  we  have  , 

4- 3 (r- 5 cose)  ‘^-‘(l  +  ijcosO 


potential 

peclively, 


(3-46) 


and 


T_s{R+{C0S'a) ' 


Substitution  of  llqs,  (3  -46)  and  (3  -47)  in  liq.  (3-45)  gives. 

qd  cos  0 


{/,= 


4  ne0R2 


or 


(3-47) 


(3-48) 


where  p  =  qd.  (The  “approximate”  sign  (~)  has  beep  dropped  for  simplicity.) 
The  E  field  can  be  obtained  frprrr  —  VE,  In  spherical  coordinates  we  have 


E  =  -\V=  -aR~ 

”  R  5R 


(8V 

*e~RdO 


=  — ~jg-(a«2  cos  0  +  a„  sin  fl).  (3  -49) 

47 16qI\  7  ' 

* .  i  i 

Equation  (3-49)  is  the  s'ame  as  Eq.;(3-27),  but  has  been  qbtained  by  a  simpler  pro¬ 
cedure  without  manipulating  ppsition  vectors.  .  f 

i  » 

Example  3-7  Make  a  two-djpiensional  sketch  of  the  Qguipotential  lines  and  the 
electric  field  lines  for  an  electrjp  dipole.  ;  ■'  <> 

Solution:  The  equation  of  an  equ'ipotential  surface  of  q  charge  distribution  is  ob¬ 
tained  by  setting  the  expression  for  V  to  equal  a  constant.  Since  q,  d,  and  e0  in  Eq. 
(3-48)  for  an  electric  dipole  afe  fixdd  quantities,  a  constant  V  requires  a  constant 
ratio  (cos  Q/R2).  Hence  the  equation:  for  an  equipotentiaj  surface  is 

«■  :  3  _ _ 

t,  jRi=  cvsj cos  0,'  : 


(3-50) 


! ;  ,  .  , , - ;  :,f  I  .,JX  !/:, ‘-r^tt.f%->  4-h  .-  ^ 


(3-47) 


(3  48) 


VC 


(3  -49) 
iler  pro- 


and  the 

O 


mi  is  ob- 
in 

constant 


(3-50) 


I 


I 


•Vs?- 

1*. 

*V 
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where  cv  is  a  constant.  By  plotting  R  versus  0  for  various  values  of  cv,  we  draw  the 
solid  equipotential  lines  in  Fig.  3—14.  In  the  range  0  <  9  <  n/2,  V  is  positive;  R  is 
maximum  at  0  =  0  and  zero  at  0  =  90°.  A  mirror  image  is  obtained  in  the  range 
rr/2  <  9  <n  where  V  is  negative.  a/ 

The  electric  field  lines  or  streamlines  represent  the  direction  of  the  E  field  in 
space.  We  set  S 


d€  =  kE, 


(3-51) 
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/ 
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Fig.  3-14  Equipotential  and -electric  field  lines  of  an  electric  dipole  (Example  3-7). 
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where  k  is  a  constant.  In  spherical  coordinates,  pq.  ^3—5 J.)  becomes  (see  Eq.  2-66). 

aR  dR  +  aeR  dd  +  a*fl)sih  6  d(f>  =  k[%R&%'+  aeEe  4-  a^),  (3-52) 

.'*11 

which  can  be  written 

dR  R.dO  R  sin  Q  d(j>  (3-53) 


i 


For  an  electric  dipole,  there  is  np  (component,  and 

f dR  _  RdO 
2  cos  6  sin  0 


cfR  ;.  2  </(sin  (1) 
R  sin  0 


Integrating  Eq.  (3-54),  we  obtajp 


R  =  cE  sin2  9, 


(3-54) 


(3-55) 


where  cE  is  a  constant.  The  electric  field  lines,  having  maxjma  at  0  -  n/2,  are  dashed 
in  Fig.  3-14.  They  are  rotqtionally  symmetrical  abdut  thq  z-axis  (independent  of  <j>) 
and  are  everywhere  normal  to  {fie  equipoteptial  ljpes.  4 

'  ‘j 

The  electric  potential  due  Jo  aicpntinuous  distribution  of  charge  confined  in  a 
1  given  region  is  obtained  by  integrating  the  contribution  of  an  element  of  charge  over 
the  charged  region.  We  have,  fqr  a  Volume  charge  distribution, 


V  £=  f  4  dv'  &)• 
4ncpJy'  R  •’  * 


(3-56) 


For  a  surface  charge  distribution,  '• 

•••  ;  j 

mr 


and,  for  a  line  charge. 


v~P-ll}ds'  ‘ 

>  4^0  JS  R  .  ■ 


N>- 

*!v; !  . 


(3-57) 


(3-58) 


f.  '•  , 

Example  3-8  Obtain  a  formula' for  the  electric.;  field;  intensity  on  the  axis  of  a 
circular  disk  of  radius  b  that  cgrrjefoa  uniform  surface  charge  density  ps. 

: '  :  1  -i  f- 

U  !:•  ■ 

*:  ,  i  \\ 

H  ;  ;  f 

■  ■  r,  \  1  ’  •  ii  :  / 

V-  r*  r  *  *  - 
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Solution :  Although  the  disk  has  circular  symmetry  j  we  cannot  visualize  a  surface 
around  it  over  which  the  normal  component  of  E  has  a  constant  magnitude;  hence 
Gauss’s  law  is  not  useful  for  the  solution  of  this  problem.  We  use  Eq.  (3-57).  Working 
with  cylindrical  coordinates  indicated  in  Fig.  3-15,  we  have 

ds'  =  r'  dr'  d(f>' 
and 

R  =  s/zi  +  r'2. 


The  electric  potential  at  the  point  P( 0,0,  z)  referring  to  the  point  at  infinity  is 


Therefore, 


V  =  f  U  f  *  — 2 - -7271/2  dr'  d<f>’ 

4n€0  Jo  Jo  (z2  +  r2)1/2 


P, 

2^0 


[(z2  +  b2)112  -  |z|]. 


E  =  —  VF  =  -a. 


sv 

dz 


(3-59) 


a:^[l  -z(z2  +  b2)-'12],  z  >  0 


2e 


•a,  [1  +  z(z2  1/2],  -  <  0. 


(3-60a) 
(3 -60b) 


The  determination  of  E  field  at  an  off-axis  point  would  be  a  much  more  difficult 
problem.  Do  you  know  why? 

For  very  large  z,  it  is  convenient  to  expand  the  second  term  in  Eqs.  (3 -60a)  and 
(3 -60b)  into  a  binomial  series  and  neglect  the  second  and  all  higher  powers  of  the 
ratio  ( b2jz 2).  We  have 


z(z2  +  b2)~112  = 


-1/2 


X 


Fig.  3-15  A  uniformly 
charged  disk  (Example  3-8). 
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(3— 61a) 
(3 -6  lb) 


where  Q  is  the  total  charge  on  the  disk.  Hence,  when  the  point  of  observation  is  very 
far  away  from  the  charged  disk,  thp  E  field  approximately  follows  the  inverse  square 
law  as  if  the  total  charge  were  concentrated  at  a  point,  i. 


Example  3-9  Obtain  a  formula  for  the  electric  field  intensity  along  the  axis  of  a 
uniform  line  charge  of  length  L,.  The  uniform  line-eharge  density  is  pe. 


Solution :  For  an  infinitely  lopg  line  charge,  the  E  field  pan  be  determined  readily 
by  applying  Gauss’s  law,  hs  ip  the  solution  to  fixamplp  3-4.  However,  for  a  line 
charge  of  finite  length,  as  shown  'n  fig-  3-16,  we  cannot  cqnstruct  a  Gaussian  surface 
over  which  E  •  4s  is  constant.  Qpuss’s  law  is  therefore  not  useful  here. 

Instead,  we  use  Eq.  (3-58|  by  taking  an  element  of  "charge  dd'  —  dz at  z! .  The 
distance  R  from  the  charge  element  „to  the  point  P( 0,  0,  jn  along  the  axis  of  the  line 
charge  is  .  i  r 

";s  '  ■  l  i 

/?  =  (z  -  z'),  z>~-  ' 

Here  it  is  extremely  important  (p  distinguish  the  position  qf  the  field  point  (unprimed 
coordinates)  from  the  position  pf  the  source  point  (primed  coordinates).  We  integrate 

•  .  I  t'f  " 


ZA 


Z  -  Z1 


AO,  0,  z) 


„7T 

U2 


O 


1/2 


r, 


:.i,  u  1 

Fig.  3^16  ,  A  finite  line  charge 
of  a  uniform  line  density  p, 
(Example  3-9). 
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3 -61  a) 

3— 61b) 

is  very 
square 

■as  of  a 


over  the  source  region 


dz' 


47re0  J-c/2  z  —  z' 


y  =  fL/2 


—  In 
47re0 


v+  (L/2)' 

r  -  (L/2) 


L 

Z>2‘ 


(3-62) 


The  E  field  at  P  is  the  negative  gradient  of  V  with  respect  to  the  unprimed  field 
coordinates.  For  this  problem. 


E  =  -a 


dV 


=  a. 


PrfL 


Z>T 


(3-63) 


dz  ~z  47re0[z2  -  (L/2)2] 

The  preceding  two  examples  illustrate  the  procedure  for  determining  E  by  first 
finding  V  when  Gauss’s  law  cannot  be  conveniently  applied.  However,  we  emphasize 
that,  if  symmetry  conditions  exist  such  that  a  Gaussian  surface  can  be  constructed  over 
which  E  •  ds  is  constant,  it  is  always  easier  to  determine  E  directly.  The  potential  V, 
if  desired,  may  be  obtained  from  E  by  integration. 


surf;. 
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So  far  we  have  discussed  only  the  electric  field  of  stationary  charge  distributions  in 
free  space  or  air.  We  now  examine  the  field  behavior  in  material  media.  In  general, 
we  classify  materials  according  to  their  electrical  properties  into  three  types:  con¬ 
ductors,  semiconductors,  and  insulators  (or  dielectrics ).  In  terms  of  the  crude  atomic 
model  of  an  atom  consisting  of  a  positively  charged  nucleus  with  orbiting  electrons, 
the  electrons  in  the  outermost  shells  of  the  atoms  oifonductors  are  very  loosely  held 
and  migrate  easily  from  one  atom  to  another.  Most  metals  belong  to  this  group.  The 
electrons  in  the  atoms  of  insulators  or  dielectrics,  however,  are  held  firmly  to  their 
orbits;  they  cannot  be  liberated  in  normal  circumstances,  even  by  the  application  of 
an  external  electric  field.  The  electrical  properties  of  semiconductors  fall  between  those 
of  conductors  and  insulators  in  that  they  possess  a  relatively  small  number  of  freely 
movable  charges. 

In  terms  of  the  band  theory  of  solids,  we  find  that  there  are  allowed  energy  bands 
for  electrons,  each  band  consisting  of  many  closely  spaced,  discrete  energy  states. 
Between  these  energy  bands  there  may  be  forbidden  regions  or  gaps  where  no  elec¬ 
trons  of  the-sQlid’s  atom  can  reside.  Conductors  have  an  upper  energy  band  partially 
filled  with  electrons  or  an  upper  pair  of  overlapping  bands  that  are  partially  filled  so 
that  the  electrons  in  these  bands  can  move  from  one  to  another  with  only  a  small 
change  in  energy.  Insulators  or  dielectrics  are  materials  with  a  completely  filled  upper 
band,  so  conduction  could  not  normally,  occur  because  of  the  existence  of  a  large 
energy  gap  to  the  next  higher  band.  If  the  energy  gap  of  the  forbidden  region  is 
relatively  small,  small  amounts  of  external  energy  may  be  sufficient  to  excite  the 
electrons  in  the  filled  upper  band  to  jump  into  the  next  band,  causing  conduction. 
Such  materials  are  semiconductors. 
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The  macroscopic  electrical  property  of  a  material  radium  is  characterized  by  a 
constitutive  parameter  callecj  conductivity,  which  we  wjll  define  in  Chapter  5.  The 
definition  of  conductivity,  hoyveyer,  is  not  important  in  this  chapter  because  we  are 
not  dealing  with  current  flow  and  are  now  interested  only  in  the  behavior  of  static 
electric  fields  in  material  meflia,  In  this  sectipp  we  examine  the  electric  field  and 
charge  distribution  both  inside  tji^  bulk  and  on  tl)e  surface  of  a  conductor. 

Assume  for  the  present  tjtat  jjome  positive  {Of  neghfiveficharges  are  introduced 
in  the  interior  of  a  conductojj.  An  electric  field  will  be  get  up  in  the  conductor,  the 
field  exerting  a  force  on  the  charges  and  making  them  mpve  away  from  one  another. 
This  movement  will  continue'  until  all  the  charges  reach  the  conductor  surface  and 
redistribute  themselves  jp  such  a  way  that  both  tha charge  and  the  field  inside  vanish. 
Hence,  I  !>,: 

f  \  ~ 

Inside  a  Conductor 

(Under  Static  Conditions) 


E  =  0 


(3-64) 

(3-65) 


1  •  11  y*. 

When  there  is  no  charge  in  the  interior  of  a  conductor  (p  f  0),  E  must  be  zero  because, 
according  to  Gauss’s  law,  the  total  outward  electric  flujf  through  any  closed  surface 
constructed  inside  the  conductor  imist  vanish.  ••  i  }  .■/ 

The  charge  distribution  oji  the 'surface  pf  3  conductor  depends  on  the  shape  of 
the  surface.  Obviously  the  changes  wpuld  not  be  in  a  statqof  equilibrium  if  there  were 
a  tangential  component  of  the  electric  field  intensity  that  produces  a  tangential  force 
and  moves  the  charges.  Therefore1,  imder  static  condition p  the  E  field  on  a  conductor 
surface  is  everywhere  normal  ta  th<^s\trface.  In  ofhefworqg,  the  surface  of  a  conductor 
is  an  equipotential  surface  linger  .static  conditionsfAs  a  {natter  of  Tact,  since  E  =  0 
everywhere  inside  a  conductor,  itlfe  whole  conductor  lias  'the  same  electrostatic 
potential.  A  finite  lime  is  required  for  the  chprgqs  to  jipdistributc  on  a  conductor 
surface  and  reach  the  equilibri  mv state.  This  time  cfepen^g  on  the  conductivity  of  the 
material.  For  a  good  cqpductqr  sqch  as  copper,  thj$  time  is  irt  the  order  of  10" 19 (s), 
a  very  brief  transient.  (This  ppinfi will  be  elaborated; infection  5-4.) 

Figure  3-17  shows  an  interface  between  a  conductor  find  free  space.  Consider  the 
contour  abeda,  which  has  wi^th  ati  =  cd  =  Avy  and.hejght  be  =  da  =  Ah.  Sides  ab 
and  cd  are  parallel  to  the  interface!  Applying  Eq.j(3^8)jlett(hg  A^-»0,  and  noting 
that  E  in  a  conductor  is’ aero,  jte  pjjiain  immediately  *  f 

1 :  •"$  -it  -  /.,  aA-  0  I  -l  :  ; 

or  :  ,  lT!  -  '  -  -  f  ' 

j  V  |  E,  =  0,  , ;  ;;  (3-66) 

which  says  that  the  tangential  component  of  the  f£  field  op  a  conductor  surface  is  zero. 
In  order  to  find  £„,  the  normal  component  of  E  at!  the  iprface  Of  the  conductor,  we 

1  •  \  '"3  ’  -;i  ..  ;•!  P‘  • 


CaMt' 


(3-64) 

(3-654 
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(3-66) 

is  zero. 
lor,  we 


n 


(f  E  •  ds  =  En  AS  = 

Js  ■  e0 

or 

r-  Ps 

£„  =  f-  (3-67) 

Hence,  the  normal  component  of  the  E  field  at  a  conductor-free  space  boundary  is 
equal  to  the  surface  charge  density  on  the  conductor  divided  by  the  permittivity  of  free 
space.  Summarizing  the  boundary  conditions  at  the  conductor  surface,  we  have 


(3-66) 

(3-67) 


When  an  uncharged  conductor  is  placed  in  a  static  electric  field,  the  external 
field  will  cause  loosely  held  electrons  inside  the  conductor  to  move  in  a  direction 
opposite  to  that  of  the  field  and  cause  net  positive  charges  to  move  in  the  direction 
of  the  field^These  induced  free  charges  will  distribute  on  the  conductor  surface  and 
create  an  induced  field  in  such  a  way  that  they  cancel  the  external  field  both  inside 
the  conductor  and  tangent  to  its  surface.  When  the  surface  charge  distribution 
reaches  an  equilibrium,  all  four  relations,  Eqs.  (3-64)  through  (3-67),  will  hold; 
and  the  conductor  is  again  an  equipotential  body. 

Example  3-10  A  positive  point  charge  Q  is  at  the  center  of  a  spherical  conducting 
shell  of  an  inner  radius  and  an  outer  radius  R0.  Determine  E  and  V  as  functions 
of  the  radial  distance  R. 
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)  ’  Fig.  3-13  jElectrjf  field  intensity  and 
^—Z+R  potential  variations  of  a  point  charge 

‘  ;1  +  Q  at  the  center  pf  a  conducting 

t  shell  (Example  3-10). 

,  '  '  i;  ,  ] 


,  i<  : 

Solution:  The  geometry  pf  the  problem  is  shown  pi  ■  Fig.  ;3- 18(a).  Since  there  is 
spherical  symmetry,  it  is  simplest  Jo  use  Gauss’s  law  jo  determine  E  and  then  find 
V  by  integration.  There  are  three  pjistinct  regions:  (p)  R  >  /$,  (b)  R,  <  R  <.  Ra,  and 
(c)  R  <  Ri.  Suitable  spherical  Gaugsipn  surfaces  wi]j  be  constructed  in  these  regions. 
Obviously,  E  =  a RER  in  all  three  rjjgiphi.  j.  if 

a.)  R>  R0  (Gaussian  surface  5 i):i-  f  ]; .  1  |: 


f/s  =  ERl47tR2  =  - 


.  i 
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(3-68) 
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The  E  field  is  the  same  as  that  of  a  point  charge  Q  without  the  presence  of  the 
shell.  The  potential  referring  to  the'point  at  infinity  is 


K—r  ( ERl)dR= ■ 

J  CO 


Q 


(3-69) 


Ane0R 

b)  R,<  R<  Ra  (Gaussian  surface  S2):  Because  of  Eq.  (3-65),  we  know 

Er  2  =  0.  (3-70) 

Since  p  —  0  in  the  conducting  shell  and  since  the  total  charge  enclosed  in  surface 
S2  must  be  zero,  an  amount  of  negative  charge  equal  to  -Q  must  be  induced 
on  the  inner  shell  surface  at  R  =  Rr  (This  also  means  an  amount  of  positive- 
charge,  equal  lo  *l -Q  is  induced  on  the  outer  shell  surface  at  R  =  R0.)  The  con¬ 
ducting  shell  is  an  equipotential  body.  Hence, 


here  is 
on  find 
and 
■egions. 


(3-68) 


i! 

\i 

;f 

i 


K2=  K, 


(3-71) 


|k  =  k„  4ne0Ro 

c)  R  <  Ri  (Gaussian  surface  S3):  Application  of  Gauss’s  law  yields  the  same  formula 
for  Er 3  as  ER1  in  Eq.  (3-68)  for  the  first  region: 

Q 


^Ri  4ne0R2 

The  potential  in  this  region  is 

-jEK3dR  +  C  = 


(3-72) 


Q 


4ne0R 


+  C , 


where  the  integration  constant  C  is  determined  by  requiring  V3  at  R  =  Rt  to 
equal  V2  in  Eq.  (3-71).  We  have 

_Q_(J_  1 

4 7t€0  \K 


c  = 


and 


Ri 


I  J _ L 

47t€0  \R  +  R„  Ri 


(3-73) 


The  variations  of  ER  and  V  versus  R  in  all  three  regions  are  plotted  in  Figs. 
3— 18(b)  and  3-18(c). 
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Ideal  dielectrics  do  not  contain  free  charges.  When  a  dielectric  body  is  placed  in  an 
external  electric  field,  there  are  no  induce^  free  charges  that  move  to  the  surface  and 
make  the  interior  charge  density  and  electric  field  vanish,  as  with  conductors.  How¬ 
ever,  since  dielectrics  contain  bound  charges,  we  cannot  conclude  that  they  have  no 
effect  on  the  electric  field  in  which  they  are  placed. 


Fig*  3-J9  A  cross  section  of  a 
polarized  diplectric  mediurn.  j. 


All  material  media  are  composed  o/ .atoms  with  a  -positively  charged  nucleus 
surrounded  by  negatively  charged  electrons.  Although  the  mplecuje^  of  dielectrics 
are  macroscopically  neutral,  the  presence  of  an  external. electric  flssjd  causes  a  force 
to  be  exerted  on  each  charged  particje  and  results  in  small  disnlacepients  of  positive 
and  negative  charges  in  opposite  directions.  These  displacements,  though  small 
compared  to  atomic  dimensions,  nevertheless  polarize  a  dielectric  material  and  create 
electric  dipoles.  The  situation  is  depipteU an  Fig.  3-19.  Inasmuch  as  electric  dipoles 
do  have  nonvamsh.ng  electric  potential  and  electric  field  intensify,  #e  expect  that  the 
induced  electric  dipoles  will  modify  ;*the  electric  field  both  imiide  and  outside  the 
dielectric  material.  •;  -1  <  ‘  '  I  -i1 

The  molecules  of  some  dielectrics  possess  permanent  dipole  moments,  even  in 
the  absence  of  an  external  polarizing  field.  Such  molecules  usually  consist  of  two  or 
more  dissimilar  atoms  and  are  called  tfp Iqr  molecules,  ip  contrast  to  nonpolar  molecules , 
which  do  not  have  permanent  dipole  moments.  The  dipolb  moment's  of  polar  mole- 
cu  cs  arc  of  the  order  of  10" 30  (C  m|,  When  there  is  np  cjsterna]  field,  the  individual 
dipoles  in  a  polar  dielectric  are  randqjnlysqriented,  producing  no  neif dipole  moment 
macroscopically.  An  applied  electric  (ibid  will  exert,  a  jtorqufe  oil  the 'individual 
dipoles  and  tend  to  align  them  with'. the |field  in  a  manner  similar  to  that  shown  in 
Fig.  3-19.  •  *  .  4  ■  ■  ;•  •  j 


3-7.1  Equivalent  Charge  Distribution?  of 
Polarised  Dielectrics 

To  analyze  the  macroscopic  effect  of 
P.  as  '  ; 


P=  lira 

Sv-0  !  Au 


dipoles  w?  define  &  g^qrization  vector. 


(3-74) 
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where  n  is  the  number  of  atoms  per  unit  volume  and  the  numerator  represents  the 
vector  sum  of  the  induced  dipole  moments  contained  in  a  very  small  volume  Av. 
The  vector  P,  a  smoothed  point  function,  is  the  volume  density  of  electric  dipole 
moment.  The  dipole  moment  dp  of  an,  elemental  volume  dv'  is  dp  =  P  dv',  which 
produces  an  electrostatic  potential  (see  Eq.  3-48) 


dV  — 


P  * 

4tt  e0R' 


dv'. 


(3-75)  ' 


Integrating  over  the  volume  V  of  the  dielectric,  we  obtain  the  potential  due  to  the 
polarized  dielectric. 


_4_f 

4ne0  <iy 


Pa, 

R2 


1  dv'. 


(3 — 76)f- 


where  R  is  the  distance  from  the  elemental  volume  dv'  to  a  fixed  field  point.  In 
Cartesian  coordinates. 


R-  =  (x  -  x'Y  +  (y  -  y')2  +  (z  ~  z')2, 


(3-77) 


and  it  is  readily  verified  that  the  gradient  of  1/R  with  respect  to  the  primed  coordinates 
is 


f  1  \  aK 
v  \r)~  R2 


Hence,  Eq.  (3-76)  can  be  written  as 


|/  = 


47ie, 


J, 


P  .  v' 


dv' . 


Recalling  the  vector  identity  (Problem  2-18), 

V'  •  (/A)  =  /  V'  •  A  +  A  •  Vf,  • 
and  letting  A  =  P  and /  =  1/R,  we  can  rewrite  Eq.  (3-79)  as 

1 


7  = 


471*0 


r  f  P\ 

r  V'  •  p  , 

v  •  hr  )dv’ - 

- dv 

Jy  \R  J 

Jy  r 

(3-78) 

(3-79) 

(3-80) 

(3-81) 


The  first  volume  integral  on  the  right  side  of  Eq.  (3-81)  can  be  converted  into  a  closed 
surface  integral  by  the  divergence  theorem.  We  have 


V  = 


1 


P  •  al 


47ie0  Js'  R  . 


tls  ‘t~ 


J_  i*  (-7- P) 

47te0  Jy  R 


dv’, 


(3-82) 


where  a'„  is  the  outward  normal  to  the  surface  element  ds'  of  the  dielectric.  Comparison 
of  the  two  integrals  on  the  right  side  of  Eq.  (3-82)  with  Eqs.  (3-57)  and  (3-56), 


'  We  note  here  that  V  on  the  left  side  of  Eq.  (3—76)  represents  the  electric  potential  at  a  field  point,  and 
V  on  the  right  side  is  the  volume  of  the  polarized  dielectric. 
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•  *  <  ;  .  ;i  ;  .... 
\*>  -  •  *  -  .;3*  ,;V 


respectively,  reveals  that  the  electric  potential  (ancj  therefore  the  electric  field  intensity 
also)  due  to  a  polarized  dielectric  can  he  calculated  from  the  contributions  of  surface 
and  volume  charge  distributions  haying,  respectively!  densities 


fV 


Pa„ 


and 


-  v  p. 


I 

k 

S. 

'  l 


(3-83)f 


(3-84)f 


These  are  referred  to  as  polarization,  charge  densities  or  hound-charge  densities.  In 
other  words,  a  polarized  dielectric  can.be  replaced  hy  an  equivalent  polarization  surface 

charge  density  pps  and  an  equivalent .  polarization  volume  charge  density  p  for  field 
calculations.  ’  .  >  pJ  J 


47re0  i 


^ds'  +  ^~  V  ^dv'. 


R~  '  47te^  Jv  R  uv  ’  ""  (3~85) 

Although  Eqs.  (3-83)  and  (3-84)  were  derived  mathematically  with  the  aid  of 
a  vector  identity,  a  physical  interpretation  can  be  provided  for  the  charge  distributions. 
The  sketch  in  Fig.  3-19  clearly*  indicates  that  charges’ from  the  ends  of  similarly 
oriented  dipoles  exist  on  surfaces  qot  parallel  to  the  direction  pf  polarization.  Consider 
an  imaginary  elemental  surface  As  pf  a  nonpolar  diplectrip.  The  application  of  an 
external  electric  field  normal  to ,  As. Causes  a  separation  <jj  pf  the  bound  charges: 
positive  charge  +q  move  a  dists|nc^4/2  in  the  direction  of  the  field  and  negative 
charges  -q  move  an  equal  distance  against  the  direction  of  thb  field.  The  net  total 
charge  A Q  that  crosses  the  surface  Ajaij  the  direction  pf  thefieljf  is  nq  d(As),  where  n 
is  the  number  of  molecules  per  Unit  vblume.  If  the  external  field  is  not  normal  to 
As,  the  separation  of  the  bound  charges  in  the  direction  of  in  will  be  d  •  a„  and 

4(2  4(d  *  a„XAs).  j  (3-86) 

But  nqd,  the  dipole  moment  per  unit  volume,  is  by  definition  the  polarization  vector 
P.  We  have  •  tf  "  K  ,  4 

42  -  P  •  a„(As)  j; 

A  Q  1 


and 


(3-87) 


.  =  P  •  a„> 
As  " 


I 


as  given  in  Eq.  (3—83).  Remember  that(  is  always  the 'outward  normal.  This  relation 
correctly  gives  a  positive  surface  gharge|on  the  right-hand  surface  in  Fig.  3-19  and  a 
negative  surface  charge  op  the  leffthpiid  surface.  }'  •  |  r  ■ 


]\\ 


'  T1,c  prlme  sign  on  a„  umj  V  has  heen  dropped- for  simplicity,  sjnce^Eqs.  (3-83)  and  (3-841  involve  only 
source  coordinates  and  no  confusion  u/ill  ifVciii#  •  I  It  4: 


source  coordinates  and  no  confusjqp  yvilf  Jesuit.*  J 

\  \  :  i  ’  3 

-  1  0 
-  ..  i  4 


tt  ! 
- 1  ' 
u  • 

|K ; 


density 

surface 

(3-83)t 


(3-84)' 
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For  a  surface  S  bounding  a  volume  V,  the  net  total  charge  flowing  out  of  V  as 
a  result  of  polarization  is  obtained  by  integrating  Eq.  (3-87).  The  net  charge  remaining 
'  within  the  volume  V  is  the  negative  of  this  integral. 

.  Q=-fsP-znds 

=  JK(-V-p)du  =  ^yPpdv,  (3-88) 

which  leads  to  the  expression  for  the  volume  charge  density  in  Eq.  (3-84).  Hence, 
when  the  divergence  of  P  does  not  vanish,  the  bulk  of  the  polarized  dielectric  appears 
to  be  charged.  However,  since  we  started  with  an  electrically  neutral  dielectric  body, 
the  total  charge  of  the  body  after  polarization  must  remain  zero.  This  can  be  readily 
verified  by  noting  that 

Total  charge  =  p))S  ds  +  pp  dv 

=  (j)s  P  •  a„  ds  -  Jf  V  ■  P  dv  =  0,  (3-89) 

where  the  divergence  theorem  has  again  been  applied. 


3-8  ELECTRIC  FLUX  DENSITY  AND 
DIELECTRIC  CONSTANT 


Because  a  polarized  dielectric  gives  rise  10  a  volume  charge  density  pt„  we  expect 
the  electric  held  intensity  due  to  a  given  source  distribution  in  a  dielectric  to  be 
different  from  that  in  free  space.  In  particular,  the  divergence  postulated  in  Eq.  (3-4) 
must  be  modified  to  include  the  effect  of  pp;  that  is, 

1  * 

V-E  =  ^(p  +  pp).  (3-90) 

Using  Eq.  (3-84),  we  have 

V-(e0E  +  P)  =  p.  (3-91) 


We  now  define  a  new  fundamental  field  quantity,  the  electric  flux  density,  or  electric 
displacement,  D,  such  that 


D  =  e0E  +  P  (C/m2). 


(3-92) 


The  use  of  the  vector  D  enables  us  to  write  a  divergence  relation  between  the  electric 
field  and  the  distribution  of  free  charges  in  any  medium  without  the  necessity  of 
dealing  explicitly  with  the  polarization  vector  P  or  the  polarization  charge  density 
pp.  Combining  Eqs.  (3-91)  and  (3-92),  we  obtain  the  new  equation 


V  •  D  =  p  (C/m3), 


(3-93) 


' ) 
!  0 
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where  p  is  the  volume  density  c| fyee^charges.  Equations  (3-93)  and  (3-5)  are  the 
two  fundamental  governing  differential  equation?  (pf  fcfostaiics  in  any  medium. 
Note  that  the  permittivity  of  freij  space,  e0,  does  notj  appear  explicitly  in  these  two 
equations.  i,  ;  ! 

The  corresponding  integral  form  of  Eq.  (3-93)  is  obtained  by  taking  the  volume 
integral  of  both  sides.  We  have  >  i '  ■  .  ::  ,  • 

■i  *  •*  •*  *v  i  ’  ■ 

.  f  H  ■ 

or  : 


(3-94) 


|D-«is  =  e  (C).; 


(3-95) 


Equation  (3—95),  another  form  of  Qkuss's  law,  states’  that  (he  total  outward  flux  of 
the  electric  displacement  (or,  simply,  the  total  outward  elecfpic  flux)  over  arty  closed 
surface  is  equal  to  the  total  free  charge  enclosed  in  the’’ surface.  As-ioas  been  indicated 
in  Section  3-4,  Gauss s  law  is  njos(|useful  in  detgnriining;vthe  electric  field  due  to 
charge  distributions  under  symmetry  conditions.  [ 

When  the  dielectric  properf  jes  of  the  medium ’.are  linear  and  isotropic,  the 
polarization  is  directly  proportiqpal  to  the  electric  fitelcl  intensity,  and  the  propor¬ 
tionality  constant  is  independent  of  the  direction  of  the  fiel$l.  We  write 

#  ^-eoXeE,  ij  y  (3-96) 

where  Xi  is  a  dimensionless  quantity  cililed  electric  susceptibility  f  A  dielectric  medium 
is  linear  if  Xe  *s  independent'of  o,  arid  homogeneous '  if'Xelis  independent  of  space 
coordinates.  Substitution  of  Eq.  Q-96)  in  Eq.  (3-92)  yields  J 


where 


D  =  «o(l+:zJE 

1.”  , 

H  eE 

(C/mH. 

,  1 ' :  :  1 

i:  ; 

<  : ;  . 

i 

^r~.l+Xe 

e  ■  rj  ■ 

.**’  .  ! 

€0  I,1 

(3  97) 


(3-98) 


is  a  dimensionless  constant  known  as  the  relative  permittivity, or  the  dielectric  constant 
of  the  medium.  The  coefficient  e  =4  eQe'f  is  the  absolve  permittivity  (often  called  simply 
permittivity)  of  the  medium  and  js  measured  in  fjiratts  peg  meter  (F/m).  Air  has  a 
dielectric  constant  of  1.00059;  hepce [its  permittivity  l.<5  usually  taken  as  that  of  free 
space.  The  dielectric  constants  of  sornje  other  materials'  afe  included  in  a  table  in 
Appendix  B.  |  .  H  1  If 

t  ’  1  :  ’ 


•l. 

it 


- _  .jl  :  -  It... 

’  A  tensor  would  be  required  to  represent  the  electric  susceptibility  lif  the  medium  is  anisotropic. 
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t  i;  ir*  * 

■  ;  1  '  !  t 

.‘in  !  '■ 

f.:  i.  -  t 

•  ;  Vi  n ' :  . 


arc  the 
tedium, 
cse  two 

volume 


(3-94) 


(3-95) 

flux  of 
■  closed 
dialled 
due^ 


3-8 /ELECTRIC  FLUX  DENSITY  AND  DIELECTRIC  CONSTANT  101 


Nolo  that  e,  can  be  a  I  unction  of  space  coordinates.  lie,  is  independent  of  position, 
the  medium  is  said  to  be  homogeneous.  A  linear,  homogeneous,  and  isotropic  medium 
is  called<a  simple  medium.  The  relative  permittivity  of  a  simple  medium  is  a  constant. 

Example  3-11  A  positive  point  charge  Q  is  at  the  center  of  a  spherical  dielectric 
shell  of  an  inner  radius  Rt  and  an  outer  radius  R0.  The  dielectric  constant  of  the  shell 
is  er.  Determine  E,  V,  D,  and  P  as  functions  of  the  radial  distance  R. 

Solution:  The  geometry  of  this  problem  is  the  same  as  that  of  Example  3-10.  The 
conducting  shell  has  now  been  replaced  by  a  dielectric  shell,  but  the  procedure  of 
solution  is  similar.  Because  of  the  spherical  symmetry,  we  apply  Gauss’s  law  to 
■find  E  and  D  in  three  regions:  (a)  R  >  R„;  (b)  R(<R<  R„\  and  (c)  R  <Rt.  Potential 
V  is  found  from  the  negative  line  integral  of  E,  and  polarization  P  is  determined  by 
the  relation 

P  =  D  -  e0E  =  e0(e,  -  1)E.  (3-99) 

The  E,  D,  and  P  vectors  have  only  radial  components.  Refer  to  Fig.  3 -20(a),  where 
the  Gaussian  surfaces  are  not  shown  in  order  to  avoid  cluttering  up  the  figure. 
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a)  R  >  R0 

The  situation  in  this  region  is  exactly  the  same  as  that  in  Example  3-10.  We  have, 
from  Eqs.  (3-68)  and  (3-69), 

E  =_J2._ 

4ne0R2 

Vl  =  — ^ — 

4ne0R 

From  Eqs.  (3-97)  and  (3-99),  we  obtain 


DRl  —  ZqEri  — 


Q 


and 


4tzR- 


Pri=  0. 

b)  R,  <1  II  <,  R„ 

The  application  of  Gauss’s  law  in  this  region  gives  us  directly 


Er2  — 


<2 


DR2  ~ 


4ne0erR2  4  neR2 
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I'lg.  3-20  r'iclcl  variations  of 
a  point  charge  +  Q  at  the 

•  i  center  of  a  dieiectrjc  shell 

•  4  (Example  3-11,).  :i 


,t  C  ,  . 

Note  that  DR2  has  the  sapie  dx^ression  as  DRi  and'that  both  ER  and  PR  have  ; 
discontinuity  at  R^  R0,  In  tjijs-  region, 


Q  rd' t  ' 
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c )R<R: 

Since  the  medium  in  this  region  is  the  same  as  that  in  the  region  R  >  Ra,  the 
application  of  Gauss’s  law  yields  the  ’same  expressions  for  ER,  DR,  and  PR  in 
both  regions 

E  -  6 

R3  4ne0R2 

D  -  Q 
313  4nR2 


To  hnd  tv'we  must  add  to  V2  at  R  =  Rt  the  negative  line  integral  of  ER3: 


dR 


4ne0 


I-IU 

/  Rn 


1  - 
ej  Ri  R 


(3-106) 


The  variations  of  e0ER  and  DR  versus  R  are  plotted  in  Fig.  3 -20(b).  The  difference 
(Dr  -  e0 Er)  is  PR  and  is  shown  in  Fig.  3-20(c).  The  plot  for  V  in  Fig.  3— 20(d)  is  a 
composite  graph  for  Vt,  V2,  and  V3  in  the  three  regions.  We  note  that  DR  is  a  con¬ 
tinuous  curve  exhibiting  no  sudden  changes  in  going  from  one  medium  to  another 
and  that  PR  exists  only  in  the  dielectric  region.  It  is  instructive  to  compare  Figs. 
3-20(b)  and  3— 20(d)  with,  respectively,  Figs.  3— 18(b)  and  3— 18(c)  of  Example  3-1 1. 

From  Eqs.  (3-83)  and  (3-84)  we  find 


R  —  Ri 


=  P  •  (  — a* 


=  -P 


R  2 


f-r)  4 HR? 


on  the  inner  shell  surface; 


(3-107) 


=  P  •  a* 


=  P 


=  1- 


r\_2_ 

er)  4 nR2 


U  —  f 


on  the  outer  shell  surface;  and 


(3-108) 


Pp~  ~  V  •  P 

=  =  (3-109) 


Equations  (3-107),  (3-108),' and  (3—109)  indicate  that  there  is  no  net  polarization 
volume  charge  inside  the  dielectric  shell.  However,  negative  polarization  surface 
charges  exist  on  the  inner  surface;  positive  polarization  surface  charges,  on  the  outer 
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Table  3-1  Diel^ptrjp  Strengths  of  So?nd, Common  Materials 


Material  V  t 

- — . u,  _ 

Dielectric  Slren>>i)i  (V/m) 

Air  (atmospheric  pressure) 

3x  106 

Mineral  oil  i 

j  15'.x  106 

Polystyrene  p; 

j  20x10*’ 

Rubber 

.  25  ><  106 

Glass  1  ’ 

30  x  106 

Mica 

;  200  x  106 

surface.  These  surface  charges  produce  an  electric  field  intensity  that  is  directed 
radially  inward,  thus  reducing  the.E  field  in  region  2  due  to  the  point  charge  +  Q 
at  the  center.  '  :  •  V  '  * - - 

’•  i  i 

3-8.1  Dielectric  Strength 

We  have  explained  that  an  ejjecttvic  field  causes  small  displacements  of  the  bound  j 

charges  in  a  dielectric  material,  resulting  in  polarization.  If  the  electric  field  is  very  1 

strong,  it  will  pull  electrpns  completely  out  of  the  molecules,  causing  permanent  i 

dislocations  in  the  molecular  structure.  Free  charges  wjll  appear.  The  material  will  j 

become  conducting,  and  large  currents  may  result.  Tjtis  phenomenon  is  called  a 
dielectric  breakdown.  The  matin') dm  electric  field  $lten$jty  that  a  dielectric  material 
can  withstand  without  breakdown  is  the  dielect^Hc  strength  of  the  material.  The  j 
approximate  dielectric  strengths  '<jf  some  common, substances'  are  given  in  Table  3-1.  .  j 

The  dielectric  strength  of  a  material  must  not  be  c&ifusdd  with  its  dielectric  constant.  * 

A  convenient  number  to  Ircrpcmbcr  is  that  lie  dielectric  strength  of  air  at  the  \ 

atmospheric  pressure  is  .3  ky/i|rm.  When  the  electric., licit};,  in  tensity  exceeds  this  i 

value,  air  breaks  down., passive  .ionization  take^plac®,  and  sparking  (corona  dis-  j 

charge)  follows.  Charge  t$hd%to  concentrate  at  sharp  goints.  In  view  of  Eq.  (3-67),  j 

the  electric  field  intensity  ip  tl]e  immediate  vicinityof  shjjjrp  points  is  higher  than  that 
at  points  on  a  surface  with,  ^  small  curvature.  This  is  ’the  principle  upon  which  a  i 

lightning  arrester  works.  Discharge  through  the  sharp  points  of  a  lightning  arrester  | 

prevents  damaging  discharges  through  nearby  object#,  The  fact  that  the  electric  t 

field  intensity  tends  to  be  higher  at’  a  point  near  the  suiface  of  a  charged  conductor  ' 

with  a  larger  curvature  is  illustrated  in  the  following  example.  j 

>  •  *  1  -  -  t:  .  | 

UT  i‘  * 

Example  3-12  Consider,  twp  spherical  conductors,  wjfh  radii  bx  and  b2  (b2  >  hi),  j 
which  are  connected  by  a  conducting  wire.  The  distance  of.  separation  between  the 
conductors  is  assumed  toi  be  fyeijy.  large  compafed  to  so  that  the  charges  on  the  1 

spherical  conductors  may  be'copstjiered  as  unifp’rpiy  distributed.  A  total  charge  Q  [ 


'  » 


3-9  B 
ELECTF 


3-9  /  BOUNDARY  CONDITIONS  FOR  ELECTROSTATIC  FIELDS  105 


Fig.  3-21  Two  connected 
conducting  spheres 
(Example  3-12). 


directed 
rgc  4 -Q 


is  deposited  on  the  spheres.  Find  (a)  the  charges  on  the  two  spheres,  and  (b)  the  electric 
field  intensities  at  the  sphere  surfaces. 

Solution 

a)  Refer  to  Fig.  3-21.  Since  the  spherical  conductors  are  at  the  same  potential, 
we  have 

Qt  2  2 


4  4  ne0b2 


or 


1  is  vyry 
rniunent 
:riul  will 
called  a 
material 
ial.  The 
rble  3-1. 
constant, 
ir  at  the 
;cds  this 
ona  dis- 
•  (3-67), 
han  that 
which  a 
arrester 

•-  cler> 

;nduuor 


bi>b  0, 
ween  the 
:s  on  the 
charge  Q 


Q2  b2 

Hence  the  charges  on  the  spheres  are  directly  proportional  to  their  radii.  But, 
since 

Qi  +  0.2  =  2» 

we  find 


Qi  = 


b  1 


bi  +  b2 


and 


22  = 


b  1  +  b: 


2- 


b)  The  electric  field  intensities  at  the  surfaces  of  the  two  conducting  spheres  are 


so 


E 


In 


Qi 

4ne0b2i 


and 


0.2 

4ne0bl  ’ 


Ejn  _  fbl\2  2l  _  ^2 

b*2n  \Pl)  Q2  bi 


The  electric  field  intensities  are  therefore  inversely  proportional  to  the  radii, 
being  higher  at  the  surface  of  the  smaller  sphere  which  has  a  larger  curvature. 


3-9  BOUNDARY  CONDITIONS  FOR 
ELECTROSTATIC  FIELDS 

Electromagnetic  problems  often  involve  media  with  different  physical  properties 
and  require  the  knowledge  of  the  relations  of  the  field  quantities  at  an  interface 
between  two  media.  For  instance,  we  may  wish  to  determine  how  the  E  and  D  vectors 


/ 


Fig.  3-22  An  interface 
between  two  jnedifl. 


i  :  ;. 

change  in  crossing  an  interface.  We  already  know  the!  boundary  conditions  that  must 
be  satisfied  at  a  conductor-free  space  interface.  These  conditions  have  been  given 
in  Eqs.  (3-66)  and  (3-67).  We  now  consider  an  interface  between  twO' general  media 
shown  in  Fig.  3-22.  ■  •  :  > 

Let  us  construct  a  small  path  abeda  with  sides  ah  and  cd  in  media  1  and  2  respec¬ 
tively,  both  being  parallel  to  the  interface  and  equal  tb  Aw,? Equation  (3-8),  which  is 
assumed  to  be  valid  for  regions  containing  discontiguous-  medja,  $  applied  to  this 
path.  If  we  let  sides  be  ^da  =^  Ah  -.approach  zero,  aheir  contributions  to  the  line 
integral  of  E  around  the  path  can  bei  neglected.  We  hdve 

*  :  , 

,  E  -d€  =  E,  •  Aw  +  )Ei  •  (- Aw)  =  £(,  Aw  -  EZf  Aw  =  0. 


abeda 


Therefore 


'  i 


rj  p2,  (V/m), 


(3-1 10) 


which  states  that  the  tangential  cftynponent  of  an  E  fieid  is  continuous  across  an  inter¬ 
face.  Eq.  (3-110)  simplifies  fo  §|.  (3— j56)  if  one  of  the  me#a  is’ a  conductor.  When 
media  1  and  2  are  dielectrics  tyith  -permittivities  er  and  e2  respectively,  we  have 

■L  ii  DZl  c'  . .  ;  '  'f 

r7~ss~2  ■■  ■'  (3-111) 

I  '1  €2 

In  order  to  find  a  relation  between  the  normal' components  of  the  fields  at  a 
boundary,  we  construct  a  small  pillbox  with  its  top  lace  ip  medium  1  and  bottom 
face  in  medium  2,  as  was  illustrated  in  Fig.  3-22.  Thet faces :pave  an  area  AS,  and  the 
height  of  the  pillbox  Ah  is  vanish'jngly  small.  Applying  Gass’s  law  Eq.  (3-95)  to  the 


-  si  *»;  .  -  n 

See  C.  T.  Tai,  "On  the  presentation  of  Maxwells  theory,”  Proceedings  of  the  IEEE,  vol.  60,  pp  936-945 
August  1972.  I  'j  t;  . 


(1 

il 


1 


'll1  'H-" 1 


lat  must 
:n  given 
il  mpdia 


(3-1 13a) 


(3-1 13b) 


where  the  reference  unit  normal  is  outward  from  medium  2. 

Eq.  (3-113)  states  that  the  normal  component  of  D  field  is  discontinuous  across  an 
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,  -  Si  > 

pillbox,  we  have 

D  *  ds  =  (Di  •  a„2  +  D2  •  anl)  AS  I 

=  an2  '(Di  -  DJ  AS  I 
.  =  Ps  AS ,  (3-112) 

where  we  have  used  the  relation  a„2  =  —  anl.  Unit  vectors  anl  and  a„2  are,  respectively, 
outward  unit  normals  to  media  1  and  2.  From  Eq.  (3-112)  we  obtain 
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(3-110) 

1 

1 

f 

an  inter- 

M 

hi 

r.  When 

§ 

we  have 

1 

(3-111) 
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5. 936-945, 
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interface  where  a  surface  charge  exists — the  amount  of  discontinuity  being  equal  to 
the  surface  charge  density.  If  medium  2  is  a  conductor,  D2  =  0  and  Eq.  (3-1 13b) 
becomes 

£>i  n  =  elEln  =  ps,  ■  (3-114) 

which  simplifies  to  Eq.  (3-67)  when  medium  1  is  free  space. 

When  two  dielectrics  are  in  contact  with  no  free  charges  at  the  interface,  ps  =  0, 
we  have 

Dln  =  D2n  (3-115) 

or 

«i  Eln  =  e2E2n.  (3-116) 

Recapitulating,  we  find  the  boundary  conditions  that  must  be  satisfied  for  static 
electric  fields  are  as  follows: 


Tangential  components,  Eu  —  E2t; 

Normal  components,  a„2  -'(Dj  -  D2)  =  ps. 


(3-110) 
(3 —1 13b) 


Example  A  lucite  sheet  (er  =  3.2)  is  introduced  perpendicularly  in  a  uniform 

electric  field  E0  =  axE0  in  free  space.  Determine  E;,  D(,  and  P,  inside  the  lucite. 

Solution :  We  assume  that  the  introduction  of  the  lucite  sheet  does  not  disturb  the 
original  uniform  electric  field  E0.  The  situation  is  depicted  in  Fig.  3-23.  Since  the 
interfaces  are  perpendicular  to  the  electric  field,  only  the  normal  field  components 
need  be  considered.  No  free  charges  exist. 
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E0  <=  axE0  __  Ejj££  '  F-o-1 ! 


D0  —  bx€q£x 


.  M 


Free  Lucite  Frpe  ;  i  '  •  '  i  K 
space  tr  ”  3.2  npiicc  J  Klg.  3—23  A  fucite  s|ieet  111  u  uniform 
^ - -  "i  -  electric  field  (Exalnplj  3—13). 


Boundary  condition  Eq '  (3—114)  at  the  left  interface  gives 

D;  =  a  .,A-  =  a  XD0 
or  ; 

'  ;  D;  =  ax€0Eo: 

There  is  no  change  in  electric  flux  density  across  tljp  interface;  The  electric  field 
intensity  inside  the  lugjte  shpet  i§  : 

■ 

The  polarization  vectqf  is  zfiro  oqtside  the  lucitej  sheet  fP„  ~=  0).  Inside  the  sheet. 


P,  *  OH  e0E,-  =  ar^l  r  J3|eo£» 

=f  ^G.6875e0Eo  (Q/m2)* 

<  '  V  > 

Clearly,  a  similar  application  pjf^the  boundary  jeondhigp  Eq.  (3-114)  on  the  right 
interface  will  yield  the  prigipal  ftj  and  D„  in  (Jieifr'ce  jjpace-bn  the  right  of  the  lucite 
sheet.  Docs  the  solution  ofjthjg  problem  chant®  if  ll|c  original  electric  field  is  not 
uniform,  that  is,  if  E„  =  nxE(y)t  !|  .  ;i  f  ; 

T  -  ‘  f  •  ■ ;  ■ '  U  1 


i;  ■;  C  tr. 

('»  *,  .  r 


Fig.  3-24  Bdundap'  conditions  at 
V  i  the  interface  between  two  dielectric 
■  <  media  (Example .3-14).  , 


i*. 


V  ■*.  •  it.  ...  I. 

Example  3-14  Two  dielectric  media  with  permittivities  €l  and  e2  are  separated 
by  a  charge-fred  boundary  as  shown  in  Fig.  3  -24.  The  electric  field  intensity  in  medium 
1  at  the  point  P^  has  a  magnitude  £,  and  makes  an  angle  a,  with  the  normal.  Deter¬ 
mine  the  magnitude  and  direction  of  the  electric  field  intensity  at  point  P2  in  medium  2. 


Solution:  Two  equations  are  needed  to:  solvd'for  two  unknowns  Elt  and  Eln.  After 
E2t  and  E2n  have  been  found,  E2  and  a2  will  follow  directly.  Using  Eqs.  (3-110) 
and  (3-115),  we  have 

£2  sin  a2  =  £i  sin  oq  (3-117) 

and  .  .  4  * 

e2£2coso(2  =  e1£1cosd«1.  '  (3—118) 

f,  i  . 

Division  ofEq.  (3— i  17)  by  Eq.  (3-118)  gives 


(3-119) 


The  magnitude  of  E2  is 


E2  =  \JE 2,  +  E2 n  =  V(E 2  sin  a2)2  +  (£2  cos  <x2)2 


or 


(Ej  sin  a-i)2  +  j  —E{  cos  cq 
1 


1/2 


(3-120) 


By  examining  Fig.  3-24,  can  you  tell  whether  c,  is  lafger  or  smaller  than  e3? 


3-10  CAPACITANCE  AND  CAPACITORS 

From  Section  3-6  we  understand  that  a  conductor  in  a  static  electric  field  is  an 
equipotential  body  and  that  charges  deposited  on  a  conductor  will  distribute  them¬ 
selves  on  its  surface  in  such  a  way  that  the  electric  field  inside  vanishes.  Suppose 
the  potential  due  to  a  charge  Q  is  V.  Obviously,  increasing  the  total  charge  by  some 
factor  k  would  merely  increase  the  surface  charge  density  ps  everywhere  by  the  same 
factor,  witfrouUaffeCting  the  charge  distribution  because  the  conductor  remains  an 
equipotential  body  in  a  static  situation.  We  may  conclude  from  Eq.  (3-57)  that  the 
potential  of  an  isolated  conductor  is  directly  proportional  to  the  total  charge  on  it. 
This  may  also  bd  seen  from  the  fact  that  increasing  V  by  a  factor  of  k  increases  E  = 
—  W  by  a  factor  of  k.  But,  from  Eq.  (3-67),  E  =  a npje0;  it  follows  that  ps  and  con¬ 
sequently  the  total  charge  Q  will  also  increase  by  a  factor  of  k.  The  ratio  Q/V  therefore 
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remains  unchanged.  We  write 

Q  =  CV,  .  (3-121) 

where  the  constant  of  proportionality  C  is  called  the  capacitance  of  the  isolated 
conducting  body.  The  capacitance  is  the  electric  charge  that  must  be  added  to  the 
body  per  unit  increase  in  its  electric  potential.  Its  SI  unit  is  coulomb  per  volt,  or 
farad  (F). 

Of  considerable  importance  in  practice  is  the  capacitor  which  consists  of  two 
conductors  separated  by  free  space  or  a  dielectric  medium.  The  conductors  may  be 
of  arbitrary  shapes  as  in  Fig.  3-25.  When  a  DC  voltage  source  is  connected  between 
the  conductors,  a  charge  transfer  occurs,  resulting  in  a  charge  +  Q  on  one  conductor 
and  —  Q  on  the  other.  Several  electric  field  lines  originating  from  positive  charges 
and  terminating  on  negative  charges  are  shown  in  Fig.  3-25.  Note  that  the  field 
lines  are  perpendicular  to  the  conductor  surfaces,  which  arc  equipotentiai  surfaces. 
Equation  (3-121)  applies  here  if  V  is  taken  to  mean  the  potential  difference  between 
the  two  conductors,  V12.  That  is. 


(3-122) 

The  capacitance  of  a  capacitor  is  a  physical  property  of  the  two-conductor 
system.  It  depends  on  the  geometry  of  the  conductors  and  on  the  permittivity  of  the 
medium  between  them;  it  does  not  depend  on  either  the  charge  Q  or  the  potential 
difference  Vl2.  A  capacitor  has  a  capacitance  even  when  no  voltage  is  applied  to  it 
and  no  free  charges  exist  on  its  conductors.  Capacitance  C  can  be  determined  from 
Eq.  (3—122)  by  either  (1)  assuming  a  Vn  and  determining  Q  in  terms  of  Vl2,  or  (2) 
assuming  a  Q  and  determining  Vl2  in  terms  of  Q.  At  this  stage,  since  we  have  not  yet 


Fig.  3-25  A  two-conductor 
capacitor. 
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studied  the  methods  for  solving  boundary-valud  problems  (which  will  be  taken  up  in 
Chapter  4),  we  find  C  by  the  second  method.  The  procedure  is  as  follows: 

!•  Choose  an  apprdpriate  coordinate  system  for  the  given  geometry. 

2.  Assume  charges  H-  Q  and  —Q  on  the  conductors. 

3.  Find  E  from  Q  by  Eq.  (3-114),  Gauss’s  law,  or  other  relations. 

4.  Find  V12  by  evaluating 

Ki  =  -  £  E  -dt 

from  the  conductor  carrying  -  Q  to  the  other  carrying  +Q. 

5.  Find  C  by  taking  the  ratio  Q/Vl2. 

Example  3-15  A  parallel-plate  capacitor  consists  of  two  parallel  conducting  plates 
of  area  S  separated  by  a  uniform  distance  d.  The  space  between  the  plates  is  filled 
with  a  dielectric  of  a  constant  permittivity  e.  Determine  the  capacitance. 

Solution:  A  cross  section  of  the  capacitor  is  shown  in  Fig.  3-26.  It  is  obvious  that 
the  appropriate  coordinate,  system  to  use  is  the  Cartesian  coordinate  system.  Follow¬ 
ing  the  procedure  outlined  above,  we  put  charges  +  Q  and  —  Q  on  the  upper  and 
lower  conducting  plates  respectively.  The  charges  are  assumed  to  be  uniformly 
distributed  over  the  conducting  plates  with  surface  densities  +ps  and  —  ps,  where 

Ps  =  y 

From  Eq.  (3-114),  we  have 


E  =  —  a„ 


■  =  —  a„ 


'eS 


which  is  constant  within  the  dielectric  if  the  fringing  of  the  electric  field  at  the  edges  of 
the  plates  is  neglected.  Now 


^ = -n  e  ■ = -  jo  ( -*»  I)  •  (a>  w =TSd- 


Q 


Fig.  3-26  Cross  section  of  a 
parallel-plate  capacitor 
(Example  3-15). 
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Therefore,  for  a  parallel-plate  capacitor, 


r-  2  S' 

c,~vT2-gJ 


(3-123) 


which  is  independent  of  Q  or  V12. 

For  this  problem  we  could  have  started  by  assuming  a  potential  difference  Vl2 
between  the  upper  and  lower  plates.  The  electric  field  intensity  between  the  plates  is 
uniform  and  equals 

The  surface  charge  densities  at  the  upper  and  lower  conducting  plates  are  +  ps  and 
—  ps,  respectively,  where,  in  view  of  F.q.  (3-67), 

r  ''u 
Pi  =  =  €  — . 

d 

Therefore,  Q  =  psS  =  (eS/V/)F12  and  C  =  Q/Vl2  =  eS/d,  as  before. 


Example  3-16  A  cylindrical  capacitor  consists  of  an  inner  conductor  of  radius  a 
and  an  outer  conductor  whose  inner  radius  is  b.  The  space  between  the  conductors 
is  filled  with  a  dielectric  of  permittivity  €,  and  the  length  of  the  capacitor  is  L.  Deter¬ 
mine  the  capacitance  of  this  capacitor. 

Solution:  We  use  cylindrical  coordinates  for  this  problem.  First  we  assume  charges 
+  Q  and  —  Q  on  the  surface  of  the  inner  conductor  and  the  inner  surface  of  the  outer 
conductor,  respectively.  The  E  field  in  the  dielectric  can  be  obtained  by  applying 
Gauss’s  law  to  a  cylindrical  Gaussian  surface  within  the  dielectric  a  <  r  <  b.  (Note 
that  Eq.  (3-114)  gives  only  the  normal  component  of  the  E  field  at  a  conductor  surface. 
Since  the  conductor  surfaces  are  not  planes  here,  the  E  field  is  not  constant  in  the 
dielectric  and  Eq.  (3  —  1 14)  cannot  be  used  to  find  E  in  the  a  <  r  <  b  region.)  Referring 
to  Fig.  3-27,  we  have 

E  =  ar£P  =  ar  — (3-124) 


'  2n eLr 


Dielectric,  < 


Fig.  3-27.  A  cylindrical  capacitor 
(Example  3-16). 
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Again  we  neglect  the  fringing  effect  of  the  field  hear  the  edges  of  the  conductors.  The 
potential  difference  Between  the  inner  and  outer  conductors  is 


e  .  /Vi 

2  neL  \aj‘ 


Q 

IneLr 


(a,  dr) 


Therefore,  for  a  cylindrical  capacitor. 


(3-125) 


r_0L_  2r:*L 
\a> 


(3-126) 
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We  could  not  solve  this  problem  from  an  assumed  Vub  because  the  electric  field 
is  not  uniform  between  the  inner  and  outer  conductors.  Thus  wc  would  not  know  how 
to  express  E  and  Q  in  terms  of  Vah  until  we  learned  how  to  solve  such  a  boundary- 
value  problem. 

Example  3-17  A  spherical  capacitor  consists  of  an  inner  conducting  sphere  of 
radius  R:  and  an  outer  conductor  with  a  spherical  inner  wall  of  radius  R0.  The  space 
in-between  is  filled  with  a  dielectric  of  permittivity  e.  Determine  the  capacitance. 

Solution:  Assume  charges  +Q  and  —  0,  respectively,  on  the  inner  and  outer  con¬ 
ductors  of  the  spherical  capacitor  in  Fig.  3-28.  Applying  Gauss’s  law  to  a  spherical 
Gaussian  surface  with  radius  R(Rj  <  R  <  RJ,  we  have 


E  —  a  rEr  —  a^  - 


4ne\R,  R, 


Dielectric,  e 


Fig.  3-28  A  spherical  capacitor 
(Example  3-17). 
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Fig.  3-29  Series  connection  of 
capacitors. 


(3-127) 


3-10.1  Series  and  Parallel  Connections 
of  Capacitors 

Capacitors  are  often  combined  in  various  ways  in.  electric'dircuits.  The  two  basic 
ways  are  series  and  parallel  connections.  In  the  series,  or  head-to-tail.  connection 
shown  in  Fig.  3-29,f  the  external  terminals  are  from  the  first  and  last  capacitors  only. 
When  a  potential  difference  or  electrostatic  voltage  V  is  applied,  charge  cumulations 
on  the  conductors  connected  to  the  external  terminals  are  +  Q  and  —  0.  Charges  will 
be  induced  on  the  internally  connected  conductors  such  that  +Q  and.  —0  will 
appear  on  each  capacitor  independently  of  its  capacitance.  The  potential  differences 
across  the  individual  capacitors  arc  Q/C,,  Q/C2 , . .  . ,  Q/C„,  and 

v.e.=  e  +  e+„.+  ei 
c,  c,  c2  c. 

where  Csr  is  the  equivalent  capacitance  of  the  series-connected  capacitors.  We  have 


In  the  parallel  connection  of  capacitors,  the  external  terminals  are  connected  to 
the  conductors  of  all  the  capacitors  as  in  Fig.  3-30.  When  a  potential  difference  V 
is  applied  to  the  terminals,  the  charge  cumulated  on  a  capacitor  depends  on  its 
capacitance.  The  total  charge  is  the  sum  of  all  the  charges. 

Q  =  Qi  +  Q2  +  ' '  ’  +  Q„ 

=  c1v  +  c2v  +  ---  +  c„v  = 

'  Capacitors,  whatever  their  actual  shape,  are  conventionally  represented  in  circuits  by  pairs  of  parallel 
bars. 


Therefore,  for  a  spherical  capacitor, 


on  of 


(3-127) 
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(3-128) 
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+flii  ‘-Qi 


C2 

-02^  1-02 


+0/J  Qn 


+01  I  -Q 


+  '! 


Fig.  3-30  Parallel  connection 
of  capacitors. 


Therefore  the  equivalent  capacitance  of  the  parallel-connected  capacitors  is 


j  c„  —  Ci  +  C2  4“  *  ’  *  -r  C, 


(3-129) 


We  note  that  the  formula  for  the  equivalent  capacitance  of  series-connected  capacitors 
is  similar  to  that  for  the  equivalent  resistance  of  parallel-connected  resistors  and  that 
the  formula  for  the  equivalent  capacitance  of  parallel-connected  capacitors  is  similar 
to  that  for  the  equivalent  resistance  of  series-connected  resistors.  Can  you  explain 
this? 


Example  3-18  Four  capacitors  C{  =  1  uF,  C2  =  2  /(F,  C3  =  3  /tF.  and  Q  =  4  /(F 
are  connected  as  in  Fig.  3-31.  A  DC  voltage  of  100  V  is  applied  to  the  external 
terminals  a—b.  Determine  the  following:  (a)  the  total  equivalent  capacitance  between 
terminals  a-b\  (b)  the  charge  on  each  capacitor;  and  (c)  the  potential  difference 
across  each  capacitdr. 


100  (P') 


of  parallel 


a 


Fig.  3-31  A  combination  of 
capacitors  (Example  3-18). 


X 
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156.5  (fiC), 


4400 

Q4  =  -^=  1913  (MC). 


c )  Dividing  the  charges  by  the  capacitances,  we  find 

Vi  =  jr  =  34.8  (V), 

*2  =  ^  =  17.4  (V), 


=  52.2  (V), 


^  =  —=47.8  (V). 

w 

These  results  can  be  checked  by  verifying  that  Vl  +  V2  =  V3  and  that  V3  +  V4 
100  (V). 


Solution 

a)  The  equivalent  capacitance  C12  of  Ct  and  C2  in  series  is 

C  1  _  QC2  2 

12  (1/C,)  +  (1/C2)  C,  +  C2  3  ^ 

The  combination  of  C12  in  parallel  with  C3  gives 

Ci23  =  C12  +  C3  = -x  (^iF). 

The  total  equivalent  capacitance  Cab  is  then 

Cah  -  ~  =  1.913  (yiF). 

b)  Since  the  capacitances  are  gbven,  the  voltages  can  be  found  as  soon  as  the  charges 
have  been  determined.  We  have  four  unknowns:  Qx,  Q2,  Q3,  and  Q4.  Four  equa¬ 
tions  are  needed  for  their  determination. 

Series  connection  of  C(  and  C2:  0,  =  Q2. 

Kirchhoff's  voltage  law,  \\  +  V2  =  V3:  —  +  —  — 

Cl  C2  C3 

Kirchhoff’s  voltage  law,  V2  +  VA  —  100:  ~  +  ^  =  100. 

C3  C4. 

Series  connection  at  d:  Q2  +  Q3  =  QA. 

Using  the  given  values  of  C,,  C2,  C3,  and  C4  and  solving  the  equations,  we  obtain 


801 

Q\  - Qz—23- 


3-11 
AND  F 


34.8  (fiC), 


i 

r 
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3-11  ELECTROSTATIC^  ENERGY 

AND  FORCES  ' 

»  '  -,7.  .  » 

In  Section  3-5  vfk  indicated  that  electric  potential  at  a  point  in  an  electric  field  is 
the  work  required  to  bring  a  unit  positive  charge  from  infinity  (at  reference  zero- 
potential)  to  that  point.  In  order  to  bring  a  charge  02  (slowly,  so  that  kinetic  energy 
and  radiation  effects  may  be  neglected)  from  irlfinity  against  the  field  of  a  charge  Q{ 
in  free  space  to  a  distance  Rl2,  the  amount  of  work  required  is 

_  r\  i/  _  r\  2i  i  -ff\\ 


W2  =  Q2V2  =  Q2 


4ne0Ri: 


(3-130) 


because  electrostatic  fields  are  conservative,  W2  is  independent. of  the  path  followed 
by  Q2.  Another  forth  of  Eq.  (3- 130)  is 


113  =  Q, 


47t£ (tR  i 


(3-131) 


This  work  is  stored  in  the  assembly  of  the  two  charges  as  potential  energy.  Combining 
Eqs.  (3-130)  and  (3-131),  we  can  write 

W2  =  i-(Q,K,  +  Q2V2).  (3-132) 

Now  suppose  ariother  charge  03  is  brought  from -infinity  to  a  point  that  is  Rti 
from  Qx  and  R2 3  from  Q2\  an  additional  work  is  required  that  equals 


a  w=  o3  k,  =  2s  + 

\4ne0R13  4ne0R23J 


(3-133) 


The  sum  of  AW  in  feq.  (3-133)  and  W2  in  Eq.  (3-130)  is  the  potential  energy,  W3. 
stored  in  the  assethbly  of  the  three  charges  Qly  Q2,  and  Q3.  That  is, 


,W3  =  W2  +  A  W  =  —  ( — Ql  +  — -1— 3  + 


4ne0  \  R12 


(3-134) 


We  can  rewrite  W3  ih  the  following  form: 


r%- 

2L  V47teO^)2 


23 

4u€qR  1 3 


,47te0R12  4ne0R23 


+  Q3( — — — -  4 - — — 

^3\47re0R13  4n€0R2i 

=  i(&Vi  +  QzV2  +  Q3v3). 


=  i(Qivi  +  22^2  +  03V3).  (3-135) 

Ih  Eq.  (3-135),  Vu  the  potential  at  the  position  of  Qu  is  caused  by  charges  02  and 
Q3;  it  is  different  frbm  the  V2  in  Eq.  (3-131)  in  the  two-charge  case.  Similarly,  V2  and 
V3  are  the  potentials,  respectively,  at  Q2  and  Q3  in  the  three-charge  assembly. 

Extending  this  procedure  of  bringing  in  additional  charges,  we  arrive  at  the 
following  general  expression  for  the  potential  energy  of  a  group  of  N  discrete  point 


•2Rri  • 


y:- -rtiVi  frrtMr -1 
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charges  at  rest.  (The  purpose  of  the  subscript  <?  on  w;  is  to  denote  that  the  energy  is 
of  an  electric  nature.)  We  have 


(3-136) 


where  Vk,  the  electric  potential  at  Qk,  is  caused  by  all  the  other  charges  and  has  the 
following  expression: 

K"55i£&  l3'137) 

U*k) 

Two  remarks  are  in  order  hers.  First,  We  can  be  negative.  For  instance,  W2  in  Eq. 
(3-130)  will  be  negative  if  Q,  and  Q2  are  of  opposite  signs.  In  that  case,  work  is  done 
by  the  field  (not  against  the  field)  established  by  02  in  moving  Q2  from  infinity. 
Second,  Wc  in  Eq.  (3-136)  represents  only  the  interaction  energy  (mutual  energy)  and 
does  not  include  the  work  required  to  assemble  the  individual  point  charges  them¬ 
selves  (self-energy). 

Example  3-19  Find  the  energy  required  to  assemble  a  uniform  sphere  of  charge  of 
radius  b  and  volume  charge  density  p. 

Solution:  Because  of  symmetry,  it  is  simplest  to  assume  that  the  sphere  of  charge  is 
assembled  by  bringing  up  a  succession  of  spherical  layers  of  thickness  JR.  Let  the 
uniform  volume  charge  density  be  p.  At  a  radius  R  shown  in  Fig.  3-32,  the  potential 
is 

VR  = 

47t  <t0R 

where  QR  is  the  total  charge  contained  in  a  sphere  of  radius  R  : 

Qr  = 


Fig.  3-32  Assembling  a 
uniform  sphere  of  charge 
(Example  3-19). 


3-11  /  ELECTROSTATIC  ENERGY  AND  FORCES  119 


e  energy  is 

(3-136) 

nd  l»as  the 

(3-137) 

IT;  in  Eq. 
irk  is  done 
m  infinity. 
nerj(^~'md 
rges  incm- 

f  charge  of 


>f  charge  is 
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The  differential  chargfi  in  a  spherical  layer  of  thickness  dR  is 

dO!t  =  pAnR1  dR, 

and  the  work  or  energy  in  bringing  up  dQ  is. 

•  dW=  VRdQR  =  p~P2R*  dR. 

3e°  . 

Hence  the  total  work  or  energy  required  to  assemble  a  uniform  sphere  of  charge  of 
radius  h  and  charge  dpnsity.p  is  \ 


W  fc  \  dW  =  p-p2  P 
1  J  3 Jo 


3  15e0 


(3-138) 


In  terms  of  the  total  Charge 


we  have 


O = p  44'b\ 

j 


302 

W  = 

20neob 


(3-139) 


Equation  (3-139)  Shows  that  the  energy  is  directly  proportional  to  the  square  of  the 
total  charge  and  inversely  proportional  to  the  radius.  The  sphere  of  charge  in  Fig. 
3-32  could  be  a  clotld  of  electrons,  for  instance. 

For  a  continuous  charge  distribution  of  density  p  the  formula  for  We  in  Eq.  (3-136) 
for  discrete  charges  must  be  modified.  Without  going  through  a  separate  proof,  we 
replace  Qk  by  p  dv  and  the  summation  by  an  integration  and  obtain 


kl.pVdv  (J). 


(3-140) 


in  Eq.  (3-140),  V  is  the  potential  at  the  point  where  the  volume  charge  density  is  p. 
and  V  is  the  volume  of  the  region  where  p  exists. 

Example  3-20  Solve  the  problem  in  Example  3-19  by  using  Eq.  (3-140). 

Solution:  In  Example  3-19  we  solved  the  problem  of  assembling  a  sphere  of  charge 
by  bringing  up  a  succession  of  spherical  layers  of  a  differential  thickness.  Now  we 
assume  thakthe  sphere  of  charge  is  already  in  place.  Since  p  is  a  constant,  it  can  be 
taken  out  of  the  integral  sign.  For  a  spherically  symmetrical  problem, 


=  f  LVdv  =  l  Jo  V4”*2dR’ 


(3-141) 


where  V  is  the  potehtial  at  a  point  R  from  the  center.  To  find  V  at  R,  we  must  find 
the  negative  of  the  line  integral  of  E  in  two  regions:  (1)  Et  =  a RER1  from  R  =  oo  to 
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R  =  b,  and  (2)  E2  =  a RER2  from  R  =  b  to  R  =  0.  We  have 

E*,=aKd^=aR3^F  R- 


R>b ; 


ER2~a*4^~a*f^’  °<K~fc- 


Consequently,  we  obtain 


J*  3eaR2  J*  3en 


b2  +  -^-- 


3e0  \2  2 


1  (3-142) 


Substituting  Eq.  (3-142)  in  Eq.  (3-141),  we  get 


4npzbs 


P  p  P  /■>  R  \,  ,n  4 Tip 

2  Jo  3e0\2fe  2  )47IjR  dR  ~  15. 


which  is  the  same  as  the  result  in  Eq.  (3-138). 

Note  that  We  in  Eq.  (3-140)  includes  the  work  (self-energy)  required  to  assemble 
the  distribution  of  macroscopic  charges,  because  it  is  the  energy  of  interaction  of 
every  infinitesimal  charge  element  with  all  other  infinitesimal  charge  elements.  As  a 
matter  of  fact,  we  have  used  Eq.  (3-140)  in  Example  3-20  to  find  the  seif-energy  of 
a  uniform  spherical  charge.  As  the  radius  b  approaches  zero,  the  self-energy  of  a 
(mathematical)  point  charge  of  a  given  Q  is  infinite  (see  Eq.  3-139).  The  self-energies 
of  point  charges  Qk  are  not  included  in  Eq.  (3-136).  Of  course,  there  are,  strictly,  no 
point  charges  inasmuch  as  the  smallest  charge  unit,  the  electron,  is  itself  a  distribution 
of  charge. 

3-11.1  Electrostatic  Energy  in  Terms  of 
Field  Quantities 

In  Eq.  (3-140),  the  expression  of  electrostatic  energy  of  a  charge  distribution  contains 
the  source  charge  density  p  and  the  potential  function  V.  We.frequently  find  it  more 
convenient  to  have  an  expression  of  We  in  terms  of  field  quantities  E  and/or  D, 
without  knowing  p  explicitly.  To  this  end,  we  substitute  V  •  D  for  p  in  Eq.  (3-140): 


=  (V-D )Vdv. 

Now,  using  the  vector  identity  (from  Problem  P.2-18) 


(3-143) 


(3-142) 


3  assemble 
traction  of 
icnts.  As  a 
f-cncrgy  of 
nergy  of  a 
.*lf-energies 
strictly,  no 
;istribution 


an  contains 
ind  it  more 
an(  ' r  D, 
iq.  (3-140): 

(3  *43) 


£ 
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we  can  write  Eq.  (3-143)  as 

K  =  T  JK,  V  -  (VD)dv  -  i  JK(  D  •  VK  du 

=  •  a„  ds  +  2  Jv,  D  •  E  civ,  (3-145) 

where  the  divergence  theorem  has  been  used  to  change  the  first  volume  integral 
into  a  closed  surface  integral  and  E  has  been  substituted  for  -VK  in  the  second 
volume  integral.  Since  V  can  be  any  volume  that  includes  all  the  charges,  we  may 
choose  it  to  be  a,very  large  sphere  with  radius,]?.  As  we  let  R  -*  co,  electric  potential 
V  and  the  magnitude  of  electric  displacement  D  fall  off  at  least  as  fast  as,  respectively, 
1/R  and  1  /R2.f  The  Rrea  of  the  bounding  surface  S'  increases  as  R2.  Hence  the  surface 
integral  in  Eq.  (3-145)  decreases  at  least  as  fast  as  1/R  and  will  vanish  as  R  ->  x. 
We  are  then  left  with  only  the  second  integral  bn  the  right  side  of  Eq.  (3-145). 


W,  =  Jr,  D  •  E  dv  (J). 


(3 -146a) 


Using  the  relation  D  =  eE  for  a  linear  medium.  Eq.  (3  —  1 46a)  can  be  written  in 
two  other  forms: 


and 


— (rj 

ii 

v.  «£2  dv  (i) 

4= 

II 

r  d2 

l—dV  (J)' 

( 3  —  146b) 


(3 -146c) 


We  can  always  define  an  electrostatic  energy  density  we  mathematically,  such  that 
its  volume  integral  equals  the  total  electrostatic  energy: 


W'=jy, 

We  can,  therefore,  write 

w,  —  |D  ■  E 

or 

w,  -  jeE2 

or 

D 2 

W,,  =  -r— 

*■  2e 

\  dv. 

(3-147) 

(J/m3) 

(3 -148a) 

(J/m3) 

(3 — 148b) 

(J/m3). 

(3-148c) 

(3-144) 


*  For  point  charges  V  cc  1  /R  and  D  cc  1/R2;  for  dipoles  V  oc  1/R2  and  D  cc  1/R3. 
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Fig.  3-33  A  charged  parallel- 
plate  capacitor  (Example  3-21). 

However,  this  definition  of  energy  density  is  artificial  because  a  physical  justification 
has  not  been  found  to  localize  energy  with  an  electric  field;  all  we  know  is  that  the 
volume  integrals  in  Eqs.  (3-146a,  b,  c)  give  the  correct  total  electrostatic  energy. 

Example  3-21  In  Fig.  3-33,  a  parallel-plate  capacitor  of  area  S  and  separation  d 
is  charged  to  a  voltage  V.  The  permittivity  of  the  dielectric  is  e.  Find  the  stored  electro¬ 
static  energy. 

Solution:  With  the  DC  source  (batteries)  connected  as  shown,  the  upper  and  lower 
plates  are  charged  positive  and  negative,  respectively.  If  tffe"fringing  of  the  field  at 
the  edges  is  neglected,  the  electric  field  in  the  dielectric  is  uniform  (over  the  plate) 
and  constant  (across  the  dielectric),  and  has  a  magnitude 


Using  Eq.  (3 -146b),  we  have 


The  quantity  in  the  parentheses  of  the  last  expression,  eS/d,  is  the  capacitance  of  the 
parallel-plate  capacitor  (see  Eq.  3-123).  So, 

(3 -149a) 

Since  Q  =  CV,  Eq.  (,3-149a)  can  be  put  in  two  other  forms: 

(3  —  149b) 
and 


(3 -149c) 


It  so  happens  that  Eqs.  (3-149a,  b,  c)  hold  true  for  any  two-conductor  capacitor 
(see  Problem  P.3-35). 
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3-11.2  Electrostatic  Fdt’c^s 

Coulomb’s  law  governs  the  force  between  two  point  charges.  In  a  more  complex 
system  of  charged  bodies,  using  Coulomb’s  law  to  determine  the  force  on  one  of 
the  bodies  that  ik  caused  by  the  charges  on  other  bodies  would  be  very  tedious. 
This  would  be  so  even  in  the  simple  case  of  fihding  the  force  between  the  plates  of 
a  charged  parallel-plate  capacitor.  We  will  now  discuss  a  method  for  calculating  the 
force  on  an  object  iH  a  charged  system  from  the  electrostatic  energy  of  the  system. 
This  method  is  based  on  the  principle  of  virtudl  displacement.  We  will  consider  two 
cases:  (1)  that  of  an, isolated  system  of  bodies  with  fixed  charges,  and  (2)  that  of  a 
system  of  conducting  bodies  with  fixed  potentials. 

System  of  Bodies  with  Fixed  Charges  We  consider  an  isolated  system  of  charged 
conducting,  as  well  hs  dielectric,  bodies  separated  from  one  another  with  no  con¬ 
nection  to  the  outside  world.  The  charges  on  the  bodies  are  constant.  Imagine  that 
the  electric  forces  have  displaced  one  of  the  bodies  by  a  differential  distance  d( 
(a  virtual  displacement).  The  mechanical  work  done  by  the  system  would  be 


dW=Fa-d€,  (3-150) 

where  FQ  is  the  total  blectric  force  acting  on  the  body  under  the  condition  of  constant 
charges.  Since  we  have  an  isolated  system  with  no  external  supply  of  energy,  this 
mechanical  work  mbst  be  done  at  the  expense  of  the  stored  electrostatic  energy; 
that  is, 

dW  =  —dWt,  =  Fa  •  dt.  (3-151) 

Noting  Irom  Eq.  (2-8 1 )  in  Section  2-5  that  the  differential  change  of  a  scalar  resulting 
from  a  position  change  d€  is  the  dot  product  of  the  gradient  of  the  scalar  and  d£. 
we  write 

dwL.  =  (Viry  •  d£.  (3-152) 

Since  d€  is  arbitrary,  comparison  of  Eqs.  (3-151)  and  (3-152)  leads  to 


(3-153) 


Equation  (3-153)  is  &  very  simple  formula  for  the  calculation  of  FQ  from  the  electro¬ 
static  energy  of  the  system.  In  Cartesian  coordinates,  the  component  forces  are 


(Fq)x  = 

(Fq)v  = 

* 

(Fq):  = 


cWe 

dx 

cWe 

sy 

dW, 

dz 


(3 -154a) 
(3— 154b) 


pacitor 


(3 -154c) 


124 


STATIC  ELECTRIC  FIELDS  /  3 


If  the  body  under  consideration  is  constrained  to  rotate  about  an  axis,  say  the 
z-axis,  the  mechanical  work  done  by  the  system  for  a  virtual  angular  displacement 
d<j)  would  be 

dW  =  (T Q),  dtp,  ■  (3-155) 


where  (TQ)Z  is  the  z-component  of  the  torque  acting  on  the  body  under  the  condition 
of  constant  charges.  The  foregoing  procedure  will  lead  to 


(Tq)z 


5We 

d<p 


(N-m). 


(3-156) 


System  of  Conducting  Bodies  with  Fixed  Potentials  Now  consider  a  system  where 
conducting  bodies  are  held  at  fixed  potentials  through  connections  to  such  external 
sources  as  batteries.  Uncharged  dielectric  bodies  may  also  be  present.  A  displacement 
d€  by  a  conducting  body  would  result  in  a  change  in  total  electrostatic  energy  and 
require  the  sources  to  transfer  charges  to  the  conductors  in  order  to  keep  them  at 
their  fixed  potentials.  If  a  charge  dOk  (which  may  be  posi'tfv'e-or  negative)  is  added 
to  the  kth  conductor  that  is  maintained  at  potential  Vk,  the  w'ork  done  or  energy 
supplied  by  the  sources  is  VkdQk.  The  total  energy  supplied  by  the  sources  to  the 
system  is 


dWs  =  ^  Vk  dQk.  (3-157) 

k 

The  mechanical  work  done  by  the  system  as  a  consequence  of  the  virtual  displace¬ 
ment  is 

dW  =  Fv-d€,  (3-158) 

where  FK  is  the  electric  force  on  the  conducting  body  under  the  condition  of  constant 
potentials.  The  charge  transfers  also  change  the  electrostatic  energy  of  the  system 
by  an  amount  dWe,  which,  in  view  of  Eq.  (3-136),  is 

dWe=\y^VkdQk  =  kdW%.  (3-159) 

k 


Conservation  of  energy  demands  that 

dW  +  dWe  =  dWs. 

Substitution  of  Eqs.  (3-157),  (3-158),  and  (3-159)  in  Eq.  (3-160)  gives 

Fv  •  d€  =  dWe  w 

=  (VWe)-df 
or 

Fy  =  VWa  (N). 


(3-160) 


(3-161) 


.  :3;  ■ 
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Comparison  of  Eqs.  (3-161)  and  (3-153)  reveals  that  the  only  difference  between 
the  formulas  for  the  electric  forces  in  the  two  cases  is  in  the  sign.  It  is  clear  that,  if  the 
conducting  body  ;is  constrained  to  rotate  about  the  z-axis,  the  z-component  of  the 
electric  torque  will  be 


which  differs  front  Eq.  (3-156)  also  only  by  a  sign  change. 


(3-162) 


Example  3-22  Determine  the  force  on  the  conducting  plates  of  a  charged  parallel- 
plate  capacitor.  The) plates  have  an  area  S  and  are  separated  in  air  by  a  distance 

Solution-.  We  solve  the  problem  in  two  ways:  (a)  by  assuming  fixed  charges;  and 
then  (b)  by  assuming  fixed  potentials.  The  fringing  of  field  around  the  edges  of  the 
plates  will  be  neglected. 

a)  Fixed  charges:  With  fixed  charges  +0  on  the  plates,  an  electric  field  intensity 
Ex  =  Q/(e0S)  =  V/x  exists  in  the  air  between  the  plates  regardless  of  their  separa¬ 
tion  (unchanged  by  a  virtual  displacement).  From  Eq.  (3- 149b), 

=  zQ  V  -  iQExx, 

where  0  and  Ex  are  constants.  Using  Eq.  (3 -154a),  we  obtain 
•  5/1 _ \  1  „  O1 


(Fq)x  =  (b  = 


(3-163) 


where  the  negative  signs  indicate  that  the  force  is  opposite  to  the  direction  of 
increasing  x.  It  is  an  attractive  force. 

b)  Fixed  potentials'.  With  fixed  potentials  it  is  more  convenient  to  use  the  expression 
in  Eq.  (3 -149a)  for  Wc.  Capacitance  C  for  the  parallel-plate  air  capacitor  is 
e0S/x.  We  have,  from  Eq.  (3-161), 

How  different  are  (Fq)x  in  Eq.  (3-163)  and  (Fv)x  in  Eq.  (3-164)?  Recalling  the 
relation 


we  find 


Q  =  CV  = 


He)x  =  (FA.  (3-165) 

The  force  is  the  same  in  both  cases,  in  spite  of  the  apparent  sign  difference  in  the 
formulas  as  expressed  by  Eqs.  (3-153)  and  (3-161).  A  little  reflection  on  the  physical 
problem  will  convince  us  that  this  must  be  true.  Since  the  charged  capacitor  has 
fixed  dimensions,  a  given  Q  will  result  in  a  fixed  V,  and  vice  versa.  Therefore  there  is 


(3-161) 


126  STATIC  ELECTRIC  FIELDS  /  3 


a  unique  force  between  the  plates  regardless  of  whether  Q  or  V  is  given,  and  the 
force  certainly  does  not  depend  on  virtual  displacements.  A  change  in  the  conceptual 
constraint  (fixed  0  or  fixed  V)  cannot  change  the  unique  force  between  the  plates. 


The  preceding  discussion  holds  true  for  a  general  charged  two-conductor  capaci¬ 
tor  with  capacitance  C.  The  electrostatic  force  F f  in  the  direction  of  a  virtual  displace¬ 
ment  for  fixed  charges  is 


For  fixed  potentials. 

kFy)e  = 


'i  — 

cWe 

\)e  — 

dt 

dWe 

-If 

dt[ 

<3  /  22\  _  Q2  dC 
dt\2C)  2 C2  dt 


'±CV*)  =  —  —  = 

,2  J  2  dt  2  C1  dt 


(3-166) 

(3-167) 


It  is  clear  that  the  forces  calculated  from  the  two  procedures,  which  assumed  different 
constraints  imposed  on  the  same  charged  capacitor,  are  equal. 


REVIEW  QUESTIONS 

R.3-1  Write  the  diflcrential  form  of  the  fundamental  postulates  of  electrostatics  in  free  space. 

Under  what  conditions  will  the  electric  field  intensity  be  both  solenoidal  and  irrotational? 

R  J-3  Write  the  integral  form  of  the  fundamental  postulates  of  electrostatics  in  free  space,  and 
state  their  meaning  in  words. 

R3-4  When  the  formula  for  the  electric  field  intensity  of  a  point  charge,  Eq.  (3-12).  was  derived, 

a)  why  was  it  necessary  to  stipulate  that  q  is  in  a  boundless  free  space? 

b)  why  did  we  not  construct  a  cubic  or  a  cylindrical  surface  around  q‘! 

R.3-5  In  what  ways  does  the  electric  field  intensity  vary  with  distance  for 
a)  a  point  charge?  b)  an  electric  dipole? 

R.3-6  State  Coulomb’s  law. 

R.3-7  State  Gauss  s  law.  Under  what  conditions  is  Gauss’s  law  especially  useful  in  determining 
the  electric  field  intensity  of  a  charge  distribution? 

R-3-8  Describe  the  ways  in  which  the  electric  field  intensity  of  an  infinitely  long,  straight  line 

•  charge  of  uniform  density  varies  with  distance? 

R.3-9  Is  Gauss  s  law  useful  in  finding  the  E  field  of  a  finite  line  charge?  Explain. 

R.3-10  See  Example  3-5,  Fig.  3-8.  Could  a  cylindrical  pillbox  with  circular  top  and  bottom 
faces  be  chosen  as  a  Gaussian  surface?  Explain. 

.  R3— 11  Make  a  two-dimensional  sketch  of  the  electric  field  lines  and  the  equipotential  lines  of  a 

point  charge. 


tm 


>  &«s 
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R.3-12  At  what  valu#  of  9  is  the  E  field  of  a  z-dirdcted  electric  dipole  pointed  in  the  negative 
z-direction? 

R.3-13  Refer  to  Eq.  (3-59).  Explain  why  the  absoldte  sign  around  z  is  required. 

R.3-14  If  the  electric  potential  at  a  point  is  zero,  does  it  follow  that  the  electrical  field  intensity 
is  also  zero  at  that  poiht?  Explain. 

R3-15  If  the  electric  feeld  intensity  at  a  point  is  zero,  does  it  follow  that  the  electric  potential  is 
also  zero  at  that  point?  Explain. 

R.3-16  An  uncharged  spherical  conducting  shell  of  a  finite  thickness  is  placed  in  an  external 
electric  field  E0,  what  Is  the  electric  field  intensity  at  the  center  of  the  shell?  Describe  the  charge 
distributions  on  both  the  outer  and  the  inner  surface*  of  the  shell. 

R3  -  17.  Caii  V‘(  I //<)  iu  Eq.  (3  7b)  be  replaced  by  V(  1  //{)?  Explain. 

R.3-18  Define  polaricution  vector.  What  is  its  SI  unit? 

R.3-I9  What  are  polarization  charge  densities?  What  are  the  SI  units  for  P  •  a„  and  V  •  P? 
R.3-20  What  do  we  rfiean  by  simple  medium'? 

R.3-21  Define  electric  displacement  vector.  What  is  its  SI  unit? 

R.3-22  Define  electric  susceptibility.  What  is  its  unit? 

R.3-23  What  is  the  difference  between  the  permittivity  and  the  dielectric  constant  of  a  medium? 

R3-24  Does  the  electric  flux  density  due  to  a  given  Charge  distribution  depend  on  the  properties 
of  the  medium?  Does  the  electric  field  intensity? 

R.3-25  What  is  the  difference  between  the  dielectric  constant  and  the  dielectric  strength  of  a 
dielectric  material? 

R.3-26  What  are  the  general  boundary  conditions  for  electrostatic  fields  at  an  interface  between 
two  different  dielectric  media? 

R.3-27  What  are  the  boundary  conditions  for  electrostatic  fields  at  an  interface  between  a 
conductor  and  a  dielectric  with  permittivity  e? 

R.3-28  What  is  the  boundary  condition  for  electrostatic  potential  at  an  interface  between  two 
different  dielectric  media? 

R3-29  Does  a  force  exist  between  a  point  charge  and  a  dielectric  body?  Explain. 

R.3-30  Define  capacitance  and  capacitor. 

R.3-31  Assume' that  the  permittivity  of  the  dielectric  in  a  parallel-plate  capacitor  is  not  constant. 
Will  Eq.  (3-123)  hold  if  the  average  value  of  permittivity  is  used  for  e  in  the  formula?  Explain. 

R.3-32  Given  three  l*gF  capacitors,  explain  how  they  should  be  connected  in  order  to  obtain 
a  total  capacitance  of 


a)  j(^F) 


b) 


c)  |'(ArF) 


d)  3  (pF). 
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R  J-33  What  is  the  expression  for  the  electrostatic  energy  of  an  assembly  of  four  discrete  point 
charges? 

R3-34  What  is  the  expression  for  the  electrostatic  energy  of  a  continuous  distribution  of  charge 
in  a  volume?  on  a  surface?  along  a  line? 

R.3-35  Provide  a  mathematical  expression  for  electrostatic  energy  in  terms  of  E  and/or  D. 

R.3-36  Discuss  the  meaning  and  use  of  the  principle  of  virtual  displacement. 

R.3-37  What  is  the  relation  between  the  force  and  the  stored  energy  in  a  system  of  stationary 
charged  objects  under  the  condition  of  constant  charges?  under  the  condition  of  fixed  potentials? 


PROBLEMS 

* 

P.3-1  Refer  to  Fig.  3-3. 

a)  Find  the  relation  between  the  angle  of  arrival,  a,  of  the  electron  beam  at  the  screen  and 
the  deflecting  electric  field  intensity  £d, 

b)  Find  the  relation  between  w  and  L  such  that  rf,  =  dn/2Q.  -  ^ 

P.3-2  The  cathode-ray  oscillograph  (CRO)  shown  in  Fig.  3  3  is  used  to  measure  the  voltage 
applied  to  the  parallel  deflection  plates. 

a)  Assuming  no  breakdown  in  insulation,  what  is  the  maximum  voltage  that  can  be  mea¬ 
sured  if  the  distance  of  separation  between  the  plates  is  hi 

b)  What  is  the  restriction  on  L  if  the  diameter  of  the  screen  is  D1 

c)  What  can  be  done  with  a  fixed  geometry  to  double  the  CRO's  maximum  measurable 
voltage? 

P3-3  Calculate  the  electric  force  between  the  electron  and  nucleus  of  a  hydrogen  atom,  as¬ 
suming  they  are  separated  by  a  distance  5.28  x  10” 11  (m). 

P3-4  Two  point  charges,  and  Q2,  are  located  at  (1,  2,  0)  and  (2,  0,  0),  respectively.  Find  the 
relation  between  Qx  and  Q2,  such  that  the  total  force  on  a  test  charge  at  the  point  P(—  1, 1,  0)  will 
have 

a)  no  x-component,  b)  no  y-component. 

P3-5  Two  very  small  conducting  spheres,  each  of  a  mass  1.0  x  10~4  (kg)  are  suspended  at 
a  common  point  by  very  thin  nonconducting  threads  of  a  length  0.2  (m).  A  charge  Q  is  placed  on 
each  sphere.  The  electric  force  of  repulsion  separates  the  spheres,  and  an  equilibrium  is  reached 
when  the  suspending  thread  makes  an  angle  of  10°.  Assuming  a  gravitational  force  of  9.80  (N/kg) 
and  a  negligible  mass  for  the  threads,  find  Q. 

P3-6  A  line  charge  of  uniform  density  p,  in  free  space  form's  a  semicircle  of  radius  b.  Determine 
the  magnitude  and  direction  of  the  electric  field  intensity  at  the  center  of  the  semicircle. 

P3-7  Three  uniform  line  charges — pn,  pfl,  and  pe3,  each  of  length  L — form  an  equilateral 
triangle.  Assuming  pn  =  2 p{1  =  2 pn,  determine  the  electric  field  intensity  at  the  center  of  the 
triangle. 
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P3-8  Assuming  that  the  electric  field  density  is  E  =£'  a.,100x  (V/m),  find  the  total  electric  charge 
contained  inside  ,  }■  ’  "  * 

a)  a  cubical  volume  100  (mm)  on  a  side  centered  at  the  origin, 

b)  a  cylindrical  vdlume  of  radius  50  (mm)  and  Height  100  (mm)  centered  at  the  origin. 

P.3-9  A  spherical  diltribution  of  charge  p  =  p0/[l’  -  {R2/b2)']  exists  in  the  region  0  <  R  <  b. 
This  charge  distribution  is  concentrically  surrounded  by  a  conducting  shell  with  inner  radius 
Rj  ( >  b)  and  outer  radills  R„.  Determine  E  everywhere. 

P.3-10  Two  infinitely ;long  coaxial  cylindrical  surfaces,  r  =  a  and  r  —  b  (b  >  a),  carry  surface 
charge  densities  psa  itnd  pib  respectively. 

a)  Determine  E  everywhere.  ! 

b)  What  must  be  the  relation  between  a  and  b  ih  order  that  E  vanishes  for  r  >  b'l 

P.3-U  At  what  values  of  0  does  the  electric  field  intensity  of  a  ^-directed  dipole  have  no  r* 
component? 

v 

P.3-12  Three  charges  .(  +  </,  —  2c/,  and  +«/)  are  arranged  along  the  r-axis  at  z  =  d/2,  :  =  0,  and 
'z  —  -d/2,  respectively-. 

a)  Determine  V  dnd  E  at  a  distant  point  P{R,  0 ,  <p). 

b)  Find  the  equations  for  equipotential  surfaces  and  streamlines. 

c)  Sketch  a  family  of  equipotential  lines  and  streamlines. 

(Such  an  arrangement  of  three  charges  is  called  a  linear  electrostatic  quadrupole .) 

■  f 

P.3-13  A  finite  line  charge  of  length  L  carries  a  uniform  line  charge  density  p, . 

a)  Determine  V  ih  the  plane  bisecting  the  line  charge. 

b)  Determine  E  from  p,  directly  by  applying  Coulomb’s  law. 

c)  Check  the  answer  in  part  (b)  with  -VP. 

P.3-14  A  charge  Q  is  distributed  uniformly  over  an  Lx  L  square  plate.  Determine  V  and  E  at 
a  point  on  the  axis  perpendicular  to  the  plate,  and  through  its  center. 

P.3—15  A  charge  Q  is  distributed  uniformly  over  the  wall  of  a  circular  tube  of  radius  b  and  height 
h .  Determine  V  and  E  on  its  axis 

a)  at  a  point  outside  the  tube,  then 

b)  at  a  point  inside  the  tube. 

P.3-16  A  simple  classical  model  of  an  atom  consists  of  a  nucleus  of  a  positive  charge  N\e\ 
surrounded  by  a  spherical  electron  cloud  of  the  same  total  negative  charge.  (iV  is  the  atomic 
number  and  e  is  the  electronic  charge.)  An  external  electric  field  E„  will  cause  the  nucleus  to  be 
displaced  a  distance  r0  from  the  center  of  the  electron  cloud,  thus  polarizing  the  atom.  Assuming 
a  uniform  cTrarge.distribution  within  the  electron  cloud  of  radius  b,  find  ra. 


P.3-17  Determine  the  Work  done  in  carrying  a  —  2  (/rC)  charge  from  Pj(2, 
in  the  field  E  =  axy  +  a>,x 

a)  along  the  parabola  x  =  2y2, 

b)  along  the  straight  line  joining  Pv  and  P2. 


1,  —  1)  to  Pj(8,  2,-1) 
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P.3-18  The  polarization  in  a  dielectric  cube  of  side  L  centered  at  the  origin  is  given  by  P  = 
Pa{axx  +  a  yy  +  a.z). 

a)  Determine  the  surface  and  volume  bound-charge  densities. 

b)  Show  that  the  total  bound  charge  is  zero. 

P.3-19  Determine  the  electric  field  intensity  at  the  center  of  a  small  spherical  cavity  cut  out  of  a 
large  block  of  dielectric  in  which  a  polarization  P  exists. 

P.3-20  Solve  the  following  problems: 

a)  Find  the  breakdown  voltage  of  a  parallel-plate  capacitor,  assuming  that  conducting 
plates  are  50  (mm)  apart  and  the  medium  between  them  is  air. 

b)  Find  the  breakdown  voltage  if  the  entire  space  between  the  conducting  plates  is  filled  with 
plexiglass,  which  has  a  dielectric  constant  3  and  a  dielectric  strength  20  (kV/mm). 

c)  If  a  10-(mm)  thick  plexiglass  is  inserted  between  the  plates,  what  is  the  maximum  voltage 
that  can  be  applied  to  the  platfes  without  a  breakdown? 

P.3-21  Assume  that  the  z  =  0  plane  separates  two  lossless  dielectric  regions  with  eri  =  2  and 
eri  —  3.  If  we  know  that  E[  in  region  1  is  ax2_v  —  a^x  +  a.(5  -I-  r),  what  do  we  also  know  about 
E2  and  D2  in  region  2?  Can  we  determine  E,  and  D2  at  any  point  ip  region  2?  Explain. 

P.3-22  Determine  the  boundary  conditions  lor  the  tangential  and  the  normal  components  of 
P  at  an  interface  between  two  perfect  dielectric  media  with  dielectric  constants  erl  and  er2. 

P.3-23  What  are  the  boundary  conditions  that  must  be  satisfied  by  the  electric  potential  at  an 
interface  between  two  perfect  dielectrics  with  dielectric  constants  erl  and  e,2  ? 

P.3-24  Dielectric  lenses  can  be  used  to  collimate  electromagnetic  fields.  In  Fig.  3-34,  the  left 
surface  of  the  lens  is  that  of  a  circular  cylinder,  and  the  right  surface  is  a  plane.  If  E,  at  point 
P(r-0,  45°,  e)  in  region  1  is  ar5  —  a^3,  what  must  be  the  dielectric  constant  of  the  lens  in  order 
that  E3  in  region  3  is  parallel  to  the  x-axis? 


Fig.  3-34  Dielectric  lens 
(Problem  P.3-24). 


P~3-25  The  space  between  a  parallel-plate  capacitor  of  area  S  is  filled  with  a  dielectric  whose 
permittivity  varies  linearly  from  ex  at  one  plate  (y  =  0)  to  e2  at  the  other  plate  (y  =  d) .  Neglecting 
fringing  effect,  find  the  capacitance. 
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Consider  the  earth  as  a  conducting  sphere  of  radius  6.37  (Mm). 

Determine  its  capacitance. 

Determine  the  maximum  charge  that  can  exist  on  it  without  causing  a  breakdown  of  the 
air  surrounding  it. 

P-3-27  Determine  the  capacitance  of  an  isolated  cbnducting  sphere  of  radius  b  that  is  coated 
with  a  dielectric  layer  of  uniform  thickness  d.  The  dielectric  has  an  electric  susceptibility  x,- 

P-3-28  A  capacitor  cbnsists  of  two  concentric  spherical  shells  of  radii  R ;  and  K0.  The  space 
between  them  is  filled  with  a  dielectric  of  relative  permittivity  er  from  to  b(Rt  <  b  <  Ra)  and 
another  dielectric  of  relative  permittivity  2e,  from  b  to  R„ . 

a)  Determine  E  dnd  D  everywhere  in  terms  of  an  applied  voltage  V. 

b)  Determine  the  capacitance.  .  . 

P.3-24  Assume  that  the  outer  conductor  of  the  cylindrical  capacitor  in  Example  3-16  is 
grounded,  and  the  inner  conductor  is  maintained  at  a  potential  V0. 

a)  Find  the  electric  field  intensity,  E(a),  at  the,  surface  of  the  inner  conductor. 

b)  With  the  inner  radius,  b,  of  the  outer  conductor  fixed,  find  a  so  that  E(a)  is  minimized, 
e)  Find  this  minimum  £(u). 

d)  Determine  the  capacitance  under  the  conditions  of  part  (b). 

P.3-30  The  radius  of  the  core  and  the  inner  radius  of  the  outer  conductor  of  a  very  long  coaxial 
transmission  line  are  rt  and  r0  respectively.  The  space  between  the  conductors  is  filled  with  two 
coaxial  layers  of  dielectrics.  The  dielectric  constant  of  the  dielectrics  are  erl  for  r,  <  r  <  b  and 
€,2  for  b  <  r  <  r0.  Determine  its  capacitance  per  unit  length. 

P .3-31  A  cylindrical  capacitor  of  length  L  consists  of  coaxial  conducting  surfaces  of  radii  r{ 
and  r„.  Two  dielectric  media  of  different  dielectric  constants  er,  and  er2  fill  the  space  between  the 
conducting  surfaces  as  shown  in  Fig.  3-35.  Determine  its  capacitance. 


Fig.  3-35  A  cylindrical  capacitor 
with  two  dielectric  media 
(Problem  P.3-31). 


P3-32  A  capacitor  consists  of  two  coaxial  metallic  cylindrical  surfaces  of  a  length  30  (mm)  and 
radii  5  (mm)  and  7  (mm).  The  dielectric  material  between  the  surfaces  has  a  relative  permittivity 
=  2  +  (4 //•),  where  r  is  measured  in  mm.  Determine  the  capacitance  of  the  capacitor. 


P.3-26 

a) 

b) 
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P.3  33  Calculate  the  amount  of  electrostatic  energy  of  a  uniform  sphere  of  charge  with  radius 
b  and  volume  charge  density  p  stored  in  the  following  regions: 

a)  inside  the  sphere, 

b)  outside  the  sphere. 

Check  your  results  with  those  in  Example  3-19, 

P.3—34  Find  the  electrostatic  energy  stored  in  the  region  of  space  R  >  b  around  an  electric 
dipole  of  moment  p. 

P3-35  Prove  that  Eqs.  (3-149)  for  stored  electrostatic  energy  hold  true  for  any  two-conductor 
capacitor. 

P.3-36  A  parallel-plate  capacitor  of  width  n\  length  L,  and  separation  cl  is  partially  filled  with  a 
dielectric  medium  of  dielectric  constant  t^as  shown  in  Fig.'  3-36.  A  battery  of  t  ’0  volts  is  con¬ 
nected  between  the  plates.  ■ 

a)  Find  D.  E,  and  ps  in  each  region. 

b)  Find  distance  x  such  that  the  electrostatic  energy  stored  in  each  region  'is  the  same. 


vn 

Fig.  3-36  A  parallel-plate 
capacitor  (Problem  P.3-36). 

P.3-37  Using  the  principle  of  virtual  displacement,  derive  an  expression  for  the  force  between 
two  point  charges  +  Q  and  —  Q  separated  by  a  distance  x  in  free  space. 

P.3-38  A  parallel-plate  capacitor  of  width  iv.  length  L,  and  separation  d  has  a  solid  dielectric 
slab  of  permittivity  e  in  the  space  between  the  plates.  The  capacitor  is  charged  to  a  voltage  V0  by 
a  battery,  as  indicated  in  Fig.  3—37.  Assuming  that  the  dielectric  slab  is  withdrawn  to  the  position 
shown,  determine  the  force  acting  on  the  slab 

a)  with  the  switch  closed, 

b)  after  the  switch  is  first  opened. 


Fig.  3-37  A  partially  filled  parallel-plate  capacitor 
(Problem  P.3-38). 
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4  /  Solution  ofElectrostatio  Problems 


4-1  INTRODUCTION 

Electrostatic  problems  are  those  which  deal  with  the  effects  of  electric  charges  at 
rest.  These  problems!  can  present  themselves  in  several  different  ways  according  to 
what  is  initially  known.  The  solution  usually  calls  for  the  determination  of  electric 
potential,  electric  field  intensity,  and/or  electric  charge  distribution.  If  the  charge 
distribution  is  given;  both  the  electric  potential  and  the  electric  field  intensity  can 
be  found  by  the  formulas  developed  in  Chapter  3.  In  many  practical  problems, 
however,  the  exact  charge  distribution  is  not  Known  everywhere,  and  the  formulas 
in  Chapter  3  cannot  be  applied  directly  for  finding  ‘the  potential  and  field  inten¬ 
sity.  For  instance,  if  the  charges  at  certain  discrete  points  in  space  and  the  potentials 
of  some  conducting  bodies  arc  given,  it  is  rather  difficult  to  find  the  distribution 
of  surface  charges  on  the  conducting  bodies  and/or  the  electric  field  intensity  in 
space.  When  the  conducting  bodies  have  boundaries  of  a  simple  geometry,  the 
method  of  images  may  be  used  to  great  advantage.  This  method  will  be  discussed  in 
Section  4-4. 

In  another  type,  of  problem,  the  potentials  of  all  conducting  bodies  may  be 
known,  and  we  wish  to  find  the  potential  and  field  intensity  in  the  surrounding 
space  as  well  as  the  distribution  of  surface  charges  on  the  conducting  boundaries. 
Differential  equations  must  be  solved  subject  to  the  appropriate  boundary  condi¬ 
tions.  The  techniques  for  solving  partial  drifersntjai  equations  in  the  various  co¬ 
ordinate  systems  will  be  discussed  in  Sections  4-3  through  4-7. 


4-2  POISSON’S  AND 
LAPLACE’S  EQUATIONS 

In  Section  3-8,  we  pointed  out  that  Eqs.  (3-93)  and  (3-5)  are  the  two  fundamental 
governing  diflerentidl  equations  for  electrostatics  in  any  medium.  These  equations 
are  repeated  below  for  convenience. 

Eq.  (3-93):  ■  V-D  =  p.  (4-1) 

Eq.  (3—5):  -  VxE=0.  (4-2) 
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The  irrotational  nature  of  E  indicated  by  Eq.  (4-2)  enables  us  to  define  a  scalar  electric 
potential  V,  as  in  Eq.  (3-38). 


Eq.  (3-38): 


E  =  -VV. 


In  a  linear  and  isotropic  medium,  D  =  eE,  and  Eq.  (4-1)  becomes 

V  •  eE  =  p.  (4-4) 

Substitution  of  Eq.  (4-3)  in  Eq.  (4-4)  yields 

V-(eVF)=-p,  (4-5) 

where  e  can  be  a  function  of  position.  For  a  simple  medium*  that  is,  for  a  medium 
that  is  also  homogeneous,  €  is  a  constant  and  can  then  be  taken  out  of  the  divergence 
operation.  We  have  , 

V2F  =  — -.  (4-6) 


In  Eq.  (4-6),  we  have  introduced  a  new  operator,  V2,  the  Luplacian  operator ,  which 
stands  for  “the  divergence  of  the  gradient  of,”  or  V  -'V.  Equation  (4-6)  is  known  as 
Poisson’s  equation ;  it  states  that  the  Laplacian  (the  divergence  of  the  gradient)  of 
V  equals  —  p/e  for  a  simple  medium,  where  e  is  the  permittivity  of  the  medium  (which 
is  a  constant)  and  p  is  the  volume  charge  density  (which  may  be  a  function  of  space 
coordinates). 

.  Since  both  divergence  and  gradient  operations  involve  first-order  spatial  deriva¬ 
tives,  Poisson’s  equation  is  a  second-order  partial  differential  equation  that  holds  at 
every  point  in  space  where  the  second-order  derivatives  exist.  In  Cartesian  coordi¬ 
nates, 


V2V  =  V  •  VV  =  f  a,  A  +  av~  +  a.  A 

\  cx  .  y  oy  *  cz 

and  Eq.  (4-6)  becomes 


8V  8V  oK\ 

a*  —  +  ay  —  +  a:  — -  ; 
ox  y  oy  dz 


d2V  d2V  d2V 
dx2  +  dy2  +  dz2 


(V/m2). 


Similarly,  by  using  Eqs.  (2-86)  and  (2-102),  we  can  easily  verify  the  following  ex¬ 
pressions  for  S2V  in  cylindrical  and  spherical  coordinates. 


Cylindrical  coordinates: 


vr-if 


1  62V  d2V 
+  r2  d<l)2  +  dz2 


•■•  '■  !'.■'•••;  :■  ’  V’i’ :  -  i:  v-i  »Yi ::  •', 


•  N 
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Spherical  coortii  ates : 


1 


^2  T/ 

G  V 


8  <  *  ndV\ 

Sm°  80  )+  R2  sm2  Q84,1' 


(4-9) 


The  solution  of  PoisSon’s  equation  in  three  dimensions  subject  to  prescribed  bound¬ 
ary  conditions  is„ih  (general,  not  an  easy  task. 

At  points  iit  a  simple  medium  where  there  is  no  free  charge,  p  =  0  and  Eq.  (4-6) 
reduces  to  -  i 


V2K  =  0, 


(4-10) 1 


which  is  known  as  Laplace  s  equation.  Laplace’s  equation  occupies  a  very  important 
position  in  electromagnetics.  It  is  the  governing  equation  for  problems  involving  a 
set  of  conductors,  stich  as  capacitors,  maintained  at  different  potentials.  Once  V 
is  found  from  Eq.  (4— i  0),  E  can  be  determined  from  —  VP,  and  the  charge  distribution 
on  the  conductor  surfaces  can  be  determined  from  ps  =  e£„  (Eq.  3-67). 


Example  4-1  The  .two  plates  of  a  parallel-jriate  capacitor  are  separated  by  a 
distance  d  and  maintained  at  potentials  0  and  V0,  as  shown  in  Fig.  4-1.  Assuming 
negligible  fringing  effect  at  the  edges,  determine  (a)  the  potential  at  any  point  between 
the  plates,  and  (b)  the  surface  charge  densities  at  the  plates. 


Solution: 

a)  Laplace’s  equation  is  the  governing  equatidn  for  the  potential  between  the  plates 
since  p  =  0  there.  Ignoring  the  fringing  effect  of  the  electric  field  is  tantamount  to 
assuming  that  the  field  distribution  between  the  plates  is  the  same  as  though  the 
plates  were  infiriltely  large  and  that  there  is  no  variation  of  V  in  the  x  and  z 
directions.  Equation  (4-7)  then  simplifies  to 


(4-11) 


where  d2jdy1  is  used  instead  of  d~/oy~,  since  y  is  the  only  space  variable. 


Vo 


+  +  + 

fill 


d+  + 

1  1 


(4-8) 


0 


Fig.  4-1  A  parallel-plate  capacitor 
(Example  4-1). 
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Integration  of  Eq.  (4-11)  with  respect  to  y  gives 

dZ-c 

dy~Cl ’ 

where  the  constant  of  integration  is  yet  to  be  determined.  Integrating  again, 
we  obtain 

V  =  C,y+C2.  (4-12) 

Two  boundary  conditions  are  required  for  the  determination  of  the  two  constants 
of  integration: 

At  y  =  0,  F  =  0  (4-1 3a) 

At  y  =  d,  F=K0.  .  (4-1 3b) 

Substitution  of  Eqs.  (4— 13a)  and  (4- 13b)  in  Eq.  (4-12)  yields  immediately  C[  = 
V0/d  and  C2  =  0.  Hcncc  the  potential  at  any  point  v  between  the  plates  is.  from 
Eq-  (4-12), 


(4-14) 


The  potential  increases  linearly  from  y  =  0  to  y  =  d. 

b)  In  order  to  find  the  surface  charge  densities,  we  must  first  find  E  at  the  conducting 
plates  at  y  =  0  and  y  =  d.  From  Eqs.  (4-3)  and  (4-14),  we  have 


E  =  —  a„ 


(4-15) 


which  is  a  constant  and  is  independent  of  y.  Note  that  the  direction  of  E  is  opposite 
to  the  direction  of  increasing  V.  The  surface  charge  densities  atfihe  conducting 
plates  are  obtained  by  using  Eq.  (3-67), 


At  the  lower  plate, 


b»i  1  "  E 


an  —  ay> 


En,  = - 


=  — 


At  the  upper  plate, 

-  vo  *vo 

an  a>->  Enu  psu  ^ 

Electric  field  lines  in  an  electrostatic  field  begin  from  positive  charges  and  end 
in  negative  charges. 
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Example  4-2  Determine  the  E  field  both  inside  and  outside  a  spherical  cloud  of 
electrons  with  a  uniform  volume  charge  density  p  =  —  p0  for  0  <  R  <  b  and  p  =  0 
for  R  >  b  by  solvingjPoisson’s  and  Laplace’s  Equations  for  V. 

Solution :  We  rechli  that  this  problem  was  Solved  in  Chapter  3  (Example  3-6) 
by  applying  Gauss’s  law.  We  now  use  the  samej  problem  to  illustrate  the  solution  of 
one-dimensional  Poisson’s  and  Laplace’s  equations.  Since  there  are  no  variations 
in  6  and  4>  directions/ we  are  only  dealing  with  functions  of  R  in  spherical  coordinates. 

,s&  •••'  \  •'} 

a)  Inside  the  Cloud,)  »  f 

.  ,  ■  ,  0  <  R  <  b,  p  »  —  p0. 

In  this  region,  Poisson’s  equation  (V2^.  =»  —p/e0)  holds.  Dropping  c/cO  and 
d/d<f)  terms  from  feq.  (4-9),  we  have 


which  reduces  to 


R2  dR  V  5RJ  e0 


4 

oR\  dRJ  \  e0 


(4-16) 


(4-17) 


Integration  of  Eq,  (4-16)  gives 

dVj  Po  p  Ci 

dR  3  R2' 

I 

The  electric  field  intensity  inside  the  electron  cloud  is 


E;= 


Since  E,-  cannot  be  infinite  at  R  =  0,  the  integration  constant  C)  in  Eq.  (4-17) 
must  vanish.  We  obtain 


r\ 


;  and  end 


E,=  -a K~R,  0  <R<b. 

.  3e0 

b)  Outside  the  cloud, 

R  >  b,  p  =  0 . 

Laplace’s  equation  holds  in  this  region.  We  have  V2  V0  -  0  or 

R1  dR  [R  dR  )  °- 


Integrating  Eq.  (4-19),  we  obtain 


dK<_  C2 
dR'  R2 


(4-18) 


(4-19) 


(4-20) 
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(4-21) 


The  integration  constant  C2  can  be  found  by  equating  E„  and  E(  at  R  =  b,  where 
there  is  no  discontinuity  in  medium  characteristics. 


from  which  we  find 


C2  Po  , 
b2  ~  3e0  ’ 

r  Pob 3 

- "" 

3e0 

(4-22) 

(4-23) 

Since  the  total  charge  contained  in  the  electron  cloud  is 

’  471  , , 

Q  =  -Po  — 


Equation  (4-23)  can  be  written  as  „ 

E„  =  aR 


Q 

Ane0R2’ 


(4-24) 


which  is  the  familiar  expression  for  the  electric  field  intensity  at  a  point  R  from 
a  point  charge  Q. 


Further  insight  to  this  problem  can  be  gained  by  examining  the  potential  as  a 
function  of  R.  Integrating  Eq.  (4-17),  remembering  that  Ci  =  0,  we  have 


6e0 


(4-25) 


It  is  important  to  riote  that  C\  is  a  new  integration  constant  and  is  not  the  same  as 
Q.  Substituting  Eq.  (4-22)  in  Eq.  (4-20)  and  integrating,  we  obtain 


v  =  _£s*l  +  c 

0  .  3  e0R  +  2‘ 


(4-26) 


However,  C’2  in  Eq.  (4-26)  must  vanish  since  V„  is  zero  at  infinity  (R  ->  oo).  As  electro¬ 
static  potential  is  continuous  at  a  boundary,  we  determine  C\  by  equating  Vt  and 
V0  at  R  =  b : 
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b,  where 
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t  R  from 

itial  as  a 

(4-25) 
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(4-26) 

O 

-  elect 
l  Vi  ana 
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In  the  two  relatively,  simple  examples  in  the  Itlsl  section,  we  obtained  the  solutions 
by  direct  integration.  In  more  complicated  situations  other  methods  of  solution 
must  be  used.  Before  these  methods  are  discussed,  it  is  important  to  know  that 
a  solution  of  Poisson's  equation  (of  which  Laplace's  equation  is  a  special  case)  r hat 
satisfies  the  given  boundary  conditions  is  a  unique  solution.  This  statement  is  called  the 
uniqueness  theorem.  The  implication  of  the  uniqueness  theorem  is  that  a  solution  of 
an  electrostatic  problem  with  its  boundary  conditions  is  the  only  possible  solution 
irrespective  of  the  method  by  which  the  solution  is  obtained.  A  solution  obtained 
even  by  intelligent  guessing  is  the  only  correct  solution.  The  importance  of  this 
theorem  will  be  appreciated  when  we  discuss-the  method  of  images  in  Section  4-4. 

To  prove  the  uniqueness  theorem,  suppose  a  volume  ris  bounded  outside  by  a 
surface  S„,  which  may  be  a  surface  at  infinity.  Inside  the  closed  surface  S0  there  are 
a  number  of  charged  conducting  bodies  with  surfaces  S„  S2,...,S„  at  specified 
potentials,  as  depicted  in  the  two-dimensional  Fig.  4-2.  Now  assume  that,  contrary 
to  the  uniqueness  theorem,  there  are  two  solutions,  Vl  and  K2>  to  Poisson’s  equation 
inr: 


V2K,  =  -L 


V2K2  = 


(4— 29a) 


(4 -29  b) 


Fig.  4-2  -Surface  Sa  enclosing  volume 
t  with  conducting  bodies. 
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Also  assume  that  both  V1  and  V2  satisfy  the  same  boundary  conditions  on  Su  S2,  ■ . . ,  S„ 
and  S„.  Let  us  try  to  define  a  new  difference  potential 

K=V \-V2.  (4-30) 

From  Eqs.  (4-29a)  and  (4-29b),  we  see  that  Vd  satisfies  Laplace’s  equation  in  i 

V2K,  =  0.  (4-31) 

On  conducting  boundaries  the  potentials  are  specified  and  Vd  —  0. 

Recalling  the  vector  identity  (Problem  2-18), 

V  •  (/A)  =  fV  •  A  +  A  •  V/.  (4-32) 

and  letting  /  =  Vd  and  A  =  V  Vir  we  have 

V  •  (K  Wd)  =  Vd  r-Vd  +  |VFd|2,  •  (4-33) 

where,  because  of  Eq.  (4-31),  the  first  term  on  the  right  side  vanishes.  Integration 
of  Eq.  (4  -33)  over  a  volume  t  yields  ' 

Js(KfVh,)-a„  ds  =  (4-34) 

where  a„  denotes  the  unit  normal  outward  from  x.  Surface  S  consists  of  S„  as  well  as 
SUS2,...,  and  S„.  Over  the  conducting  boundaries,  Vd  —  0.  Over  the  large  surface 
S„,  which  encloses  the  whole  system,  the  surface  integral  on  the  left  side  of  Eq.  (4-34) 
can  be  evaluated  by  considering  S„  as  the  surface  of  a  very  large  sphere  with  radius  R. 
As  R  increases,  both  Fj  and  V2  (and  therefore  also  Vd)  fall  off  as  1/R;  consequently, 
VVd  falls  off  as  l/R2,  making  the  integrand  (Vd  VVJ  fall  off  as  1/R3.  The  surface  area 
S0,  however,  increases  as  R2.  Hence  the  surface  integral  on  the  left  side  of  Eq.  (4-34) 
decreases  as  l/R  and  approaches  zero  at  infinity.  So  must  also  the  volume  integral 
on  the  right  side.  We  have 

JjVFlf|2c/u  =  0.  (4-35) 

Since  the  integrand  |VFd|2  is  nonnegative  everywhere,  Eq.  (4-35)  can  be  satisfied 
only  if  |VFd|  is  identically  zero.  A  vanishing  gradient  everywhere  means  that  Vd  has 
the  same  value  at  all  points  in  x  as  it  has  on  the  bounding  surfaces,  Slt  S2,.. . . ,  S„, 
where  Vd  =  0.  It  follows  that  Vd  =  0  throughout  the  volume  x.  Therefore  Vx  =  V2, 
and  there  is  only  one  possible  solution. 

It  is  easy  to  see  that  the  uniqueness  theorem  holds  if  the  surface  charge  distri¬ 
butions  ( ps  =  e£„  =  — e  dV/On),  rather  than  the  potentials,  of  the  conducting  bodies 
are  specified.  In  such  a  case,  VVd  will  be  zero,  which  in  turn,  makes  the  left  side  of 
Eq.  (4  -34)  vanish  and  leads  to  the  same  conclusion.  In  fact,  the  uniqueness  theorem 
applies  even  if  an  inhomogeneous  dielectric  (one  whose  permittivity  varies  with 
position)  is  present.  The  proof,  however,  is  more  involved  and  will  be  omitted  here. 


:.  r-^-rri. 


rg3ggI!g^»W'f*i 


I  4-4  /  METHOD  OF  IMAGES 


r  -  <r  >  • 

’2*  ••  • »  °n  ..  . 


(4-30) 


(4-31) 


(4-32) 


(4-33) 


iteration 


n-  34) 

as  well  as 
ge  surface 
Eq.  (4-34) 
i radius  R. 
scquently,  ; 
rfacfc  area 
Eq.  (4-34) 
le  integral 

(4-35) 

e  satisfied 
hat  Vd  has 
i2,  ■  ■ . ,  S„, 
e  Vx  =  V2> 

irg/^^tri- 
ingh'”  ‘^s 
eft  sic.  of 
ss  theorem 
•aries  with 
litted  here. 


J-jfy  ; 

4-4  METHOD  OF  IMAGES {  4  ( 

There  is  a  clasi'bf  felectrostatic  problems  with  boundary  conditions  that  appear  to 
be  difficult  to  satisfy  if  the  governing  Laplace’s  equation  is  to  be  solved  directly,  but 
the  conditions  oh  tj]e  bounding  surfaces  in  these  problems  can  be  set  up  by  appropriate 
image  (equivalent)  'charges  and  the  potential  distributions  can  then  be  determined  in 
a  straightforward  rbatlner.  This  method  of  replacihg  bounding  surfaces  by  appropriate 
image  charges  in  lieu  of  a  formal  solution  of  Laplace’s  equation  is  called  the  method 
of  images:  '  ^  ; 

'  .•*'  Consider  the  case  of  a  positive'  point  charge,  Q,  located  at  a  distance  d  above  a 
large  grounded  (zero-potential)  conducting  plane,  as  shown  in  Fig.  4-3(a).  The 
problem  is  to  find  the  potential  at  every  point  above  the  conducting  plane  (y  >  0). 
The  formal  procedure  for  doing  so  would  be  to  solve  Laplace’s  equation  in  Cartesian  . 
coordinates 

y2V  =  ~  +  ~  +  C^  =  0,  (4-36) 

ox  oy  oz 

which  must  hold  for  p  >  0  except  at  the  point  charge.  The  solution  K(x,  y ,  z)  should 
satisfy  the  following  conditions: 

1.  At  all  points  on  the  grounded  conducting  plane,  the  potential  is  zero;  that  is, 

V(x,  0,  z)  =  0. 

2.  At  points  very  close  to  Q,  the  potential. approaches  that  of  the  point  charge 
alone;  that  is 

v 

4tc  e0R 

where  R  is  the  distance  to  Q. 

3.  At  points  very  far  from  Q(x  — >  +  co,  y  — *■  +  oc,  or  z  — >  +  co),  the  potential  ap¬ 
proaches  zero. 


P(x,  y,  Z) 


t<?(0,  </.  0) 


Grounded 
plane  conductor 


*x  — - 


(a)  Physical  arrangement. 


y  =»  0  plane' 


\  \\  °l  I  I  I 
\  \  \  I  i  :  / 

\\!  / 

-Q 

(Image  charge) 

(b)  Image  charge  and  field  lines. 


Fig.  4-3  Point  charge  and  grounded  plane  conductor. 
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4.  The  potential  function  is  even  with  respect  to  the  x  and  z  coordinates;  that  is, 

V(x,  y,  z)  =  V(  —  x,  y,  z) 
and 

V(x ,  y,  z)  =  V(x,  y,  -z). 

It  does  appear  difficult  to  construct  a  solution  for  V  that  will  satisfy  all  of  these 
conditions. 

From  another  point  of  view,  we  may  reason  that  the  presence  of  a  positive 
charge  Q  at  y  =  d  would  induce  negative  charges  on  the  surface  of  the  conducting 
plane,  resulting  in  a  surface  charge  density  ps.  Hence  the  potential  at  points  above 
the  conducting  plane  would  be  * 


F(x,  y,  z)  = 


47re0N/x2  +  (y  —  d)2  +  z2  47te0  R1 


where  R t  is  the  distance  from  ds  to  the  point  under  consideration  and  S  is  the  surface 
of  the  entire  conducting  plane.  The  trouble  here  is  that  ps  must  first  be  determined 
from  the  boundary  condition  I’(.\\  0.  r)  =  0.  Moreover,  the  indicated  surface  integral 
is  difficult  to  evaluate  even  after  />,  has  been  determined  at  every  point  on  the  con¬ 
ducting  plane.  In  the  following  subsections,  we  demonstrate  how  the  method  of 
images  greatly  simplifies  these  problems. 


4-4.1  Point  Charge  and  Conducting  Planes 

The  problem  in  Fig.  4-3(a)  is  that  of  a  positive  point  charge,  Q,  located  at  a  distance  d 
above  a  large  plane  conductor  that  is  at  zero  potential.  If  we  remove  the  conductor 
and  replace  it  by  an  image  point  charge  -  Q  at  y  =  - d ,  then  the  potential  at  a  point 
P[x,  y,  z)  in  the  y  >  0  region  is 

nx’*z)-£ |4-37) 

where 

R+  =  [x2  +  (j>  —  d)2  +  z2]1'2,  . 

.R_  =  [x2  +  (y  +  d)2  +  z2],/2. 

It  is  easy  to  prove  by  direct  substitution  (Problem  P.4-5a)  that  K(x,  y,  z)  in  Eq.  (4-37) 
satisfies  the  Laplace’s  equation  in  Eq.  (4-36),  and  it  is  obvious  that  all  four  conditions 
listed  after  Eq.  (4-36)  arc  satisfied.  Therefore  Eq.  (4-37)  is  a  solution  of  this  problem; 
and,  in  view  of  the  uniqueness  theorem,  it  is  the  only  solution. 

Electric  field  intensity  E  in  the  y  >  0  region  can  be  found  easily  from  —  VF  with 
Eq.  (4-37).  It  is  exactly  the  same  as  that  between  two  point  charges,  +  Q  and  —  0, 
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(a)  Physical  arrangemeht.  (b)  Equivalent  image-charge 

arrangement. 


(c)  Forces  on  charge  Q. 


Fig.  4-4  Point  chargii  and  perpendicular  conductiilg  planes. 


te  surface 
'termined 
e  integral 
th^~x>n- 
iCth.  of 


lislance  d 
onductor . 
it  a  point 

(4-37) 


q.  (4—37) 
>ncV'~Nns 

irotmr^  • 

< 

V  V  with 
ind  -Q, ; 


spaced  a  distance  2d  apart.  A  few  of  the  field  lines  are  shown  in  Fig.  4— 3(b).  The 
solution  of  this  electrostatic  problem  by  the  method  of  images  is  extremely  simple; 
but  it  must  be  emphasized  that  the  image  charge  is  located  outside  the  region  in 
which  the  field  is  to  be  determined.  In  this  problem  the  point  charges  +Q  and  -0 
cannot  be  used  to  calculate  the  V  or  E  in  the  y  <  0  region.  As  a  matter  of  fact,  both 
V  and  E  are  zero  in  the  y  <  0  region.  Can  you  fexplain  that? 

It  is  readily  seed  that  the  electric  field  of  a  line  charge  p(  above  an  infinite  con¬ 
ducting  plane  can  be  lound  from  pf  and  its  iqiage  —pt  (with  the  conducting  plane 
removed). 

Example  4-3  A  positive  point  charge  Q  is  located  at  distances  dl  and  d2,  res¬ 
pectively,  from  two.  grounded  perpendicular  conducting  half-planes,  as  shown  in 
Fig.  4-4(a).  Determiiae  the  force  on  Q  caused  by  the  charges  induced  on  the  planes. 

Solution :  A  formal  solution  of  Poisson’s  equation,  subject  to  the  zero-potential 
boundary  condition  at  the  conducting  half-plahes,  would  be  quite  difficult.  Now  an 
image  charge  -Q  in  the  fourth  quadrant  would  make  the  potential  of  the  horizontal 
half-plane  (but  not  that  of  the  vertical  half-plane)  zero.  Similarly,  an  image  charge 
-  Q  in  the  second  quadrant  would  make  the  potential  of  the  vertical  half-plane 
(but  not  that  of  the  nbrizontal  plane)  zero.  But  if  a  third  image  charge  +  Q  is  added 
in  the  third  quadrant,  we  see  from  symmetry  that  the  image-charge  arrangement  in 

4— 4(b)  satisfies  the  zero-potential  boundary  condition  on  both  half-planes  and 
is  electricalty-equivalbnt  to  the  physical  arrangement  in  Fig.  4-4(a). 

Negative  surface  charges  will  be  induced  on  the  half-planes,  but  their  effect  on  Q 
can  be  determined  from  that  of  the  three  image  charges.  Referring  to  Fig.  4-4(c), 
we  have,  for  the  net  force  on  0, 


F  -  Fj  4- 1"2  +  F3, 
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where 


Therefore, 


Fi  =  -a 

F2  =  —  a 

f3  = 


Q 2 


y4rre0(2  d2)2 

Q2 


47re0(2£/1)2  ’ 

Q2 

47re0[(2J1)2  +  (2 cl,)2]212  (a*Ml  +  Zf2di)‘ 


F  = 


Q2  {a 

_n 

+  a. 

r :  d2  ■ 

'ii 

16^  {  * 

m  +  d2)3'2 

di 

lid2 + dj)3/2 

~  d\ jj 

The  electric  potential  and  electric  field  intensity  at  points  in  the  first  quadrant  and 
the  surface  charge  density  induced  on  the  two  half-planes  can  also  be  found  from 
the  system  of  four  charges. 


4-4.2  Line  Charge  and  Parallel 
Conducting  Cylinder 

We  now  consider  the  problem  of  a  line  charge  p,  (C/m)  located  at  a  distance  d  from 
the  axis  of  a  parallel,  conducting,  circular  cylinder  of  radius  a.  Both  the  line  charge 
and  the  conducting  cylinder  are  assumed  to  be  infinitely  long.  Figure  4— 5(a)  shows  a 
cross  section  of  this  arrangement.  Preparatory  to  the  solution  of  this  problem  by  the 
method  of  images,  we  note  the  following:  (1)  The  image  must  be  a  parallel  line  charge 
inside  the  cylinder  in  order  to  make  the  cylindrical  surface  at  r  -  a  an  equipotential 
surface.  Let  us  call  this  image  line  charge  p;.  (2)  Because  of  symmetry  with  respect 
to  the  line  OP,  the  image  line  charge  must  lie  somewhere  along  OP,  say  at  point  Ph 
which  is  at  a  distance  dt  from  the  axis  (Fig.  4— 5b).  We  need  to  determine  the  two 
unknowns,  pt  and  dt. 


(a)  Line  charge  and  parallel  conducting  cylinder.  (b)  Line  charge  and  its  image. 

Fig.  4-5  Cross  section  of  line  charge  and  its  image  in  a  parallel  conducting 
circular  cylinder. 
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As  a  first  approach,  let  us  assume  that 


Pi  =  -Pc. 


(4-38) 


At  this  stage,  Eq.  (4-38)  is  just  a  trial  solution  (an  intelligent  guess),  and  we  are  not 
sure  that  it  will  Jiold  true.  We  will,  on  the  one  hand,  proceed  with  this  trial  solution 
until  we  find  that  it  fails  to  satisfy  the  boundary  conditions.  On  the  other  hand,  if 
Eq.  (4-38)  leads  to  a  Solution  that  does  satisfy  dll  boundary  conditions/then  by  the 
uniqueness  theoreiri  jij  is  the  only  solution.  Ouf  next  job  will  be  to  see  whether  we 
can  determine  d,.  .A 

The  electric  potential  at  a  distance  r  from'  a  line  charge  of  density  p,  can  be 
obtained  by  integrating  the  electric  field  intensity  E  given  in  Eq.  (3-36). 


K  =  -  T  Er  dr  = 

Jr°  2tt€0 


Note  that  the  reference  point  for  zero  potential,  r0,  cannot  be  at  infinity  because 
setting  r0  =  co  in  Eq.  (4-39)  would  make  V  infinite  everywhere  else.  Let  us  leave 
r0  unspecified  for  the  time  being.  The  potential  at  a  point  on  or  outside  the  cylindrical 
surface  is  obtained  by  ddding  the  contributions  of  pe  and  p;.  In  particular,  at  a  point  M 
on  the  cylindrical  surface  shown  in  Fig.  4-5(b)„we  have 


V  =-- 

Y  Xi  —  „ 


27re0  /•,. 


(4-40) 


In  Eq.  (4-40)  we  have  chosen,  for  simplicity,  a  point  equidistant  from  pg  and  p;  as 
the  reference  point  for  zero  potential  so  that  the  In  r0  terms  cancel.  Otherwise,  a 
constant  term  should  be  included  in  the  right  side  of  Eq.  (4-40),  but  it  would  not 
affect  what  follows.  Equipotential  surfaces  are  specified  by 


—  =  Constant, 
r 


(4-41) 


If  an  equipotential  surface  is  to  coincide  with  the  cylindrical  surface  ( OM  =  ci),  the 
point  Pi  must  be  located  in  such  a  way  as  to  make  triangles  OMPt  and  OPM  similar. 
Note  that  theseqwo  triangles  already  have  one  common  angle,  /.MOP*.  Point  P, 
should  be  chosento  make  A  OMP,  =  A  OPM.  We  have 


rt  d,  a  ■ 

—  =—  =  -  =  Constant. 

r  a,  d 


(4-42) 
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From  Eq.  (4-42)  we  see  that  if 


/  a2 

di=T 


(4-43) 


the  image  line  charge  —  p{,  together  with  p(,  will  make  the  dashed  cylindrical  surface 
in  Fig.  4-5(b)  equipotential.  As  the  point  M  changes  its  location  on  the  dashed  circle, 
both  ri  and  r  will  change;  but  their  ratio  remains  a  constant  that  equals  a/d.  Point 
Pi  is  called  the  inverse  point  of  P  with  respect  to  a  circle  of  radius  a. 

The  image  line  charge  —  p(  can  then  replace  the  cylindrical  conducting  surface, 
and  V  and  E  at  any  point  outside  the  surface  can  be  determined  from  the  line  charges 
p(  and  -pf.  By  symmetry,  we  find  that  the  parallel  cylindrical  surface  surrounding 
the  original  line  charge  pg  with -radius  a  and  its  axis  at  a  distance  </,■  to  the  right  of  P 
is  also  an  equipotential  surface.  This  observation  enables  us  to  calculate  the  capaci¬ 
tance  per  unit  length  of  an  open-wire  transmission  line  consisting  of  two  parallel 
conductors  of  circular  cross  section. 


Example  4-4  Determine  the  capacitance  per  unit  length  between  two  long,  parallel, 
circular  conducting  wires  of  radius  a.  The  axes  of  the  wires  are  separated  by  a 
distance  D. 


Solution:  Refer  to  the  cross  section  of  the  tWo-wire  transmission  line  shown  in 
Fig.  4  -6.  The  equipotential  surfaces  of  the  two  wires  can  be  considered  to  have  been 
generated  by  a  pair  of  line  charges  pf  and  —  p(  separated  by  a  distance  ( D  —  2 dt)  = 
d  -  dt.  The  potential  difference  between  the  two  wires  is  that  between  any  two  points 
on  their  respective  wires.  Let  subscripts  1  and  2  denote  the  wires  surrounding  the 
equivalent  line  charges  pe  and  —  p(  respectively.  We  have,  from  Eqs.  (4-40)  and 
(4-42), 

t/  Pf  i  a 
V2  =  - - In  - 

,  Z.71C.Q  u 


4-4.3 
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Fig.  4-6  Cross  section  of  two-wire  transmission  line  and 
equivalent  line  charges  (Example  4-4). 
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and,  similarly,  ,  1 


v  =  __£i_  «  .• 

1  27te0  d 


Hence  the  capacitaiibe  per  unit  length  is 


Pt  K£q 


where 


K  ~  V2  lh  (d/a)’ 


(4-44) 


{  '  a2 


d^D-di  =  £>-—, 
d 


from  which  we  obtain1 

d^HD  +  y/D2'--  4a*). 
Using  Eq.  (4-45)  in  Icq.  (4-44),  wc  have 


(4-45) 


C  = - — .  — .  :  -  (F/m) 

In  [(D/2a)  +  v'( D/2a )*  -1] 


(4-46) 


In  [x  +  yjx-  —  1]  =*  cosh  - 1  x 
for  x  >  1,  Eq.  (4—46)  can  be  written  alternatively  as 


C'SSh-MD/20);  (F/m>' 


(4-47) 


4-4.3  Point  Charge  and  Conducting  Sphere 


The  method  of  iriiages  can  also  be  applied  to  solve  the  electrostatic  problem  of  a 
point  charge  in  the  presence  of  a  spherical  conductor.  Referring  to  Fig.  4— 7(a) 
where  a  positive  poirlt  charge  Q  is  located  at  a  distance  d  from  the  center  of  a  grounded 
conducting  sphere  of  radius  a  (a  <  d),  we  now  proceed  to  find  the  V  and  E  at  points 
external  to  the  sphere.  By  reason  of  symmetry,  we  expect  the  image  charge  Ot  to 
be  a  negative  poirlt  Charge  .situated  inside  the  sphere  and  on  the  line  joining  Oand 
Q.  Let  it  be  at  a  distunce  </,  from  O.  It  is  obvious  that  Qt  cannot  be  equal  to  —  Q, 
since  -Q  ancTthie  original  Q  do  not  make  the  spherical  surface  R  =  a  a  zero-potential 
surface  as  required.  (What  would  the  zero-potential  surface  be  if  Q.  =  ~Q1)  We 
must,  therefore,  treat  both  dt  and  Q,  as  unknowns. 


The  other  solution,  d  —  D  —  sfD*  —  4a*),  is  discarded  because  both  D  and  cl  are  usually  much  iareer 
than  a. 
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(a)  Point  charge  and  grounded  conducting  sphere.  (b)  Point  charge  and  its  image. 

Fig.  4-7  Point  charge  and  its  image  in  a  grounded  sphere. 


In  Fig.  4-7(b)  the  conducting  sphere  has  been  replaced  by  the  image  point 
charge  Qh  which  makes  the  potential  at  all  points  on  the  spherical  surface  R  =  a 
zero.  At  a  typical  point  M,  the  potential  caused  by  Q  and  Qt  is 


which  requires 


Vm  = 


4n£r, 


—  +  — )  =  0, 
r  V: 


(4-48) 


—  =  =  Constant. 

r  Q 


(4-49) 


Noting  that  the  requirement  or.  the  ratio  rjr  is  the  same  as  that  in  Eq.  (4-41),  we 
conclude  from  Eqs.  (4-42),  (4-43),  and  (4-49)  that 


or 


and 


Q  d 


(4-50) 


(4-51) 


The  point  Qt  is,  thus,  the  inverse  point  of  Q  with  respect  to  a  circle  of  radius  a.  The 

V  and  E  of  all  points  external  to  the  grounded  sphere  can  now  be  calculated  from  the 

V  and  E  caused  by  the  two  point  charges  Q  and  —  aQ/d. 

Example  4-5  A  point  charge  Q  is  at  a  distance  d  from  the  center  of  a  grounded 
conducting  sphere  of  radius  a  (a  <  d).  Determine  (a)  the  charge  distribution  induced 
on  the  surface  of  the  sphere,  and  (b)  the  total  charge  induced  on  the  sphere. 
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Solution:  The  jahysioil  problem  is  that  shown  irt  Fig.  4-7(a).  We  solve  the  problem 
by  the  method  of  imagbs  and  replace  the  grounded  sphere  by  the  image  charge  Q ,  = 
-aQ/d  at  a  distance  di  ~  u2/d  from  the  center  of  the  sphere,  as  shown  in  Fig.  4-8. 
The  electric  potential  V  at  an  arbitrary  point  P{R,  0)  is 


V[R,  8)  = 


Q 

47te0 


where,  by  the  law  of  cosines, 


(4-52) 


and 


Rq  =  [R2  +  d2  -  2Rd  cos  (9]1/J 


4  = 


,2\2 


R2  +  rv  -2  R 


cos  8 


1/2 


(4— 52a) 


(4— 52b) 


Note  that  8  is  measured  from  the  line  OQ.  The  E-component  of  the  electric  field 
intensity,  ER,  is 

dV(R,0) 


Er(R,  &)  =  -• 

Using  Eq.  (4-52)  in  Eq.  (4-53),  we  have 


cR 


(4-53) 


R  —  d  cos  0 


er(r,  d)  =  *2-  i _  _ 

Ane0  }(fU  +  d2  -  2 Rd  coS  Of'1 

a[R  —  (qa/d)  cos  0] 


d[R2  +  (a2/df  -2R(a2 /d)~cos  Qf'2]'  (4 

a)  In  order  terfind  tfie  induced  surface  charge  oil  the  sphere,  we  set  R  =  a  in  Eq. 
(4-54)  and  evaluate 

,  Ps  =  e0E*(u,  0)-  '  (4-55) 

which  yields  the  following  aftet  simplification: 


P*=  ~ 


’ Q(d 2  ~  J) 


4na(a2  +  d2  -  lad  cos  Of 12 ' 


(4-56) 
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.  Eq.  (4-56)  tells  us  that  the  induced  surface  charge  is  negative  and  that  its  magni¬ 
tude  is  maximum  at  9  =  0  and  minimum  at  6  =  n,  as  expected. 

b)  The  total  charge  induced  on  the  sphere  is  obtained  by  integrating  pa  over  the 
surface  of  the  sphere.  We  have  ' 

Total  induced  charge  =  (j)ps  ds  =  Jj'"  J*”  psa 2  sin  0  d6  d4> 


•— j«-e- 


(4-57) 


We  note  that  the  total  induced  charge  is  exactly  equal  to  the  image  charge  Qt  j 
that  replaced  the  sphere.  Can  you  explain  this?  ' 

If  the  conducting  sphere  is'electrically  neutral  and  is  not  grounded,  the  image  of  i 

a  point  charge  Q  at  a  distance  d  from  the  center  of  the  sphere  would  still  be  Q,  at  ; 

dj  given,  respectively,  by  Eqs.  (4-50)  and  (4-51)  in  order  to  make  the  spherical  surface  , 

R  =  a  equipotcntial.  However,  an  additional  point  charge 

_  aO  ^ ' 

at  the  center  would  be  needed  to  make  the  net  charge  on  the  replaced  sphere  zero.  i 

The  electrostatic  problem  of  a  point  charge  Q  in  the  presence  of  an  electrically  \ 

neutral  sphere  can  then  be  solved  as  a  problem  with  three  point  charges:  Q'  at  R  -  0,  j 

Qt  at  R  =  a1  jd,  and  Q  at  R  =  d.  }  , 


4-5  BOUNDARY-VALUE  PROBLEMS  IN 
CARTESIAN  COORDINATES 

We  have  seen  in  the  preceding  section  that  the  method  of  images  is  very  useful  in 
solving  certain  types  of  electrostatic  problems  involving  free  charges  near  conducting 
boundaries  that  are  geometrically  simple.  However,  if  the  problem  consists  of  a 
system  of  conductors  maintained  at  specified  potentials  and  with  no  free  charges,  it 
cannot  be  solved  by  the  method  of  images.  This  type  of  problem  requires  the  solution 
of  Laplace’s  equation.  Example  4-1  was  such  a  problem  where  the  electric  potential 
was  a  function  of  only  one  coordinate.  Of  course,  Laplace's  equation  applied  to  three 
dimensions  is  a  partial  differential  equation,  where  the  potential  is,  in  general,  a  func¬ 
tion  of  all  three  coordinates.  We  will  now  develop  a  method  for  solving  three- 
j  dimensional  problems  where  the  boundaries,  ovfer  which  the  potential  or  its  normal 
derivative  is  specified,  coincide  with  the  coordinate  surfaces  of  an  orthogonal,  curvi¬ 
linear  coordinate  system.  In  such  cases  the  solution  can  be  expressed  as  a  product  of 
three  one-dimensional  functions,  each  depending  separately  on  one  coordinate 
variable  only.  The  procedure  is  called  the  method  of  separation  of  variables. 
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Problems  (electromagnetic,  or  otherwise)  governed  by  partial  differential  equa¬ 
tions  with’  preseritffcd  boundary  conditions  ‘are  called  boundary-value  problems. 
Boundary-value  p^rc|blcms  for  potential  functions  can  be  classified  into  three  types: 
,(1)  Dirichlet  problem,  in  which  the  value  of  the  potential  is  specified  everywhere  on 
the  boundaries;  (2)  Neumann  problems,  in  which  the  normal  derivative  of  the  potential 
is  specified  everywhere  on  the  boundaries;  (3)  Mixed  boundary-value  problems,  in 
which  the  potential  is  specified  over  some  boundaries  and  the  normal  derivative  of 
the  potential  is  specified  over  the  remaining  ones.  Different  specified  boundary  condi- 
tions  will  require  the  choice  of  different  potential  functions,  but  the  procedure  of 
solving  these  types  of  problems — that  is,  by  the  method  of  separation  of  variables  — 
for  the  three  types  of  problems  is  the  same.  The  solutions  of  Laplace’s  equation  are 
often  called  harmonic  functions. 

Laplace’s  equatibn  for  scalar  electric  potential  V  in  Cartesian  coordinates  is 


a2V  02V  d2V  _ 
dx2  dy 2  di2  O' 


(4-58) 


T o  apply  the  method  of  separation,  of  variables,  we  assume  that  the  sol  ution  V(x,  y,  z) 
can  be  expressed  as  i  product  in  the  following  form : 


,.  -  '  i  ‘ 

,  ■  i  ■ '  ’  4' 

,ts  magni-  ,  : 

I  over  the  | ’  j 


charge  Q(  :  ..."••■‘T 


:  image  of 
1  he  <2,  at 
:al  surface 


here  zero, 
lectrically 
’  at  R  —  0, 


r  y,  2)  =  X(x)V(y)Z(z),  (4-59) 

where  2f(x),  y(y),  arid  Z(z)  are  functions,  respectively,  of  x,  y,  and  z  only.  Substituting 
Eq.  (4-59)  in  Eq.  (4-j58),  we  have  .  i 


rowd)  ^ %% + *W  n*  ^  -  o. 


>f 

which,  when  divided;  through  by  the  product  X(x)Y(y)Z(z),  yields 
•-  A  d2*(s)  ,  1  d2Y{y)  ,  1  d2Z(z) 


i  useful  in 
onducting 
isists  of  a 
charges,  it 
le  solution 
:  potential 
;d  to  three 
ral,  a  func- 
ing  three- 
its  f  \dl 
nal,  ^  "'1- 
prodiwof 
xordinate 


i  X(x)  dx1 


Y(y)  dy2  ~  Z(z)  dz2 


(4-60) 


Note  that  each  of  fhi,  three  terms  on  the  if  ft  s:dd  of  Eq.  (4-60)  is  a  function  of  only  one 
coordinate  variable  lind  that  only  ordinary  derivatives  are  involved.  In  order  for  Eq. 
(4-60)  to  be  satisfied,  for  all  values  ofx,  y,  z,  eacri  of  the  three  terms  must  be  a  constant. 
For  instance,  if  w§  differentiate  Eq.  (4-60)  with  respect  to  x,  we  have 


,  dr  i  d2x(x)i  . 

1  l  dx\_X{x)  dx2  J  ’ 

since  the  other  twp  tferms  are  independent  of  x.  Equation  (4-61)  requires  that 


(4-61) 


1  d2X{x) 
X(x)  dx2' 


— 


(4-62) 
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where  kl  is  a  constant  of  integration  to  be  determined  from  the  boundary  conditions 
of  the  problem.  The  negative  sign  on  the  right  side  of  Eq.  (4-62)  is  arbitrary,  just  as 
the  square  sign  on  kx  is  arbitrary.  The  separation  constant  kx  can  be  a  real  or  an 
imaginary  number.  If  kx  is  imaginary,  kl  is  a  negative  real  number,  making  —kl  a 
positive  real  number.  It  is  convenient  to  rewrite  Eq.  (4-62)  as 


In  a  similar  manner,  we  have 


and 


i 


d2Y(y) 
dy 2 


+  k2yY{y)  =  0 


d2Z(z) 

A~2 


+  klZ(z)  =  0, 


(4-63) 


(4-64) 


(4-65) 


where  the  separation  constants  ky  and  k.  will,  in  generalTbe- different  from  kx;  but, 
because  of  Eq.  (4-60),  the  following  condition  must  be  satisfied: 


kl  +  kl  +  k;  -  0. 


(4-66) 


Our  problem  has  now  been  reduced  to  finding  the  appropriate  solutions  —  X (x), 
Y(y),  and  Z(z) — from  the  second-order  ordinary  differential  equations,  respectively, 
Eqs.  (4-63),  (4-64),  and  (4-65).  The  possible  solutions  of  Eq.  (4-63)  are  known  from 
our  study  of  ordinary  differential  equations  with  constant  coefficients.  They  are 
listed  in  Table  4—1.  That  the  listed  solutions  satisfy  Eq.  (4—63)  is  easily  verified  by 
direct  substitution.  The  specified  boundary  conditions  will  determine  the  choice  of 
the  proper  form  of  the  solution  and  of  the  constants  A  and  B  or  C  and  D.  The  solutions 
of  Eqs.  (4-64)  and  (4-65)  for  Y(y)  and  Z(z)  are  entirely  similar. 


Table  4-1  Possible  Solutions  of  X"(x)  +  klX(x )  =  0 


kl 

\ 

X(x) 

Exponential  forms1  of  Z(x) 

0 

0 

AqX  +  B0 

+ 

k 

Al  sin  kx  +  Bi  cos  kx 

CieJkx  +  D2e-Jkx 

jk 

A  2  sinh  kx  +  B2  cosh  kx 

C2^  +  D1e~kx 

*  The  exponential  forms  of  X(x)  are  related  to  the  trigonometric  and  hyperbolic 
forms  listed  in  the  third  column  by  the  following  formulas: 

e±>kx  —  cos  kx  ±j  sin  kx,  cos  kx  =  +  e~ikx),  sin  kx  =  —(e^*  —  e~Jtx); 

e±k *  =  cosh  kx  ±  sinh  kx,  cosh  kx  =  +  e-**),  sinh  kx  =  —  e-1*). 


i  'm 


y,just  is  £  ;a :•(?; 
:al  or  an  :  •/•  : 
ig  -k2  a 


(4-63) 


(4-64) 

(4-65) 
n  k„  at, 

(4-66) 

is  X  (x), 
ipectively, 
iown  from 
They  are 
verified  by 
:  choice  of 
e  solutions 


rv’i 

•  r- 1. 

(  1 


1jav;  ■  ; 


■  “c  ;  '  ';■• 

:  -f*y  f'vf,  v,-  ;.•_•••  ■ 
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Fig.  4-9  Cross-sectiohal  figure  for  Example  4-6.  The  plane 
electrodes  are  infinite  id  z-direetion. 


Example  4-6  Twojgrounded,  semi-infinite,  parallel-plane  electrodes  are  separated 
by  a  distance  l>.  A  third  electrode  perpendicular  to  both  is  maintained  at  a  constant 
potential  V0  (see  Fig.  4~9).  Determine  the  potential  distribution  in  the  region  enclosed 
by  the  electrodes. 

,i 

Solution:  Referring,  to  the  coordinates  in  Fig.  4-9,  we  write  down  the  boundary 
conditions  for  the  potential  function  V(x,  y,  z)  as  follows. 


With  V  independent  of  z: 

V(x,  y,  z)  =  V(x,  y).  * 

(4-67a) 

In  the  x-dircctiod: 

T/(0,,v)  =  v0 

(4— 67b) 

i, 

In  the  y-directioil,: 

F(oo,  y)  =a  0. 

(4— 67c) 

f 

it. 

F(x,  0)  =»  0 

(4-67d) 

J 

Ip 

J 

F(x,b)  =  0. 

(4-67e) 

Condition  (4-67a)  implies  k. 

=  0  and,  from  Table  4-1, 

:l 1: 

Z(z)  =  Bq. 

(4-68) 

The  constant  A0  vanishes  because  Z  is  independent  of  z. 

From  Eq.  (4-66),  we  have 

1 

'  ll 

ky  =  -k\  -  k2, 

(4-69) 

where  k  is  a  real  number.  This  choice  of  k  implies  that  kx  is  imaginary  and  that  ky 
is  real.  The-use.  of  ki  =  jk,  together  with  the  condition  of  Eq.  (4-67c),  requires  us 
to  choose  the  expondhtially  decreasing  form  for  X (x),  which  is 

’  .  -J  X(x)^D2e~kx..  (4-70) 

In  the  y-directioil,  ky  =  k.  Condition  (4-67d)  indicates  that  the  proper  choice 
for  y(y)  from  Table  4-1  is  • 

■!  y,(y)  — sin  ky.  (4-71) 
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Combining  the  solutions  given  by  Eqs.  (4-68),  (4-70),  and  (4-71)  in  Eq.  (4-59),  we 
obtain 

Vn(x,  y)  =  (B.D.A^e^  sin  ky  ' 

=  C„e_kjc  sin  ky,  :W'.  (4-72) 

r 

where  the  arbitrary  constant  Cn  has  been  written  for  the  product  B0D2A1. 

Now,  of  the  five  boundary  conditions  listed  in  Eqs.  (4-67a)  through  (4-67e), 
we  have  used  conditions  (4-67a),  (4-67c),  and  (4-67d).  In  order  to  meet  condition 

(4-67e),  we  require  ,  .. 

Vn{x,  b)  =  Cne  kx  sin  kb  =  0,  .  .  (4-73) 

which  can  be  satisfied,  for  all  values  of  x,  only  if 


or 

or 


sin  kb  =  0 
kb  =  nn 


(4  -74) 


Therefore,  Eq.  (4-72)  becomes 

Vn(x,  y)  -  Cne~nnx'b  sin  y  y.  (4-75) 

Question:  Why  are  0  and  negative  integral  values  of  n  not  included  in  Eq.  (4-74)7 
We  can  readily  verify  by  direct  substitution  that  F„(x,  y)  in  Eq.  (4-75)  satisfies 
the  Laplace’s  equation  (4-58).  However,  Vn(x,  y)  alone  cannot  satisfy  remaining 
boundary  condition  (4— 67b)  at  x  =  0  for  all  values  of  y  from  0  to  b.  Using  the  technique 
of  expanding  an  arbitrary  function  within  a  specified  interval  into  a  Fourier  series, 
we  form  the  infinite  sum 


00  00 

F(0,  y)  =  F„(0,  y)  =  ^  C„  sin  y  y 

n  = 1  n=  1 

=  VQ,  0  <  y  <  b.  .  (4-76) 

In  order  to  evaluate  the  coefficients  C„,  we  multiply  both  sides  of  Eq.  (4-76)  by 


sin  ^  y  and  integrate  the  products  from  y  =  0  to  y  =  b: 
b 


u 

n  =  1 


%b  ^  .  nn  .  mn  .  n  mn 

o  C„  sin  —  y  sin  —  y  dy  =  Jo  F0sin  —  ydy. 


b  f  ~  b 

The  integral  on  the  right  side  of  Eq.  (4-77)  is  easily  evaluated: 


(4-77) 


mn 


ydy  =  < 


2  bV0 


mn 

0,' 


if  m  is  odd 


if  m  is  even 


(4-78) 


%r  - 


feV'  ::-; '  .•  '  ,  t  }  -  :;V?  i‘T:  ' 
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(4-59),  we 


(4-72) 

?h  (4-67e), 
t  condition 


q.  (4-74)? 
5)  satisfies 
remaining 
technique 
rier  series, 


(4-76) 
(4-76)  by 


f  Each  integral  on  the  lift  side  of  Eq.  (4-77)  is 

_  .  nn  ;  T  mn  ,  C„  rb\"  (/ti 

Jo  C"smTf# Ty^  =  ”Jo  I  cos~t 

1  '*  '• ' 


Cn  f<>  P  Oft 

=  -=r  cos  — * 
2  Jo  h 


—  m)n  (n  +  m)  n 

T-b - y  -  cos  -  ----  —  y  dy 


[C„h 

=  hb' 


if  m  =  n 


,  U),  if  m^n. 

Substituting  Eqs.  (4^8)  and  (4-79)  in  Eq.  (4-7^),  we  obtain 

■  “■ .  f  41/ 

'  „  - ,  if  his  odd 


(4-79) 


C„  -  <mt 


(4-80) 


if  n  is  even. 


The  desired  potential  distribution  is,  then,  a  superposition  of  VJx,  y )  in  Eq.  (4-75)/ 


r(*y)  =  Y  Q 


e-"*x/b  jin  ~  y 

n 


JK,  y  i_ 

n.  n 


1  .  nn 

-e  xlbsm--y, 
n  b 


'■  n  =  1,  3,  5, . .  . ,  . 

x  >  0  and  0  <  y  <  b. 

Equation  (4-81)  s  a  rather  complicated  expression  to  plot  in  two  dimensions; 
but,  since  the  amplitude  of  the  sine  terms  in  the  series  decreases  very  rapidly  as  n 
increases,  only  the  first  fe  v  terms  are  needed  to  obtain  a  good  approximation.  Several 
equipotential  lines  affe  sketched  in  Fig.  4-9. 

Example  4-7  Consider  the  region  enclosed  on  three  sides  by  the  grounded  con¬ 
ducting  planes  shown  in  rig.  4-10.  The  end  plate  on  the  left  has  a  constant  potential 
V0.  All  planes  are  asSumed  to  be  infinite  in  extent  in  the  r-direction.  Determine  the 
potential  distribution  within  this  region. 

Solution:  The  boundary  conditions  for  the  potential  function  V(x,  y, :)  are  as 
follows.  ,  ’ 


With  V  independent  of  z: 


In  the  .v-directioh: 


V(x,  y,  z)  =  t/(x,  y). 

ny-ii 

V(a,y)  =  0. 


(4— 82a) 

(4— 82b) 
(4— 82c) 


f  Since  Laplace's  equatiofi  is  a  linear  partial  differential  equation,  the  superposition  of  solutions  is  also  a 
solution. 
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y=  vQ 


°  I  V=  0 


Fig.  4-10  Cross-sectional  figure  for 
Example  4-7. 


In  the  y-direction: 

V(x.  0)  =  0 
V(x,  b)  =  0. 

Condition  (4-82a)  implies  /cz  =  0  and,  from  Table  4-1, 

Z(=)  =  B0. 

As  a  consequence,  Eq.  (4-66)  reduces  to 

kl  —  -k2x  =  k2. 


(4-82d) 

(4-82e) 

(4-83) 

(4-84) 


which  is  the  same  as  Eq.  (4-69)  in  Example  4-6. 

The  boundary  conditions  in  the  y-direction,  Eqs.  (4-82d)  and  Eq.  (4-82e),  are 
the  same  as  those  specified  by  Eqs.  (4-67d)  and  (4-67e).  To  make  I^.x,  0)  =  0  for 
all  values  of  .x  between  0  and  a,  Y{ 0)  must  be  zero,  and  we  have 


Y(y)  =  sin  ky. 


(4-85) 


as  in  Eq.  (4-71).  However,  X{x)  given  by  Eq.  (4-70)  is  obviously  not  a  solution  here, 
because  it  does  not  satisfy  the  boundary  condition  (4-82c).  In  this  case,  it  is  convenient 
to  use  the  general  form  for  kx  =  jk  given  in  the  third  column  of  Table  4-1.  (The 
exponential  solution  form  given  in  the  last  column  could  be  used  as  well,  but  it 
would  not  be  as  convenient  because  it  is  not  as  easy  to  see  the  condition  under 
which  the  sum  of  two  exponential  terms  vanishes  at  x  =  a  as  it  is  to  make  a  sinh  term 
zero.  This  will  be  clear  presently.)  We  have 


X(x)  —  A 2  sinh  kx  +  B2  cosh  kx. 


(4-86) 


A  relation  exists  between  the  arbitrary  constants  A2  and  B2  because  of  the  boundary 
condition  in  Eq.  (4-82c),  which  demands  that  X(a)  —  0;  that  is, 

0  =  A2  sinh  ka  +  B2  cosh  ka 


B2  —  —A2. 


sinh  ka 
cosh  ka 


:  C-i 

’MM 


if. 


(4-82d) 

(4-82e) 

(4-83) 

(•^4) 

-82e),  are' 
1)  ~  0  for 

(4-85) 

.tion  here, 
onvenient 
4-1.,  (The 
ell,  but  it 
ion  under 
sinh  term 

(4-86) 

boundary 

o 
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■  •  .  r  ?.  .Jfi  -  •  .  ;* 

'  •  V  •  '  •!  i 


'  From  Eq.  (4-86),  we  have  ) 

:  X(x)  =*  A2  [ sinh  k x  -  sin^Q  CQSh  \x 
.  ,  ...  t  |_  cosh  ka 

•  '  •  3  ,.  A'  .  vi  •.  " 

[cosh /ca  sinh, /cxl— sinh /cn  cosh /cx] 


.  =j  A3  sinh  k(x  —  a), 


(4-87) 


where  A3  has  been  Written  for  /42/cosh  ka.  It  is  Evident  that  Eq.  (4-87)  satisfies  the 
condition  X(a)  =  Oi  With  experience,  we  should!  be  able  to  write  the  solution  given 
in  Eq.  (4-87)  directly,  without  the  steps  leading  to  it,  as  only  a  shift  in  the  argument 
of  the  sinh  function  is  needed  to  make  it  vanish  dt  x  =  a. 

Collecting  Eqs.  (4483),  (4-85)  and  (4-87),  we  obtain  the  product  solution 


Vn(x,  y)  =*  50/l1y43  sinh  k{x  -  a)  sin  ky 

.  hn ,  ,  .  ii7t,i 

=*  C„  sinh  —  (x  -  a)  sin  —  y,  n  =  1,  2,  3 . 

■  b  b 


(4-88) 


where  C'„  =  and  k  has  been  set  to  equdl  nn/b  in  order  to  satisfy  boundary 

condition  (4-82e).  •  i 

We  have  now  usea  all  of  the  boundary  conditions  except  Eq.  (4- 82b),  which  may 
be  satisfied  by  a  FjoUrier-series  expansion  of  F(0,  y)  =  V0  over  the  interval  from 
y  -  0  to  y  —  b.  We  hdVe 

v  \ — ’  ii7t  im 

Ki  ==  V)  ~  -  2_j  t  "  sinh  -  a  sin  --  y,  0  <  y  <  b.  (4-89) 

flf1-  M  l 

We  note  that  Ei^  (44£j9)  is  of  the  same  form  as  Eq.  (4-76),  except  that  C„  is  replaced 
by  -  C'M  sinh  (ntta/ti).  the  values  for  the  coefficieht  C'n  can  then  be  written  down  from 
Eq.  (4-80).  '  ; 

f  4K0  .  . 

n, - : - —»  if  n  is  odd 

C„  =  <  nn  sinh  ( nna/b )  (4-90) 

•  0,  if  ij  is  oven. 


The  desired 
tion  of  VJx, 


sired  potential  distribution  within  the 
VJtx,  y)  in  Eq.  (4-88): 


inclosed  region  in  Fig.  4- 10  is  a  summa- 


4// ,  ,  V’  .  .  mi  ,  ,  .  rot 

E(w,  y)  =  )  C„  sinq  -- 1  v  -  a)  sin  —  y 
e—J.  '  b  b 

n  -  I 

4E0  v-  sinh  fy.zta  —  x)/b]  .  nn 
—  - — •  >  - — r— - 77T — sin  — y, 

71  £-d  •“  sir  “  /l" — /M  L  J 


|  “  sinh  (hna/b)  b 

n  =  1/3,  5, . . . , 
0<x'<a,and  0  <y<b. 


(4-91) 
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4-6  BOUNDARY-VALUE  PROBLEMS  IN 
CYLINDRICAL  COORDINATES 

For  problems,  with  circular  cylindrical  boundaries  we  write  the  governing  equations 
in  the  cylindrical  coordinate  system.  Laplace’s  equation  for  scalar  electric  potential 
V  in  cylindrical  coordinates  is,  from  Eq.  (4-8), 


1  d  f  1  82V  '  d2V  _ 

r  t)r  \  dr  )+r2  d(t)2+dz2  \  (4_92) 

A  general  solution  of  Eq.  (4-92)  requires  the  knowledge  of  Bessel  functions ,  which  we 
do  not  discuss  in  this  textbook.  In  situations  where  the  lengthwise  dimension  of  the 
cylindrical  geometry  is  large  compared  to  its  radius,  the  associated  field  quantities 
may  be  considered  to  be  approximately  independent  of  z.  In  such  cases,  d2V/c:2  -  0 
and  Eq.  (4-92)  becomes  a  two-dimensional  equation: 


1  d  (  8V\  1  82V_ 

r  dr  \  dr  )  +  r2  d(j)2 


(4-93) 


Applying  the  method  of  separation  of  variables,  we  assume  a  product  solution 


V(r,  <f>)  =  R(r)i t>(<p),  (4-94) 

where  R(r)  and  d>(</>)  are,  respectively,  functions  of  r  and  4>  only.  Substituting  solution 
(4-94)  in  Eq.  (4-93)  and  dividing  by  R(;-)<I>(</>),  we  have 


_r_d_\  dR(rj 
R(r)  dr  dr 


1  d2<fi(0) 

+  <t>(0)  d<j>2 


(4-95) 


In  Eq.  (4-95)  the  first  term  on  the  left  side  is  a  function  of  r  only,  and  the  second 
term  is  a  function  of  <f>  only.  (Note  that  ordinary  derivatives  have  replaced  partial 
derivatives.)  For  Eq.  (4-95)  to  hold  for  all  values  of  r  and  <p,  each  term  must  be  a 
constant  and  be  the  negative  of  the  other.  We  have 


and 


dR(r) 


R(r)  dr 

1  d2®(<p) 
<D(<£)  dcj)2 

where  k  is  a  separation  constant. 

Equation  (4-97)  can  be  rewritten  as 

dz<t>((j)) 


J-* . 

(4-96) 

-k2, 

(4-97) 

d<j)2 


+  k2<b(cf>)  =  0.1 


(4-98) 


This  is  of  the  same  form  as  Eq.  (4-63),  and  its  solution  can  be  any  one  of  those  listed 
in  Table  4- 1 .  For  circular  cylindrical  configurations,  potential  functions  and  therefore 


mm- 


I ft  tit 


as 


5  •f>--^'. 


■■:  -.'■> ' 
,:p;:  ^l|i 

,;,  ’•  -Ctr: 


equations 

potential 


(4-92) 

which  we 
on  of  the 
Quantities 
Vjoz1  =  0 


(4-93) 


solution 


(4-95) 

e  second 
i  partial 
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(4-96) 


(4-97) 
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are  periodic  in  <j)  and  the  hyperbolic  functidhs  do  not  apply.  In  fact,  if  the  range 
of  4>  is  unrestricted,  k  jhust  be  an  integer.  Let  k  equal  n.  The  appropriate  solution  is 

.  .  ■;  |  $(<£)  =  A+  sin  n<j>  +  S*  cos  n<j> ,  (4-99) 


(4-100) 


.  |  $(<?))  =  A,j,  sin  ncp  +  S*  cos  n<j> , 

where  A#  and  B#  are  Arbitrary  constants. 

We  now  turn  our  kttention  to  Eq.  (4-96),  which  can  be  rearranged  as 


j  ’  ■* 

where  iriteger  n  has  bfcen  written  for  k,  implying  a  27t-range  for  <j>.  The  solution  of 
Eq.  (4-100)  is  1  '  ' 

,  R(r)  =  A  S'  +  B/~\  (4-101). 

This  can  be  veriiicd  qV  direct  substitution.  Taking  the  product  of  the  solutions  in 
(4-99)  and  (4-101),  we  obtain  a  general  solution  of  the  z-independent  Laplace’s 
equation  (4-93)  for  circular  cylindrical  regions  with  an  unrestricted  range  for  <t>\ 

V„(r,\f>)  =  r"(An  sin  m/>  +  Bn  cos  n4>) 

;\  +r~"(A'„  sin  nq>  4-  B'n  cos  n(j>),  nA  0.  (4-102) 

Depending  on  the  boundary  conditions,  the  complete  solution  of  a  problem  may  be 
a  summation  of  the  tdrms  in  Eq.  (4- 102).  It  is  Useful  to  note  that,  when  the  region 
of  interest  includes  tile  cylindrical  axis  where  b  =  0,'the  terms  containing  the  r~" 
factor  cannot  exist.  Oh  the  other  hand,  if  the  region  of  interest  includes  the  point  at 
infinity,  the  terms  containing  the  r"  factor  cannot  exist,  since  the  potential  must  be 
zero  as  r  -*•  co. 

When  the  potential  is  not  a  function  of  <f>,  k  —  0  and  Eq.  (4—98)  becomes 


d20>(</>) 


(4-103) 


The  general  solution  Of  Eq.  (4-103)  is  <D(< ) ))  =  A0(f)  +  B0.  If  there  is  no  circumferential 
variation,  A0  vanishes,1  and  we  have 

.  $(<£)  =  s0,  /e  =  0.  (4-104) 

The  equation  for  R(rj  also  becomes  simpler  whfen  k  =  0.  We  obtain  from  Eq.  (4-96) 


which  has  a'solution 


r  dR{r}~\  n 

1  'srj  ’ 


R{r )  =  C0  In  r  +  D0,  k  =  Q. 


(4-105) 


(4-106) 


(4-98) 


se  listed 
rerefore 


f  The  term  A0<fi  should  bi  retained -if  there  is  circumferential  variation,  such  as  in  problems  involving  < 
wedge. 
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Fig.  4-1 1  Cross  section  of  a 
coaxial  cable  (Example  4-8). 


The  product  of  Eqs.  (4- 104)  and  (4-106)  gives  a  solution  that  is  independent  of  either 
z  or  4>: 

V(r)  =  Ci  In  r+  C2,  (4-107) 

where  the  arbitrary  constants  Cj  and  C2  are  determined  from  boundary  conditions. 


Example  4-8  Consider  a  very  long  coaxial  cable.  The  inner  conductor  has  a  radius 
a  and  is  maintained  at  a  potential  V0.  The  outer  conductor  has  an  inner  radius  b 
and  is  grounded.  Determine  the  potential  distribution  in  The  space  between  the 
conductors. 

Solution:  Figure  4-11  shows  a  cross  section  of  the  coaxial  cable.  We  assume  no 
r-dependence  and,  by  symmetry,  also  no  ^-dependence  ( k  =  0).  Therefore,  the  electric 
potential  is  a  function  of  r  only  and  is  given  by  Eq.  (4- 107). 

The  boundary  conditions  are 

V(b)  =  0  (4- 108a) 

V{a)  =  V0.  (4- 108b) 

Substitution  of  Eqs.  (4- 108a)  and  (4- 108b)  in  Eq.  (4-107)  leads  to  two  relations: 


(4- 109a) 
(4- 109b) 


(4-110) 


Tjsitlli 


of  either 


(4  107) 
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Fig.  4-12  Cross  section  of  split 
circular  cylinder  and  equipotential 
lines  (Example  4-9). 


Example  4-9  An  infinitely  long,  thin,  ponduefing  circular  tube  of  radius  b  is  split 
in  .two  halves.  The  upfcer  half  is  kept  at  a  potential  V  ==  V0  and  the  lower  half  at  V  = 
—  V0.  Determine  the  potential  distribution  both  inside  and  outside  the  tube. 


Solution:  A  cross  section  of  the  split  circular  tiibe  is  shown  in  Fig.  4-12.  Since  the 
tube  is  assumed  to  be  infinitely  long,  the  potential  is  independent  of  z  and  the  two- 
dimensional  Laplace’s  equation  (4-93)  applies.  The  boundary  conditions  are: 


s  v(b,  4>)  = 


for  0  <  0  <  n 
fdr  7t  <  0  <  2n. 


(4-111) 


These  conditions  are  plotted  in  Fig.  4—13.  Obviously  F(r,  0)  is  an  odd  function  of  0. 
We  shall  determine  V(r,  <p)  inside  and  outside  the  tube  separately. 


a)  Inside  the  tube,  ' 


r  <  b. 


V(b,o) 


— I  4 


1  P F 


I - ~Fo 


Fig.  4-13  Boundary  condition  for 


Example  4-9. 
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Because  this  region  includes  r  —  0,  terms  containing  the  r~"  factor  cannot  exist.  . 
Moreover,  since  V(r,  <f>)  is  an  odd  function  of  <t>,  the  appropriate  form  of  solution 
is,  from  Eq.  (4-102), 


K(r,  <t>)  =  Ay  sin  ncj). 


(4-112) 


However,  a  single  such  term  does  not  satisfy  the  boundary  conditions  specified 
in  Eq.  (4-111).  We  form  a  series  solution 


00- 

V(r,  4>)  =  Yj  V "{r’ 

n=  1 

oo 

=  Ay  sin  n<j). 


(4-113) 


and  require  that  Eq.  (4-111)  be  satisfied  at  r  -  b.  This  amounts  to  expanding  the 
rectangular  wave  (period  =  2tt),  shown  in  Fig.  4-13,  into  a  Fourier  sine  series. 


f  ...  .  ,  f  >V  for  0  <2Tf/>-c  7i 

)  A  Jr  sin  ;i<p  =  < 

)  —  V0,  for  n  <  (j>  <  2n. 

ft  —  1  ^ 


(4-114) 


The  coefficients  An  can  be  found  by  the  method  illustrated  in  Example  4-6.  As  a 
matter  of  fact,  because-we  already  have  the  result  in  Eq.  (4-80),  we  can  directly 
write 

\AVo  ^ 

— —  i  if  n  is  odd 

A„  =  ymb"  (4-115) 

0,  if  n  is  even. 


The  potential  distribution  inside  the  tube  is  obtained  by  substituting  Eq.  (4-115) 
in  Eq.  (4- 113). 


V(r,  <t>)  =  ~y  'Yj  sin  ncf>,  r<b. 


(4-116) 


b)  Outside  the  tube, 


r  >  b. 


In  this  region,  the  potential  must  decrease  to  zero  as  r~*  oo.  Terms  containing 
the  factor  r"  cannot  exist,  and  the  appropriate  form  of  solution  is 


oo 

V(r,  <t>)=Y  V"(r’  ^ 


00 

=  Y  B„r~"  sin  n<j). 


(4-117) 
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•  .  -  5-r 

00  ;  7V  .  '  i, 


■  I  V(b,  <j))  =  y  B„b'n  sill  n<p 

f  :•  "=1  !■’( 


•J 


(4-118) 


V0r  for  0  <  cj)  <  n 

■  V0,  for  n  <  (j)  <  2n. 

i  ,  ii 

The  coefficients  Bn  in  Eq.  (4-118)  are  analogous  to  A„  in  Eq.  (4-114).  From  Eq. 
•  (4-115)  we  obtaih  ■  /;  - 


1 


4V„f 

■  W  B„  =  <  nn 

0, 


if  n  is  odd 
if  n  is  even. 


(4-119) 


Therefore,  the  potential  distribution  outside  the  tube  is 


K(r,*)-^  X  \  TSm#>  r>b 


(4-120) 


Several  equipotehtiai  lines  both  inside  and  outside  the  tube  have  been  sketched 
in  Fig.  4-12.  { 

4-7  BOUNDARY-VALUE  PROBLEMS 
IN  SPHERICAL  COORDINATES 

'  *  ti 

The  general  solution  bf  Laplace’s  equation  in  spherical  coordinates  is  a  very  involved 
procedure,  so  we  will  limit  our  discussion  to  cases  where  the  electric  potential  is 
independent  of  the  Azimuthal  angle  (p.  Even  with  this  limitation  we  will  need  to 
introduce  some  new  functions.  From  Eq.  (4-9)  we  have 


R*SR\  3R  R1  s in  0  30 


1  d  f  ■  ndV\  n 

sin  f)  — - 1  =  0. 


30 


(4-121) 


Applying  the  metho4  of  separation  of  variables,  we  assume  a  product  solution 

)  V(R,  0)  =  r(R)Q(0).  (4-122) 

Substitution-of  this  Solution  in  Eq.  (4-121)  yields,  after  rearrangement, 


1  t) 

T(R)  dR 


D2dT(R) 

R  ~diC 


+ 


V 


0(0)  sin  0  do 


sin 


,  dO(Q) 

dO 


=  0. 


(4-123) 


In  Eq.  (4-1 23)  the  first  term  on  the  left  side  is  a  function  of  R  only,  and  the  second  term 
is  a  function  of  9  only.  If  the  equation  is  to  hold  for  all  values  of  R  and  9,  each  term 
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must  be  a  constant  and  be  the  negative  of  the  other.  We  write 


T(R)  dR 

1  d 
0(0)  sin  0  dO 


WJ-* 


(4-124) 


(4-125) 


where  k  is  a  separation  constant.  We  must  now  solve  the  two  second-order,  ordinary 
differential  equations  (4-124),  and  (4-125). 

Equation  (4-124)  can  be  rewritten  as 


,2d2r(K)  ,  ,ndT(R)  l2rinx  n 
J  ~j^~  +  2R—r--k2r(R)  =  0, 


which  has  a  solution  of  the  form 


rn(R)^AnR"  +  BnR^n+1K 


(4-126) 


(4-127) 


In  Eq.  (4-127),  A„  and  B„  are  arbitrary  constants,  and  the  following  relation  between 
n  and  k  can  be  verified  by  substitution: 


n(/i  4-  1)  =  k2, 

where  n  =  0,  1,  2,,. . .  is  a  positive  integer. 

With  the  value  of  k2  given  in  Eq.  (4-128),  we  have,  from  Eq.  (4-125), 


r. 

I  sin  0  - 


+  n(n  +  1)0(0)  sin  0  =  0, 


(4-128) 


(4-129) 


which  is  a  form  of  Legendre's  equation.  For  problems  involving  the  full  range  of  0, 
from  0  to  re,  the  solutions  to  Legendre’s  equation  (4- 129)  are  called  Legendre  functions, 
usually  denoted  by  P(cos  0).  Since  Legendre  functions  for  integral  values  of  n  are 
polynomials  in  cos  0,  they  are  also  called  Legendre  polynomials.  We  write 

0„(0)  =  P„(cos0).  (4-130) 

Table  4-2  lists  the  expressions  for  Legendre  polynomial  for  several  values  of  n. 

Combining  solutions  (4-127)  and  (4-130)  in  Eq.  (4-122),  we  have,  for  spherical 
boundary-value  problems  with  no  azimuthal  variation, 

K(R,  6)  =  [A„Rn  +  P„p-("+1)]P,,(cos  0).  (4-131) 

Depending  on  the  boundary  conditions  of  the  given  problem,  the  complete  solution 
may  be  a  summation  of  the  terms  in  Eq.  (4-131).  We  illustrate  the  application  of 


1  Actually  Legendre  polynomials  are  Legendre  functions  of  the  first  kind.  There  is  another  set  of  solutions 
to  Legendre's  equation,  called  Legendre  functions  of  .the  second  kind;  but  they  have  singularities  at  0  =  0 
and  7t  and  must,  therefore,  be  excluded  if  the  polar  axis  is  a  region  of  interest. 
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Legendre  polynorriidls  in  the  Solution  of  a  sirriple  boundary-value  problem  in  the 
following  example. 

r. 

Example  4-10  An  Uncharged  conducting  sphere  of  radius  b  is  placed  in  an  initially 
uniform  electric  field  E0  =  a.,£0.  Determine  (a)  the  potential  distribution  V(R,  0)  and 
(b)  the  electric  field  intensity  E(R.  0)  after  the  introduction  of  the  sphere. 

Solution:  After  the  conducting  sphere  is  introduced  into  the  electric  field,  a  separa¬ 
tion  and  redistribution  of  charges  will  take  place  in  such  a  way  that  the  surface  of  the 
sphere  is  maintained|equipotential.  The  electric  field  intensity  within  the  sphere  is 
zero.  Outside  the  sphere  the  field  lines  will  intersect  the  surface  normally,  and  the 
field  intensity  at  points  very  far  away  from  the  sphere  will  not  be  affected  appreciably. 
The  geometry  of  this^problem  is  depicted  in  Fig.  4-14.  The  potential  is,  obviously, 
independent  of  the  a^fnuthal  angle  (p,  and  the  solution  obtained  in  this  section  applies. 


Fig.  4-14  Conducting  sphere  in  a  uniform 
electric  fiftld  (Example  4-10). 
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a)  To  determine  the  potential  distribution  V(R,  6)  for  R  >  b,  we  note  the  following 
boundary  conditions: 

V(b,  0)  =  0+  (4-1 32a) 

V{R,  9)  =  -E0z  = -E0R  cos  0,  for  R»b.  (4—  1 32b) 

Equation  (4— 132b)  is  a  statement  that  the  original  E0  is  not  disturbed  at  points 
very  far  away  from  the  sphere.  By  using  Eq.  (4-131),  we  write  the  general  solution 
as 

00 

V(R,  d)  =  £  [AnRn  +  BnR-(n+l']Pn( cos  0),  R>b.  (4-133) 

n  =  0 

However,  in  view  of  Eq.  (4— 132b),  all  An  except  Al  must  vanish,  and  =  —  E0. 
We  have,  from  Eq.  (4-133)  and  Table  4-2, 

or  * 

V(R,  0)  =  —£0i?P, (cos  9)  +  £  B„R~in+  l)Pn{cos  6) 

n~  0 

oo  ' 

=  B0R~l  PiBiR-1  -  E0R)  cos  6+  £  BnR~{n+1)Pn(cos  9),  R>b. 

n~2 

(4-134) 

Actually  the  first  term  on  the  right  side  of  Eq.  (4—134)  corresponds  to  the  potential 
of  a  charged  sphere.  Since  the  sphere  is  uncharged,  B0  =  0,  and  Eq.  (4-134) 
becomes 

( B  \  00 , 

V(R,d)  =  {  E0R\  cos  0  +  2]  B„R~{n+1)Pn(cos  0),  R>b. 

(4-135) 

Now  applying  boundary  condition  (4- 132a)  at  R  =  b,  we  require 
0  =  (?£■-  E0b  \  cos  9  +  J  B„b~{n+l)Pn(cos  0), 
from  which  we  obtain 

B,  =  £o^3 
and 

Bn  =  0,  n>2. 


*  For  this  problem  it  is  convenient  to  assume  V  =  0  in  the  equatorial  plane  (0  =  rc/2),  which  leads 
to  F(£>,  0)  =  0,  since  the  surface  of  the  conducting  sphere  is  equipotential.  (See  Problem  P.4-21  for 
V(b,6)=V0.)  . 
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We  have,  ^kkliy,;lrom.Eq.  (4--135),  '  ^ 


£0  1- 


£>0. 


(4-136) 


b)  The  electric  field  intehsity  E (R,  0)  for  R  jfc  b  can  be  easily  determined  from 


-VK(f?,0): 


where 


E(K,  0)  =  +  a eEg, 


■%  —3 


V-:£-4+’(i 


R>  b 


(4-137a) 


(4—1 37b) 


„  dk  r  /6\3 
-  *50“  ~£°-  1_u) 


R>  b. 


The  surface  charge  density  on  the  sphere  can  be  found  by  noting 
,  >j  '  Ps(0)  =  e0£Rl  =  3e0£0  cos  0, 


(4- 137c) 


(4-138) 


which  is  proportional  to  cos  0,  being  zero  at  0  =  k/2.  Some  equipotential  and 
field  lines  are  sketched  in  Fig.  4-14. 

In  this  chapter;wd'ha\e  discussed  the  analytical  solution  of  electrostatic  problems 
by  the  method  of  images  and  by  direct  solutioli  of  Laplace’s  equation.  The  method 
of  images  is  useful  when  charges  exist  near  coriducting  bodies  of  a  simple  and  com¬ 
patible  geometry:  a  point  charge  near  a  conducting  sphere  or  an  infinite  conducting 
plane;  and  a  line  charge  near  a  parallel  conducting  cylinder  or  a  parallel  conducting 
plane.  The  soldtidri  cki‘  Laplace’s  equation  by  the  method  of  separation  of  variables 
requires  that  the  boundaries  coincide  with  coordinate  surfaces.  These  requirements 
restrict  the  usefplnlssliof  both  methods.  In  practical  problems  we  are  often  faced  with 
more  complicated  boundaries,  which  are  not  amenable  to  neat  analytical  solutions. 
In  such  cases.  We  must  resort  to  approximate  graphical  or  numerical  methods.  These 
methods  are  beyond  the  scope  of  this  book.+ 


REVIEW  QUESTIONS 


R.4-1  Write  Poisson’s  equation  in  vector  notation 

a)  for  a  simple  medium, 

b)  for  a  linear  and  isotropic,  hut  inhomogeneous  medium. 
R.4-2  Repeat  Ifi  Cartesian  coordinates  both  parts  of  R.4-1. 


’  See,  for  instance,  B.  D.  Popovifc,  Introductory  Engineering  Electromagnetics ,  Addison-Wesiey  Publishing 
Co.  (1971),  Chapter  5. 
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R.4-3  Write  Laplace’s  equation  for  a  simple  medium  ■ 
a)  in  vector  notation,  b)  in  Cartesian  coordinates. 

R.4-4  If  V2  U  -  0,  why  does  it  not  follow  that  U  is  identically  zero  ? 


R.4-5  A  fixed  voltage  is  connected  across  a  parallel-plate  capacitor.  ,  ■  '  • 

a)  Does  the  electric  field  intensity  in  the  space  between  the  plates  depend  on  the  permittivity 
of  the  medium  ? 

b)  Does  the  electric  flux  density  depend  on  the  permittivity  of  the  medium? 

Explain. 


R.4-6  Assume  that  fixed  charges  +  Q  and  -  Q  are  deposited  on  the  plates  of  an  isolated  parallel- 
plate  capacitor. 


a)  Does  the  electric  field  intensity  in  the  space  between  the  plates  depend  on  the  permittivity 
of  the  medium? 

b)  Does  the  electric  (lux  density  depend  on  the  permittivity  of  the  medium? 

Explain. 


R.4-7  Why  is  the  electrostatic  potential  continuous  at  a  boundary? 
R.4-8  State  in  words  the  uniqueness  theorem  of  electrostatics. 


R.4-9  What  is  the  image  of  a  spherical  cloud  of  electrons  with  respect  to  an  infinite  conducting 
plane? 

R.4-10  Why  cannot  the  point  at  infinity  be  used  as  the  point  for  the  zero  reference  potential  for 
an  infinite  line  charge  as  it  is  for  a  point  charge?  What  is  the  physical  reason  for  this  difference? 

R.4-11  What  is  the  image  of  an  infinitely  long  line  charge  of  density  pg  with  respect  to  a  parallel 
conducting  circular  cylinder? 

R.4-12  Where  is  the  zero-potential  surface  of  the  two-wire  transmission  line  in  Fig.  4-6? 

R-4- 13  In  finding  the  surface  charge  induced  on  a  grounded  sphere  by  a  point  charge,  can  we 
set  R  =  a  in  Eq.  (4-52)  and  then  evaluate  ps  by  -€0  3V(a,  0)/8R?  Explain. 

R.4-14  What  is  the  method  of  separation  of  variables?  Under  what  conditions  is  it  useful  in 
solving  Laplace’s  equation? 


R.4-15  What  are  boundary-value  problems? 

R.4-16  Can  all  three  separation  constants  (kx,  ky,  and  kz)  in  Cartesian  coordinates  be  real?  Can 
they  all  be  imaginary?  Explain. 

R.4-17  Can  the  separation  constant  k  in  the  solution  of  the  two-dimensional  Laplace’s  equa¬ 
tion  (4-97)  be  imaginary? 

R.4-18  What  should  we  do  to  modify  the  solution  in  Eq.  (4-110)  for  Example  4-8  if  the  inner 
conductor  of  the  coaxial  cable  is  grounded  and  the  outer  conductor  is  kept  at  a  potential  K0? 

R.4-19  What  should  we  do  to  modify  the  solution  in  Eq.  (4-116)  for  Example  4-9  if  the  con¬ 
ducting  circular  cylinder  is  split  vertically  in  two  halves,  with  V  =  V0  for  -n/2  <  <j>  <  rc/2  and 
V  =  -  F0  for  rt/2  <  <f>  <  3rr/2? 
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‘  i  • 

id  fA  0)  =  C2R~ 


R.4-20  Can  functions  0)  =  CtR  cos  9  aiidf^H,  6)  =  C2R~2  cos  8,  where  Cl  and  C2  are 
arbitrary  constants,  be  Ablutions  of  Laplace’s  equation  in  spherical  coordinates?  Explain. 


PROBLEMS 


-i 


P-4-1  The  upper  and  lower  conducting  plates  of  a  large  parallel-plate  capacitor  are  separated 
by  a  distance  d  and  maintained  at  potentials  Va  and  0  respectively.  A  dielectric  slab  of  dielectric 
constant  er  and  unifdrnlihickness  0.8 d  is  placed  over  the  lower  plate.  Assuming  negligible  fringing 
effect,  determine  f  t 


a)  the  potential  and  electric  field  distribution  inithe  dielectric  slab, 

b)  the  potential  aHd  electric  Field  distribution  iil  the  air  space  between  the  dielectric  slab 
and  the  upper  plate, 

c)  the  surface  chdfge  densities  on  the  upper  dfid  lower  plates. 

P.4-2  Prove  that  the  scalar  potential  V  in  Eq.  (3-56)  satisfies  Poisson’s  equation,-  Eq.  (4-6). 

P.4-3  Prove  that  a  potential  function  satisfying  Laplace’s  equation  in  a  given  region  possesses 
no  maximum  or  minimum  within  the  region. 

P.4-4  Verify  that 

\  V,  =  C,/R  and  V2  =  C2z/(x2  +  y2  +  z2)3/2, 
where  C,  and  C2  are  arbitrary  constants,  are  solutions  of  Laplace’s  equation. 

P.4-5  Assume  a  point  charge  Q  above  an  infinite  conducting  plane  at  y  =  0. 

a)  Prove  that  V(x/y,  z)  in  Eq.  (4-37)  satisfies  Laplace’s  equation  if  the  conducting  plane  is 
maintained  at  Zero  potential. 

b)  What  should  thfe  expression  for  V(x,  y', z)  be  if  the  conducting  plane  has  a  nonzero  poten¬ 
tial  K0?  1; 

c)  What  is  the  electrostatic  force  of  attraction  between  the  charge  Q  and  the  conducting 

plane?  ■ 

P.4—6  Assume  that  splice  between  the  inner  and  outer  conductors  of  a  long  coaxial  cylindrical 
structure  is  filled  with  ati  electron  cloud  having  a  voluble  density  of  charge  p  =  A/r  for  a  <  r  <  b, 
where  a  and  b  are,  respectively,  the  radii  of  the  inner  atld  outer  conductors.  The  inner  conductor 
is  maintained  at  a  potential  V0,  and  the  outer  conductor  is  grounded.  Determine  the  potential 
distribution  in  the  region  a  <  r  <  b  by  solving  Poisson’s  equation. 

P-4— 7  A  point  charge  Q  exists  at  a  distance  d  above  a  large  grounded  conducting  plane. 
Determine  '  . 

a)  the  surface  chafjje  density  ps, 

b)  the  rotaLchargej induced  on  the  conducting  pj^e. 

) 

P.4-8  Determine  the  Systems  of  image  ch?.,^  (hat  -will  replace  the  conducting  boundaries 
that  are  maintained  at  Zero  potential  for 

a)  a  point  charge  Q  located  between  two  large,  grounded,  parallel  conducting  planes  as 
shown  in  Fig.  4— 15(a), 

b)  an  infinite  line  charge  pi  located  midway  between  two  large,  intersecting  conducting 
planes  forming  a  60-degree  angle,  as  shown  In  Fig.  4-1 5(b). 
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(a)  Point  charge  between 
grounded  parallel  planes. 


(b)  Line  charge  between 

grounded  intersecting  planes, 


Fig.  4-15  Diagrams 
for  Problem  P.4-8. 


P.4-9  Two  infinitely  long,  parallel  line  charges  with  line  densities  p(.  and  -  p,  are  located  at 


respectively.  Find  the  equations  for  the  equipotential  surfaces,  and  sketch  a  typical  pair. 


P.4-10  Determine  the  capacitance  per  unit  length  of  a  two-wire  transmission  line  with  parallel 
conducting  cylinders  of  different  radii  u,  and  their  axes  being  separated  by  a  distance  D 
(where  D  >  a,  +  a2). 


P.4—1 1  A  straight  conducting  wire  of  radius  </  is  parallel  to  and  at  height  It  from  the  surface  of 
the  earth.  Assuming  that  the  earth  is  perfectly  conducting,  determine  the  capacitance  per  unit 
length  between  the  wire  and  the  earth. 

P.4-12  A  point  charge  Q  is  located  inside  and  at  distance  d  from  the  center  of  a  grounded  spherical 
conducting  shell  of  radius  b  (where  b>  d).  Use  the  method  of  images  to  determine 

a)  the  potential  distribution  inside  the  shell, 

b)  the  charge  density  ps  induced  on  the  inner  surface  of  the  shell. 

P.4-13  Two  dielectric  media  with  dielectric  constants  ej  and  e2  are  separated  by  a  plane  bound¬ 
ary  at  x  =  0,  as  shown  in  Fig.  4-16.  A  point  charge  Q  exists  in  medium  1  at  distance  d  from 
the  boundary. 

a)  Verify  that  the  field  in  medium  1  can  be  obtained  from  Q  and  an  image  charge  -Qi> 
both  acting  in  medium  1. 


Fig.  4-16  Image  charges  in  dielectric 
media  (Problem  P.4-13). 
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b)  Verify  that  the  field  in  'medium  2  can  be  obtained  from  Q  and  an  image  charge  +  Q:, 
both  acting  in  mediurtl  2. 

e)  Determine  Q ,  and  Q2.  j[Hint:  Consider  neighboring  joints  P,  and  P2  in  media  1  and  2 
,  respectively  and  require  the  continuity  of  the  tangential  component  of  the  E-field  and 
of  the  normal  component  of  the  D-field.) 

P.4-14  In  what  way  should  we  hiodify  the  solution  in  Eq.  (4-91)  for  Example  4-7  if  the  boundary 
conditions  on  the  top,  bottdfn,  and  right  planes  in  Fig.  4-10  are  dV/dn  ~  0? 

P.4-15  In  what  way  shotlld.wa  modify  the  solution  in  Eq.  (4-91)  for  Example  4-7  if  the  top, 
bottom,  and  left  planes  in  Fig.  4L10  are  grounded  (V  =  0)  and  an  end  plate  on  the  right  is  main¬ 
tained  at  a  constant  potential  V01  ■ 

P.4-16  Consider  the  rectangular  region  shown  in  Fig,  4-10  as  the  cross  section  of  an  enclosure 
formed  by  Tour  conducting  plates.  The  left  and  right  plates  arc  grounded,  and  the  top  and  bottom 
plates  are  maintained  at  constant  potentials  and  V2  respectively.  Determine  the  potential 
distribution  inside  the  enclosure, 

«  J 

P.4-17  Consider  a  metallic  rectahgular  box  with  sides  a  and  b  and  height  c.  The  side  walls  and 
the  bottom  surface  are  grounded.  The  top  surface  is  isolated  and  kept  at  a  constant  potential 
V0.  Determine  the  potential  distribution  inside  the  box. 

P.4-18  An  infinitely  long,  thin,  conducting  circular  cylinder  of  radius  b  is  split  in  four  quarter- 
cylinders.  as  shown  in  Fig.  4-17.  The  quarter-cylinders  in  the  second  and  fourth  quadrants  are 
grounded,  and  those  in  the  first  and  third  quadrants  kept  Ul  potentials  10  and  -  |'0  respec¬ 
tively,  Determine  the  potential  distribution  both  inside  and  outside  the  cylinder. 


- 

=  o  4-17  Cross  section  oflong 

circular  cylinder  split  in  four 
quarters  (Problem  P.4-18). 

P.4-19  A  long,  grounded  conducting  cylinder  of  radius  b  is  placed  along  the  2-axis  in  an  initially 
uniform  electric  field  E0  =  a^E0.  Determine  potential  distribution  V(r,  (j>)  and  electric  field  in¬ 
tensity  E(r,  <j>)  outside  the  cylinder. 

P.4-20  A  long  dielectric-cylinder  of iadjus  b  and  dielectric  constaht  er  is  placed  along  the  z-axis 
in  an  initially  uniform  electric  field  fc0  =  atE0.  Determine  V(r,  <p)  and  E(r,  <j>)  both  inside  and 
outside  the  dielectric  cylinder. 

P.4-21  Rework  Example  4-10,  asshmipg  V[b,  6)  =  Va  in„Eq.  (4— 132a). 

P.4-22  A  dielectric  sphere  of  radius  b  and  dielectric  constant  €,  is  placed  in  an  initially  uniform 
electric  field,  E0  =  aJE0,  in  air.  Determine  V{R,  9)  and  E(R,  8 )  both  inside  and  outside  the  di¬ 
electric  sphere. 
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5-1  INTRODUCTION  | 

•  I 

In  Chapters  3  and  4  we  dealt  with  electrostatic  problems,  field  problems  associated  I 

with  electric  charges  at  rest.  We  now  consider  the  charges  in  motion  that  constitute  | 

current  flow.  There  are  several  types  of  electric  currents  caused  by  the  motion  of  free  \ 

charges .f  Conduction  currents  in  conductors  and  semiconductors  are  caused  by  drift  j' 

motion  of  conduction  electrons  and/or  holes;  electrolytic-currents  are  the  result  of  I 

migration  of  positive  and  negative  ions;  and  convection  currents  result  from  motion  ! 

of  electrons  and/or  ions  in  a  vacuum.  In  this  chapter  we  shall  pay  special  attention  to  1 

conduction  currents  that  are  governed  by  Ohm's  law.  We  will  proceed  from  the 
point  form  of  Ohm’s  law  that  relates  current  density  and  electric  field  intensity  and 
obtain  the  V  =  IR  relationship  in  circuit  theory.  We  will  also  introduce  the  concept 
of  electromotive  force  and  derive  the  familiar  Kirchhoff’s  voltage  law.  Using  the 
principle  of  conservation  of  charge,  we  will  show  how  to  obtain  a  point  relationship 
between  current  and  charge  densities,  a  relationship  called  the  equation  of  continuity 
from  which  Kirchhoff’s  current  law  follows. 

•  t 

When  a  current  flows  across  the  interface  between  two  media  of  different 
conductivities,  certain  boundary  conditions  must  be  satisfied,  and  the  direction  of  |  ! 
current  flow  is  changed.  We  will  discuss  these  boundary  conditions.  We  will  also 
show  that  for  a  homogeneous  conducting  medium,  the  current  density  can  be 
expressed  as  the  gradient  of  a  scalar  field,  which  satisfies  Laplace’s  equation.  Hence, 
an  analogous  situation  exists  between  steady-current  and  electrostatic  fields  that 
is  the  basis  for  mapping  the  potential  distribution  of  an  electrostatic  problem  in 
an  electrolytic  tank. 

The  electrolyte  in  an  electrolytic  tank  is  essentially  a  liquid  medium  with  a  low 
conductivity,  usually  a  diluted  salt  solution.  Highly  conducting  metallic  electrodes 
are  inserted  in  the  solution.  When  a  voltage  or  potential  difference  is  applied  to  the 
electrodes,  an  electric  field  is  established  within  the  solution,  and  the  molecules  of 
the  electrolyte  are  decomposed  into  oppositely  charged  ions  by  a  chemical  process 
... called  electrolysis.  Positive  ions  move  in  the  direction  of  the  electric  field,  and  negative 


1 1n  a  time-varying  situation,  there  is  another  type  of  current  caused  by  bound  charges.  The  time-rate  of 
change  of  electric  displacement  leads  to  a  displacement  current.  This  will  be  discussed  in  Chapter  7. 
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ions  move  in  a  direction  opposite  td  the  field,  both  contributing  to  a  current-flow  in 
the  direction  of  thfeHela.  An  experimental  model  tan  be  set  up  in  an  electrolytic  tank, 
with  electrodes  dfiproper  geometrical  shapes  simulating  the  boundaries  in  electrostatic 
problems.  The  rfitasur^d  potential  distribution  iti  the  electrolyte  is  then  the  solution 
to  Laplace’s  equation  Ibr  difficult-to-solve  analytic  problems  having  complex  bound¬ 
aries  in  a  homogeneous  medium. 

Convection  currents  are  the  result  of  the  motion  of  positively  or  negatively 
charged  particles  in  a^acuum  or  rarefied  gas.  Familiar  examples  are  electron  beams 
in  a  cathode-ray  tube  e  nd  the  violent  motions  of  Charged  particles  in  a  thunderstorm. 
Convection  currents,  the  result  of  hydrodynamic  motion  involving  a  mass  transport, 
arc  not  governed  by  Ohm’s  law. 

The  mechanism  of  conduction  currents  is  different  from  that  of  both  electrolytic 
currents  and  convection  currehts.  In  their  normal  state,  the  atoms  of  a  conductor 
occupy  regular  positions  in  a  crystalline  structure.  The  atoms  consist  of  positively 
charged  nuclei  surrounded  by  electrons  in  a  shell-like  arrangement.  The  electrons  in 
the  inner  shells  are  tightly  bound  to  the  nuclei  and  are  not  free  to  move  away.  The 
electrons  in  the  outerrhost  shells  of  a  conductor  atom  do  not  completely  fill  the  shells; 
they  are  valence  or  corlduction  electrons,  and  are  only  very  loosely  bound  to  the  nuclei. 
These  latter  electrons  may  wander  from  one  atom  to  another  in  a  random  manner. 
The  atoms,  on  the  dverage,  remain  electrically  neutral,  and  there  is  no  net  drift 
motion  of  electrons.  .When  an  external  electric  field  is  applied  on  a  conductor,  an 
organized  motion  of  the  conduction  electrons  will  result,  producing  an  electric 
current.  The  average  drift  velocity  of  the  electrons  is  very  low  (on  the  order  of  10" 5 
or  10" 4  m/s)  even  for  very  good  conductors,  because  they  collide  with  the  atoms  in 
the  course  of  their  rtjotion,  dissipating  part  of  their  kinetic  energy  as  heat.  Even 
with  the  drift  motioh  of  conduction  electrons,  a  conductor  remains  electrically 
neutral.  Electric  forces  prevent  excess  electrons  from  accumulating  at  any  point  in  a 
conductor.  We  will  show  analytically  that  the  charge  density  in  a  conductor  decreases 
exponentially  with  tirrie.  In  a  good  conductor  the  charge  density  diminishes  extremely 
rapidly  toward  zero  as  the  state  of  equilibrium  is  approached. 


5-2  CURRENT  DENSITY  AND  OHM’S  LAW 

Consider  the  stfeady  rtlotion  of  one  kind  of  charge  carriers,  each  of  charge  q  (which  is 
negative  for  electrons),  across  an  element  of  surface  As  with  a  velocity  u,  as  shown  in 
Fig.  5-1.  If  N  is  the  Humber  of  charge  carriers  per  unit  volume,  then  in  time  At  each 
charge  carrier  moves  a  distance  u  At,  and  the  amount  of  charge  passing  through  the 
surface  As  is 

AQ  =  Nqu  •  an  As  At  (C).  '  (5-1) 

Since  current  is  the  time  rate  of  change  ofxharge,  we  have 

A /  =  =  Nqu  •  a„  As  =  Nqa  •  As  (A). 


'he  Time-rate  of 
Chapter  7. 


(5-2) 


174  STEADY  ELECTRIC  CURRENTS  /  S 


Fig.  5-1  Conduction  current 
due  to  drift  motion  of  charge 
carriers  across  a  surface. 


In  Eq.  (5-2),  we  have  written  As  =  a„As  as  a  vector  quantity.  It  is  convenient  to 
define  a  vector  point  function,  volume  current  density,  or  simply  current  density, 
J,  in  amperes  per  square  meter, 

J  =  Nqu  (A/m2);  (5-3) 

so  that  Eq.  (5-2)  can  be  written  as 

A/  =  J  •  As .  (5-4) 

The  total  current  I  flowing  through  an  arbitrary  surface  S  is  then  the  flux  of  the  J 
vector  through  S : 


/  =  Js  J  •  </s  (A). 


Noting  that  the  product  Nq  is  in  fact  charge  per  unit  volume,  we  may  rewrite 
Eq.  (5-3)  as 

J  =  pu  (A/m2),  .  (5-6) 


which  is  the  relation  between  the  convection  current  density  and  the  velocity  of  the 
charge  carrier, 

In  the  case  of  conduction  currents  there  may  be  more  than  one  kind  of  charge 
carriers  (electrons,  holes,  and  ions)  drifting  with  different  velocities.  Equation  (5-3) 
should  be  generalized  to  read 


J  =  £  AiP.u,-  (A/m2). 


As  indicated  in  Section  5-1,  conduction  currents  are  the  result  of  the  drift  motion  of 
charge  carriers  under  the  influence  of  an  applied  electric  field.  The  atoms  remain 
neutral  (p  =  0).  It  can  be  justified  analytically  that  for  most  conducting  materials 
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the  average 
sequently,  v 


ge  drift  velocity  is  directly  proportional  to  the  electric  field  intensity.  Con- 
>  we  can  wr|te  E^i  (5-3)  or  Eq.  (5-7)  as 


J  =  <tE  '•  .(A/m2), 


.  »j  ;  :  _ '  :i 

where  the  proportionality  constant,  a,  is  a  macroscopic  constitutive  parameter  of 
the  medium  called  conductivity.  Equation  (5-8)  is  a  constitutive  relation  of  the  con¬ 
ducting  medium.  Isdtropfd  materials  for  which  the  linear  relation  Eq.  (5-8)  holds 
are  called  ohmic  iheqia.  The  unit  for  a  is  ampefe  per  volt-meter  (A/V  -m),  or  siemens 
per  meter  (S/rn).  Copper,  the  most  commonly  used  conductor,  has  a  conductivity 
5.80  x  107  (S/fch).  On  the  other  hand,  hard  rubber,  a  good  insulator,  has  a  conductivity 
of  only  10  1 5  (S/m). '  Appendix  B  4  lists  the  conductivities  of  some  other  frequently 
used  materials!  However,  note  that,  unlike  the  dielectric  constant,  the  conductivity 
of  materials  varies  dyer  an  extremely  wide  range.  The  reciprocal  of  conductivity  is 
called  resistivity ,  in  onm  meter  (Qm).  We  prefer  to  use  conductivity;  there  is  really  no 
compelling  need  to  USe  both  conductivity  and  resistivity.  ■ 

We  recall  Ohm’s  law  from  circuit  theory  that  the  voltage  K.  2  across  a  resistance 
R,  in  which  a  current  I  flows  from  point  1  to  point  2,  is  equal  to  RI  \  that  is, 

K2-R1-  (5-9) 

Here  R  is  usually  a  piece  of  conducting  materidi  of  a  given  length;  V),  is  the  voltage 
between  two  terminals  !  and  2;  and  I  is  the  total  current  flowing  from  terminal  1  to 
terminal  2  through  a  finite  cross  section. 

Equation  (5—9)  is  not,. a  point  relation.  Although  there  is  little  resemblance 
between  Eq.  (5-8)  and  Eq.  (5-9),  the  former  is  generally  referred  to  as  the  point  form 
of  Ohm’s  law.  It  hol4s  at  all  points  in  space,  and  a  can  be  a  function  of  space  co¬ 
ordinates.  , 

Let  us  use  the  pomt  form  of  Ohm’s  law  to  derive  the  voltage-current  relationship 
of  a  piece  of  homogdheous  material  of  conductivity  cr,  length  (  and  uniform  cross- 
section  S,  as  shown  ifi  Fig.  5-2.  Within  the  conducting  material,  J  =  crE  where  both 
J  and  E  are  in  the  direction  of  current  flow.  The  potential  difference  or  voltage  between 


Fig.  5-2  Homogeneous  conductor 
with  a  constant  cross  section. 


Using  Eqs.  (5-10)  and  (5-11)  in  Eq.  (5-8),  we  obtain 


(5-12) 


which  is  the  same  as  Eq.  (5-9).  From  Eq.  (5-12)  we  have  the  formula  for  the  resistance 
of  a  straight  piece  of  homogeneous  material  of  a  uniform  cross  section  for  steady 
current  (DC). 


(5-13) 


We  could  have  started  with  Eq.  (5-9)  as  the  experimental  Ohm’s  law  and  applied  it 
to  a  homogeneous  conductor  of  length  {  and  uniform  cross-section  S.  Using  the 
formula  in  Eq.  (5-13),  we  could  derive  the  point  relationship  in  Eq.  (5-8). 


Example  5-1  Determine  the  DC  resistance  of  1  (km)  of  wire  having  a  l-(mm)  radius 
(a)  if  the  wire  is  made  of.copper,  and  (b)  if  the  wire  is  made  of  aluminum. 


Solution:  Since  we  are  dealing  with  conductors  of  a  uniform  cross  section,  Eq.  (5-13) 
applies. 

a)  For  copper  wire,  ocu  =  5.80  x  107  (S/m): 

(  =  103  (m),  S  =  7i(10-3)2  =  10-67r  (m2). 


We  have 


i  103 

o CUS  ~  5.80  x  107  x  10-67r 


=  5.49  (Q). 


f  We  will  discuss  the  significance  of  Vl2  and  £  more  in  detail  in  Section  5-3. 
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(5-10) 


(5-11) 


b)  For  aluminum  wire,  aal  =  3.54  x  107  (S/mj,: 

•  =  —  RCu  =  x  5.49  =  8.99  (fi). 

(  °oi5  Coi  3.54 

The  conductance?  G,  or  the  reciprocal  of  resistance,  is  useful  in  combining  resis¬ 
tances  in  parallel :  f: 

1  o  * 

f  -i  /;■  G  =  -  =  ir-  *  (S).  (5-14) 

.1  (f. 

From  circuit  theory  We  know  the  following:  \ 

a)  When  resistances  Rl  and  R2  are  connected  in  series  (same  current),  the  total 
resistance  R  is 


Rsr  ~  Rl  R2- 


(5-15) 


b)  When  resistances  Ry  and  R2  are  connected  in  parallel  (same  voltage),  we  have 


s  resistance 
for  steady 


—  =  — +  _L 

i?||  Ry  R2 


(5— 16a) 


(5-13) 


Gn  -  Gy  +  G2. 


(5— 16b) 


d  applied  it 
.  Using  the 


mm)  radius 


l,  Eq.  (5-13) 


5-3  ELECTROMOTIVE  FORCE  AND 
KIRCHHOFF’S  VOLTAGE  LAW 

In  Section  3-2  we  jlbinted  out  that  static  electric  field  is  conservative  and  that  the 
scalar  line  integral  of  static  electric  intensity  around  any  closed  path  is  zero;  that  is, 


E-dt  =  0. 


For  an  ohmic  material  J  =  crE,  Eq.  (5-17)  becomes 


J  -d<f=  0. 


(5-17) 


(5-18) 


Equation  (5-18)  tdls'us  that  a  steady  current  cannot  be  maintained  in  the  same  direction 
in  a  closed  circuit  by:  an  electrostatic  field.  A  steady  current  in  a  circuit  is  the  result 
of  the  motion  of  cliarge  carriers,  which,  in  their  paths,  collide  with  atoms  and  dissipate 
energy  in  the  circuit;  This  energy  must  come  from  a  nonconservative  field,  since  a 
charge  carrier  completing  a  closed  circuit  in  a  conservative  field  neither  gains  nor 
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1  ,  2 


Fig.  5-3  .  Electric  fields  inside  an 
electric  battery. 

loses  energy.  The  source  of  the  nonconservative  field  may  be  electric  batteries  (con¬ 
version  of  chemical  energy  to  ..electric  energy),  electric  generators  (conversion  of 
mechanical  energy  to  electric  energy),  thermocouples  (conversion  of  thermal  energy 
to  electric  energy),  photovoltaic  cells  (conversion  of  light  energy  to  electric  energy), 
or  other  devices.  These  electrical  energy  sources,  when  connected  in  an  electric 
circuit,  provide  a  driving  force  for  the  charge  carriers.  This  force  manifests  itself  as 
an  equivalent  impressed  electric  field  intensity  E,. 

Consider  an  electric  battery  with  electrodes  1  and  2,  shown  schematically  in 
Fig.  5-3.  Chemical  action  creates  a  cumulation  of  positive  and  negative  charges  at 
electrodes  1  and  2  respectively.  These  charges  give  rise  to  an  electrostatic  field  in¬ 
tensity  E  both  outside  and  inside  the  battery.  Inside  the  battery,  E  must  be  equal  in 
magnitude  and  opposite  in  direction  to  the  nonconservative  Ef  produced  by  chemical 
action,  since  no  current  flows  in  the  open-circuited  battery  and  the  net  force  acting 
on  the  charge  carriers  must  vanish.  The  line  integral  of  the  impressed  field  intensity 
E;  from  the  negative  to  the  positive  electrode  (from  electrode  2  to  electrode  1  in 
Fig.  5-3)  inside  the  battery  is  customarily  called  the  electromotive  forced  (emf)  of 
the  battery.  The  SI  unit  for  emf  is  volt,  and  an  emf  is  not  a  force  in  newtons.  Denoted 
by  'f ,  the  electromotive  force  is  a  measure  of  the  strength  of  the  nonconservative 
source.  We  have 

r  =  J2‘  E,.  -de=-  £  E  •  d€.  (5-19) 

*  Inside 

the  source 

The  conservative  electrostatic  field  intensity  E  satisfies  Eq.  (5-17). 

(j)c  E-  d€  =  Jj2  E  •  t/tf  +  J2‘  E  •  d<?  =  0.  (5-20) 

Outside  Inside 

the  source  the  source 


f  Also  called  electromotance. 
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Combining  Eqs.  (5—19)  and  (5-20),  we  have 
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(5-19) 


Outside  ' 
the  source; 


(5-21) 


‘  r=Vl2  =  Vl-V2.  (5-22) 

In  Eqs.  (5—21)  and  (5 -22)  we  have  expressed  the  emf  of  the  source  as  a  line  integral 
of  the  conservative  E  and  interpreted  it  as  a  voltage  rise.  In  spite  of  the  nonconserva¬ 
tive  nature  of  E;,  the  emf  can  be  expressed  as  a  potential  difference  between  the  positive 
and  negative  termfftals.  This  was  what  we  did  in  arriving  at  Eq.  (5-10). 

When  a  resistor1  in  the  form  of  Fig.  5-2  is  connected  between  terminals  1  and  2 ■ 
ol  the  battery,  completing  the  circuit,  the  total  electric  field  intensity  (electrostatic 
E  caused  by  charge  cumulation,  as  well  as  impressed  E;  caused  by  chemical  action) 
must  be  used  in  the  point  form  of  Ohm’s  lawi  We  have,  instead  of  Eq.  (5-8), 

J  =  a(E  +  E;),  (5-23) 

where  Ef  exists  inside  the  battery  only,  while  E  has  a  nonzero  value  both  inside  and 
outside  the  source.  From  Eq.  (5-23),  we  obtain 


E  +  Ei  =  -. 


(5-24) 


The  scalar  line  integral  of  Eq.  (5-24)  around  tile  closed  circuit  yields,  in  view  of  Eqs. 
(5-17)  and  (5-19), 


^  (5-25) 

Equation  (5-25)  should  be  compared  to  Eq.  (5-18),  which  holds  when  there  is  no 
source  of  nonconsefvative  field.  If  the  resistor  has  a  conductivity  er,  length  f,  and 
uniform  cross-section  S ,  J  =  I/S  and  the  right  side  of  Eq.  (5-25)  becomes  RI.  We 
havet 


-T  =  RI. 


(5-26) 


If  there  are  more  thdn  one  source  of  clsc;n, motive  force  and  more  than  one  resistor 
(including  the  ihterrial  resistances  of  the  sourdes)  in  the  closed  path,  we  generalize 
Eq.  (5-26)  to 


r^o) 


(5-27) 


r  We  assume  the  battery  to  have  a  negligible  internai  resistance;  otherwise  its  effect  must  be  included  in 
Eq.  (5-26).  An  ideal  voltage  source  is  one  whose  terminal  Voltage  is  equal  to  its  emf  and  is  independent 
of  the  current  flowing  through  it.  This  Implies  that  an  ideal  voltage  source  has  a  zero  internal  resistance. 
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Equation  (5-27)  is  an  expression  of  Kirchhoff's  voltage  law.  It  states  that  around  a 
closed  path  in  an  electric  circuit  the  algebraic  sum  of  the  emf's  ( voltage  rises)  is  equal 
to  the  algebraic  sum  of  the  voltage  drops  across  the  resistances.  It  applies  to  any  closed 
path  in  a  network.  The  direction  of  tracing  the  path  can  be  arbitrarily  assigned,  and 
the  currents  in  the  different  resistances  need  not  be  the  same.  Kirchhoff’s  voltage 
law  is  the  basis  for  loop  analysis  in  circuit  theory. 


5-4  EQUATION  OF  CONTINUITY  AND 
KIRCHHOFF’S  CURRENT  LAW 

The  principle  of  conservation  of  charge  is  one  of  the  fundamental  postulates  of  physics. 
Electric  charges  may  not  be  created  or  destroyed;  all  charges  either  at  rest  or  in 
motion  must  be  accounted  for  at  dll  times.  Consider  an  arbitrary  volume  V  bounded 
by  surface  S.  A  net  charge  Q  exists  within  this  region.  If  a  net  current  I  flows  across 
the  surface  out  ol  this  region,  the  charge  in  the  volume  must  decrease  at  a  rate  that 
equals  the  current.  Conversely,  if  a  net  current  Hows  across  the  surface  into  the  region, 
the  charge  in  the  volume  must  increase  at  a  rate  equal  to  the-current.  The  current 
leaving  the  region  is  the  total  outward  flux  of  the  current  density  vector  through  the 
surface  S.  We  have 

/-£.!•*= -ig  --jJ,pdv.  ,5-28) 

Divergence  theorem,  Eq.  (2-107),  may  be  invoked  to  convert  the  surface  integral  of 
J  to  the  volume  integral  of  V  •  J.  We  obtain,  for  a  stationary  volume, 

(5-2») 

In  moving  the  time  derivative  of  p  inside  the  volume  integral,  it  is- necessary  to  use 
partial  differentiation  because  p  may  be  a  function  of  time  as  well  as  of  space  co¬ 
ordinates.  Since  Eq.  (5—29)  must  hold  regardless  of  the  choice  of  V,  the  integrands 
must  be  equal.  Thus,  we  have. 


This  point  relationship  derived  from  the  principle  of  conservation  of  charge  is  called 
the  equation  of  continuity. 

For  steady  currents,  charge  density  does  not  vary  with  time,  dp  jot  -  0.  Equation 
(5-30)  becomes 

V-J  =  0.  (5-31) 

Thus,  steady  electric  currents  are  divergehceless  or  soienoidal.  Equation  (5-31) 
is  a  point  relationship  and  holds  also  at  points  where  p  =  0  (no  flow  source).  It  means 
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-  •  .  ; 

that  the  field  lines  of  streamlines  of  steady  edrrents  close  upon  themselves,  unlike 
those  of  electroslati'^  field  intensity  that  origihate  and  end  on  charges.  Over  any 
enclosed  surface,  Eq.  (5—31)  leads  to  the  following  integral  form: 


J  •  ds  is.  0, 


which  can  be  writteii  as 


'.(A). 

j 

- 1— - 

(5-32) 


(5-33) 


Equation  (5-33)  is  arliexpression  of  Kirchhoff's  iurrent  law.  It  states  that  the  algebraic 
sum  of  all  the  currentsflowing  out  of  a  junction  in  an  electric  circuit  is  zero}  KirchholT’s 
current  law  is  the  basis  for  node  analysis  in  circuit  theory. 

In  Section  3-6  fl.s  stated  that  charges  introduced  in  the  interior  of  a  conductor 
will  move  to  the  corlductor  surface  and  redistribute  themselves  in  such  a  way  as  to 
make  p  —  0  and  E  = *0  inside  tinder  equilibrium  conditions.  We  are  now  in  a  position 
to  prove  this  statement  and  to  calculate  the  time  it  takes  to  reach  an  equilibrium. 
Combining  Ohm’s  ldw,  Eq.  (5-8),  with  the  equation  of  continuity  and  assuming  a 
constant  a,  we  have 

ffV;K  =  ~Tt  •  (5-34) 

In  a  simple  medium,  V  •  E  =  p/e  and  Eq.  (5-34)  becomes 


(5-34) 


Oft  <T 

-= — f-  —  p  =  0 . 
dt  € 


The  solution  of  Eq.  (5—34)  is 


P  =  Poe^a/t* 


(5-35) 


(5-36) 


where  p0  is  the  initial,  charge  density  at  t  =  0.  Both  p  and  p0  can  be  functions  of  the 
space  coordinates,  arid  Eq.  (5-36)  says  that  the  charge  density  at  a  given  location 
will  decrease  with  tittle  exponentially.  An  initial  charge  density  p0  will  decay  to 
1/e  or  36.8%  of  its  vdlue  in  a  time  equal  to 


is  called 
Equa, 

(5-31)' 

n  (5-31) 
It  means 


t  =  -  (5-37) 

'  •  O' 

The  time  constant  r  Is  called  the  relaxation  t/jr-e.  -or  a  good  conductor  such  as 
copper  a  =  5.80  x  io7  (S/m),  e  s  e0  =  8.85  x  10' 12  (F/m)— i  equals  1.52  x 
IQ  9(s)>  a  very  short  time  indeed.  The  transient  time  is  so  brief  that  for  all  practical 

'  This  includes  the  currents  of. current  generators  at  the  junction,  if  any.  An  ideal  current  generator  is  one 
whose  current  is  independent  of  its  terminal  voltage.  This  implies  that  an  ideal  current  source  has  an 
infinite  internal  resistance. 
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-  purposes  p  can  be  considered  zero  in  the  interior  of  a  conductor— see  Eq.  (3-64)  in 
’  Section  3-6.  The  relaxation  time  for  a  good  insulator  is  not  infinite,  but  can  be 
hours  or  days. 

5-5  POWER  DISSIPATION 
AND  JOULE’S  LAW 

In  section  5-1  we  indicated  that  under  the  influence  of  an  electric  field,  conduction 
electrons  in  a  conductor  undergo  a  drift  motion  macroscopically.  Microscopically 
these  electrons  collide  with  atoms  on  lattice  sites.  Energy  is  thus  transmitted  from 
the  electric  field  to  the  atoms  in  thermal  vibration.  The  work  Aw  done  by  an  electric 
field  E  in  moving  a  charge  q  a  distance  AC  is  •  (AC),  which  corresponds  to  a  power 


'P  =  lim  —  =  qE  •  u, 
Al-0  At 


(5-38) 


where  u  is  the  drift  velocity.  The  total  power  delivered  to  all  the  charge  carriers  in  a 
volume  dv  is 

<1p  =  Yj  Pi  =  E'(Yj 


which,  by  virtue  of  Eq.  (5  -7),  is 


dP  =  E  •  J  dv 
■  =  E  •  J  (W/m3). 


—  =  E-J  (W/m3).  (5-39) 

Thus  the  point  function  E  •  J  is  a  power  density  under  steady-current  conditions.  For 
a  given  volume  V,  the  total  electric  power  converted  into  heat  is 


P  =  $vE-Jdv  (W). 


(5-40) 


This  is  known  as  Joule’s  law.  (Note  that  the  SI  unit  for  P  is  watt,  not  joule,  which  is 
the  unit  for  energy  or  work.)  Equation  (5-39)  is  the  corresponding  point  relationship. 

In  a  conductor  of  a  constant  cross  section,  dv  =  ds  dt,  with  dt?  measured  in  the 
direction  J.  Equation  (5-40)  can  be  written  as 


where  /  is  the  current  in  the  conductor.  Since  V  =.JRJ,  we  have 


P  =  I2R 


(5-41) 


Equation  (5-41)  is,  of  course,  the  familiar  expression  for  ohmic  power  representing 
the  heat  dissipated  in  resistance  R  per  unit  time. 
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When  current,  obliquely  grosses  an  interfaced  between  two  media  with  different 
conductivities,  the  current  density  vector  changes  both  in  direction  and  in  magnitude. 
A  set  of  boundary  cohditions  can  be  derived  fdr  J  in  a  way  similar  to  that  used  in 
Section  3-9  for  obtaining  the  boundary  conditions  for  D  and  E.  The  governing 
equations  for  steady;  current  density  J  in  the  absence  of  nonconservative  energy 
sources  are  J.  . .  j* 

Governing  Equations  for  Steady  Current  Density 


Differential  Form 

Ifitegral  Form 

<3 

c* 

II 

o 

o 

II 

V) 

^3 

JS 

r  l 

T,  n 
;■  V  X  -  =  0 

(b  -  J  ■  d€  =  0 

w 

Jc  a 

_ _ 1 

(5-42) 


(5-43) 


he  divergence  equation  is  the  same  as  Eq.  (5-31),  and  the  curl  equation  is  obtained 
by  combining  Ohm  a  law  (J  =  <jE)  with  V  x  E  =  0.  By  applying  Eqs.  (5-42)  and 
(5-43)  at  the  interface  between  two  ohmic  media  with  conductivities  crr  and  a-,,  we 
obtain  the  boundary  conditions  for  the  normal  hnd  tangential  components  of  J. 

Without  actually  Constructing  a  pillbox  at  the  interface  as  was  done  in  Fig.  3-22. 
we  know  from  Section  3-9  that  the  normal  component  of  a  divercjenceless  vector  field 
is  continuous.  Hence;  from  V  •  J  =  0,  we  have 


J  In  — •  J 2 


(A/m2). 


(5-44) 


Similarly,  the  tangential  component  of  a  curl-free  vector  field  is  continuous  across  an 
interface.  We  conclude  from  V  x  (J/<r)  =  0  that 


(5-45) 


Equation  (5  4 5)r states  that  the  ratio  of  the  tangential  components  of  J  at  two  sidt 
of  an  interface  is  equal  to  the  ratio  of  the  conductivities. 


Example  5  2  Two  cbnducting  media  with  conductivities  and  a2  are  separated 
by  an  interface,  as  shown  in  Fig.  5-4.  The  steady  current  density  in  medium  1  at 
point  Py  has  a  magnitude  Jx  and  makes  an  angle  «,  with  the  normal.  Determine 
the  magnitude  and  direction  of  the  current  density  at  point  P2  in  medium  2. 


By  examining  Fig.  5-4,  can  you  tell  whether  medium  1  or  medium  2  is  the  better 
conductor? 

For  a  homogeneous  conducting  medium,  the  differential  form  of  Eq.  (5-43) 
simplifies  to 

V  x  J  =  0.  (5-50) 

From  Section  2-10  we  know  that  a  curl-free  vector  field  can  be  expressed  as  the 
gradient  of  a  scalar  potential  field.  Let  us  write 


.ce 


5-2). 

(5-46) 
<5  47) 

(^8) 

i  “*■  cc2 
formal  to 

i 

(5-49) 
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Substitution  of  Eq.  (5-51)  into  V  •  J  =  0  yields  a  Laplace’s  equation  in  i jr,  that  is, 

V2f=0.;  (5-52) 

A  problem  in  steadyAurrent  flow  can  therefore  be  solved  by  determining  <p  (A/m) 
from  Eq.  (5-52),  subject  to  appropriate  boundary  conditions  and  then  by  finding  J 
from  its  negative  gradient  in  exactly  the  same  Way  as  a  problem  in  electrostatics  is 
solved.  As  a  matter  of  fact,  p  and  electrostatic  potential  are  simply  related:  i p  =  aV. 
As  indicated  in  Sectidn  5-1,  this  similarity  between  electrostatic  and  steady-current 
fields  isi  the  basis  forHising  an  electrolytic  tank  to  map  the  potential  distribution  of 
difficult-to-solve  electrostatic  boundary-value  problems.1 

When  a  steady  current  llows  across  the  boundary  between  two  different  lossy 
dielectrics  (dielectrics  with  permittivities  e,  and  e2  and  finite  conductivities  a,  and  <r2), 
the  tangential  component  of  the  electric  field  is  continuous  across  the  interface  as 
usual;  that  is,  E2l  =  Eu,  which  is  equivalent  to  Eq.  (5-45).  The  normal  component 
of  the  electric  field,  .however,  must  simultaneously  satisfy  both  Eq.  (5-44)  and 
Eq.  (3-113).  We  require 


=  ->  (t,Eu  =  rr2E2n  (5  -53) 

Di n  -  E>u  =  ps  -  €2Elu  -  e2E2n  =  p„  (5-54) 

where  the  reference  llhit  normal  is  outward  frotn  medium  2.  Hence,  unless  a2ja2  = 
e2/e,,  a  surface  charge  must  exist  at  the  interface.  From  Eqs.  (5-53)  and  (5-54), 
we  find 


(5-55) 


Again,  if  medium  2  is  a  much  better  conductor  than  medium  1  (a2  »  al  or  ojo 2  — <■  0), 
Eq.  (5-55)  becomes  approximately 


E 1  n  —  Dln, 


(5-56) 


which  is  the  same  as  Eq.  (3-114). 


the  betteir 


iq.  (5^43) 
(5-50) 


Example  5-3  An  emf  "V  is,  applied  across  a  parallel-plate  capacitor  of  area  S.  The 
space  between  the  conductive  plates  is  filled  with  two  different  lossy  dielectrics  of 
thicknesses  d2  and  d2l  permittivities  e,  and  e2,  and  conductivities  ct,  and  o2  respec¬ 
tively.  Determine  (a)  the  current  density  between  the  plates,  (b)  the  electric  field 
intensities  in  both  dielectrics,  and  (c)  the  surface  charge  densities  on  the  plates  and  at 
the  interface. 


;ed  as  the 
(5-51) 


*  See,  for  instance,  E.  Webef,  Electromagnetic  Fields ,  Vol.  I:  Mapping  of  Fields ,  pp.  187-193,  John  Wiley 
and  Sons,  1950. 
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-  <2<  °2  ^i2  |k2  (j2  Fig.  5-5  '  Parallel-plate 

— ' - £2 _  capacitor  with  two  lossy 

dielectrics  (Example  5-3). 

Solution :  Refer  to  Fig.  5-5. 

a)  The  continuity  of  the  normal  component  of  J  assures  that  the  current  densities 
and,  therefore,  the  currents  in  both  media  are  the  same.  By  Kirchhoff’s  voltage 
law  we  have 

T-  =  (i?1+i?2)/  =  (A+  M/. 

'  IM  a  2SJ 


Hence, 


oxa2~r 


J-s=uj^T <5-57» 

b)  To  determine  the  electric  field  intensities  E,  and  Ez  in  both  media,  two  equations 
arc  needed.  Neglecting  Iringing  elleel  at  the  edges  of  the  plates,  we  have 

fr  =  Eldl  +  E2d2  (5_58) 

and 

Mi  =  g2E2.  (5-59) 

Equation  (5-59)  comes  from  J 1  =  J2.  Solving  Eqs.  (5-58)  and  (5-59),  we  obtain 

El  =  TtTI  7  (V/m)  (5-60) 

Mi  +  CTjd2 


cr2dl  +  M2 


(V/m). 


(5-60) 

(5-61) 


c)  The  surface  charge  densities  on  the  upper  and  lower  plates  can  be  determined  by 
using  Eq.  (5—56):' 


P*i  =e,E,  =-  -  • -2  .  - 

Mi  +  M2 


(C/m2) 


„  e2CT,T~  -  , 

P,2  =  -c2E3  = - - -  (C/m2). 

Ml  +  <7i  d2 


(5-62) 

(5-63) 


The  negative  sign  in  Eq.  (5—63)  comes  about  because  E2  and  the  outward  normal 
at  the  lower  plate  are  in  opposite  directions. 


5-7,  /  RESISTANCE  CALCULATIONS  187 


ensities 

voltaae 


■  Equation' (5-55)  can  be  used  to  find  the  surface  charge  density  at  the  interface 
of  the  dielectrics.  We  have  •  P  |f 


;  )  !  Pm:  \€2c'2  eV  cr2dx  +  a,dz 
:  ■  <C/m’). 

a2dl  +  Oyd2 

From  these  results,  we  see  that  ps2  ^  -psl,  but  that  psl  +  ps2  +  P»  =  0. 


(5-64) 


In  Example  5-3  wjb  encounter  a  situation  where  both  static  charges  and  a  steady 
current  exist.  As  we  4iall  see  in  Chapter  6*  a  steady  current  gives  rise  to  a  steady 
magnetic  field.  We  haVe,  then,  both  a  static  electric  field  and  a  steady  magnetic  field. 
They  constitute  an  elictromugnetostatic  field.  The  electric  and  magnetic  fields  of  an 
electromagnetostatic  itleld  are  coupled  through  the  constitutive  relation  J  =  <tE  of 
the  conducting  mediuin. 


5-7  RESISTANCE  CALCULATIONS 

In  Section  3-10  we  discussed  the  procedure  for  finding  the  capacitance  between  two 
conductors  separated  by  a  dielectric  medium.  These  conductors  may  be  of  arbitrary 
shapes,  as  was  shown  In  Fig.  3-25,  which  is  reproduced  here  as  Fig.  5-6.  In  terms  of 
electric  field  quantities,  the  basic  formula  for  capacitance  can  be  written  as 


‘4 


(f)  D  ■  Us 

(j)  eE  •  Us 

Js 

JS 

-J>" 

-  Jt  E  -d€ 

(5-65) 


where  the  surface  integral  in  the  numerator  is  carried  out  over  a  surface  enclosing  the 
positive  conductor,  anti  the  line  integral  in  the  denominator  is  from  the  negative  (lower 
potential)  conductor  tb  the  positive  (higher  potential)  conductor  (see  Eq.  5-21). 


X  1 


. 


I  h= - ^ 


Fig.  5-6  Two  conductors  in  a  lossy 
dielectric  medium. 
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When  the  dielectric  medium  is  lossy  (having  a  small  but  nonzero  conductivity),  a 
current  will  flow  from  the  positive  to  the  negative  conductor  and  a  current-density 
held  will  be  established  in  the  medium.  Ohm’s  law,  J  =  <rE,  ensures  that  the  stream¬ 
lines  for  J  and  E  will  be  the  same  in  an  isotropic  medium.  The  resistance  between  the 
conductors  is 


1  jTjTs  4  HE  •  *  ’ 


(5-66) 


where  the  line  and  surface  integrals  are  taken  over  the  same  L  and  S  as  those  in  Eq. 

(5-65).  Comparison  of  Eqs.  (5—65)  and  (5-66)  shows  the  following  interesting 
relationship: 


(5-67) 


Equation  (5-67)  holds  if  e  and  er  of  the  medium  have  the  same  space  dependence  or  if 
the  medium  is  homogeneous  (independent  of  space  coordinates).  In  these  cases,  if  the 
capacitance  between  two  conductors  is  known,  the  resistance  (or  conductance)  can  be 
obtained  directly  from  the  e/cr  ratio  without  recomputation. 


Example  5-4  Find  the  leakage  resistance  per  unit  length  (a)  between  the  inner  and 
outer  conductors  of  a  coaxial  cable  that  has  an  inner  conductor  of  radius  a,  an  outer 
conductor  of  inner  radius  b,  and  a  medium  with  conductivity  <r;  and  (b)  of  a  parallel- 
wire  transmission  line  consisting  of  wires  of  radius  a  separated  by  a  distance  D  in  a 
medium  with  conductivity  a. 


Solution 

a)  The  capacitance  per  unit  length  of  a  coaxial  cable  has  been  obtained  from  Eq. 
(3-126)  in  Example  3-16. 


C1  = 


2m 

In  (b/a) 


(F/m). 


Hence  the  leakage  resistance  per  unit  length  is,  from  Eq.  (5-67), 

(ft/m). 

/ 

The  conductance  per  unit  length  is  Gx  =  i/I?,. 


Rl  =  1  (p-)  =  T~  ln  ^ 

o’\C1/  2na  \a 


(5-68) 
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activity),  a 
lilt-density 
he  stream- 
etween  the 
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b)  For  the  parallel-wire  transmission  line,  Eq. ’(4-47)  in  Example  4-4  gives  the 
capacitance  per  tiflit  length.  -  ’  ‘  -  ‘ 

’’  Q  = (F/m). 


Therefore,  the  leakage  resistance  per  unit  length  is,  without  further  ado, 

^ cosh_1  (£) 


1  ,  D 

—  In  - — h 

7i fT  2a 


(5-69) 


The  conductance  per  unit  length  is  G’,-  =  1  //<  , . 

It  must  be  emphasized  here  that  the  resistance  between  the  conductors  for  a 
length  (  of  the  coaxidl  cable  is  RJif,  not  tRL\  similarly,  the  leakage  resistance  of  a 
length  t  of  the  parallel-wire  transmission  line  is  R\/f,  not  {R\.  Do  you  know  why? 

In  certain  situations,  electrostatic  and  steady-current  problems  are  not  exactly 
analogous,  even  whoh  the  geometrical  configurations  are  the  same.  This  is  because 
current  tlow  can  be  Confined  strictly  within  a  conductor  (which  has  a  eery  laryc  a 
compared  to  that  of  the  surrounding  medium),  whereas  electric  flux  usually  cannot 
be  contained  within  a  dielectric  slab  of  finite  dimensions.  The  range  of  the  dielectric 
constant  of  available  materials  is  very  limited  (see  Appendix  B-3),  and  the  flux- 
fringing  around  conductor  edges  makes  the  computation  of  capacitance  less  accurate. 

The  procedure  for  computing  the  resistance  of  a  piece  of  conducting  material 
between  specified  eqltipotential  surfaces  (or  terminals)  is  as  follows: 

1.  Choose  an  apprdpriate  coordinate  system  for  the  given  geometry. 

2.  Assume  a  potential  difference  V0  between  conductor  terminals. 

3.  F’ind  electric  field  intensity  E  within  the  conductor.  (If  the  material  is  homo¬ 
geneous,  having  a  constant  conductivity,  the  general  method  is  to  solve  Laplace's 
equation  V2F  =  0  for  V  in  the  chosen  coordinate  system,  and  then  obtain 
E  =  —  VK.) 

4.  Find  total  curreht 

1  /  =  Js  J  •  ds  =  J  <tE  •  c/s, 

where  S  is  the  cfoss-sectional  area  over  which  I  flows. 

5.  Find  resistance  R  by  taking  the  ratio  VJI.  * 

It  is  important  to  note  that  if  the  conducting  material  is  inhomogeneous  and  if  the 
conductivity  is  a  function  of  space  coordinates,  Laplace’s  equation  for  V  does  not 
hold.  Can  you  explain  why  and  indicate  how  E  can  be  determined  under  these 
circumstances? 
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^  When  the  given  geometry  is  such  that  J  can  be  determined  easily  from  a  total 
current  I,  we  may  start  the  solution  by  assuming  an  I.  From  I,  J  and  E  =  J/a  are 
found.  Then  the  potential  difference  V0  is  determined  from  the  relation 


F0=  —  Je  *  d€. 


where  the  integration  is  from  the  low-potential  terminal  to  the  high-potential  terminal. 
The  resistance  R  =  V0/I  is  independent  of  the  assumed  /,  which  will  be  canceled  in 
the  process. 

Example  5-5  A  conducting  material  of  uniform  thickness  h  and  conductivity  a 
has  the  shape  of  a  quarter  of  a  flat  circular  washer,  with  inner  radius  a  and  outer 
radius  b,  as  shown  in  Fig.  5-7.  Determine  the  resistance  between  the  end  faces. 

Solution :  Obviously  the  appropriate  coordinate  system  to  use  for  this  problem  is 
the  cylindrical  coordinate  system.  Following  the  foregoing  procedure,  we  first  assume 
a  potential  difference  K0  between  the  end  faces,  say  V  =  0.  on  the  end  face  at  y  =  0, 
and  V  =  V0  on  the  end  face  at  x  =  0.  We  are  to  solve  Laplace’s  equation  in  V  subject 
to  the  following  boundary  conditions: 

V  =  0  at  <j>  =  0  (5— 70a) 

V  =  V0  at  <j>  =  7t/2.  •  (5 -70b) 

Since  potential  V  is  a  function  of  <f>  only,  Laplace’s  equation  in  cylindrical  coordinates 
simplifies  to 

d2V  n 

wm0-  (5-71> 

The  general  solution  of  Eq.  (5-71)  is 

V  —  c,(j>  +  c2, 

which,  upon  using  the  boundary  conditions  in  Eqs.  (5-70a)  and  (5— 70b),  becomes 


71 


(5-72) 


F-|g.  5-7  A  quarter  of  a  flat  circular 
*  washer  (Example  5-5). 
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(5-73) 


The  total  current,  /  tan  be  found  by  integrating  J  over  the  cp  =  nj2  surface  at  which 


ds  =  r  a dr.  We  have 


J  S  It 


Therefore, 


2efkV0t  b 

- In  —  • 

n  a 


n  V  * 

I  2ah  In  (b/a) 


(5-74) 


(5-75) 


Note  that,  for  this  problem,  it  is  not  convenient  to  begin  by  assuming  a  total 
current  /  because  it  is  not  obvious  how  J  varies  with  /-  for  a  given  /.  Without  J,  E 
and  V0  cannot  be  determined. 
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R.5-i  Explain  the  difference  between  conduction  and  convection  currents. 

R.5-2  Explain  the  dj)cra:ion  of  an  electrolytic  tank.  In  what  ways  do  electrolytic  currents 
differ  from  conductiort.&nd  convection  currents? 

R.5-3  What  is  the  point  form  for  Ohm’s  law? 

R.5-4  Define  conductivity.  What  is  its  SI  unit? 

R.5-5  Why  does  the  resistance  formula  in  Eq.  (5-13)  require  that  the  material  be  homogeneous 
and  straight  and  that  it  have  a  uniform  cross  section? 

R.5-6  Prove  Eqs.  (5—15)  and  (5-16b). 

R.5-7  Define  electromotive  force  in  words. 

.  I 

R.5-8  What  is  the  difference  between  impressed  and  electrostatic  field  intensities? 

R.5-9  State'K-irchhoff’s  voltage  law  in  words. 

R-5-10  What  are  the  characteristics  of  an  ideal  voltage  source? 

R.5-11  Can  the  currents  in  different  branches  (resistors)  of  a  closed  loop  in  an  electric  network 
flow  in  opposite  directions?  Explain. 

R-5-12  What  is  the  physical  significance  of  the  equation  of  continuity? 
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R5-13  State  KirchhofTs  current  law  in  words. 

R-5-14  What  are  the  characteristics  of  an  ideal  current  source? 

R.5-15  Define  relaxation  time. 

R.5-16  In  what  ways  should  Eq.  (5-34)  be  modified  when  a  is  a  function  of  space  coordinates? 
R.5-17  State  Joule’s  law.  Express  the  power  dissipated  in  a  volume 

a)  in  terms  of  E  and  cr, 

b)  in  terms  of  J  and  a. 

R.5-18  Does  the  relation  V  x  J  =  0  hold  in  a  medium  whose  conductivity  is  not  constant? 
Explain.  ' 

R.5-19  What  are  the  boundary  conditions  of  the  normal  and  tangential  components  of  steady 
current  at  the  interface  of  two  media  With  different  conductivities? 

R.5-20  What  is  the  basis  of  using  an  electrolytic  tank  to  map  the  potential  distribution  of  elec¬ 
trostatic  boundary-value  problems? 

R.5-21  What  is  the  relation  between  the  resistance  and  the  capacitance  formed  by  two  con¬ 
ductors  immersed  in  a  lossy  dielectric  medium  that  has  permittivity  e  and  conductivity  <r? 

R.5-22  Under  what  situations  will  the  relation  between  R  and  C  in  R.5-21  be  only  approximately 
correct?  Give  a  specific  example. 


PROBLEMS 

P.5-1  Starting  with  Ohm’s  law  as  expressed  in  Eq.  (5-12)  applied  to  a  resistor  of  length  t, 
conductivity  er,  and  uniform  cross-section  S,  verify  the  point  form  of  Ohm’s  law  represented  by 
Eq.  (5-8).  _  '  - 

P.5-2  A  long,  round  wire  of  radius  a  and  conductivity  a  is  coated  with  a  material  of  conduc¬ 
tivity  0.1  a.  . 

a)  What  must  be  the  thickness  of  the  coating  so  that  the  resistance  per  unit  length  of  the 
uncoated  wire  is  reduced  by  50%  ? 

b)  Assuming  a  total  current  1  in  the  coated  wire,  find  J  and  E  in  both  the  core  and  the 
coating  material. 


Fig.  5-8  A  network  problem 
(Problem  P.5-3). 
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P.5-3  Find  the  current  and  the  heat  dissipated  in  each  of  the  five  resistors  in  the  network  shown 
in  Fig.  5-8  if  :  '  k  T  / 

Rt  =  i  (A),  |  Ri  i 20  (Q),  =  30  (0),  .  R4  =  8  (£1),  Rs  =  10  (Q), 

and  if  the  source  is  art  idekl  DC  voltage  generator  of  0.7-  (V)  with  its  positive  polarity  at  terminal 
1.  What  is  the  total  resistance  seen  by  the  source.at  terrhinal  pair  1-2? 

P.5-4  Solve  problem  Pi5-3,  .assuming  the  source  is  an  ideal  current  generator  that  supplies 
a  direct  current  of  0.7  (A)  out  of  terminal  1.  .. ..  ;j 

.  ■  ■  "  f 

P.5-5  Lightning  stnkei;  a  lossy  dielectric  sphere — e  fr-  1.2  e0,  <x  =  10  (S/m) — of  radius  0.1  (m) 
at  time  t  -  0,  depositing  Uniformly  in  the  sphere  a  tothl  charge  1  (mC).  Determine,  for  all  t, 

a)  the  electric  field  Intensify  both  inside  and  outslcie  the  sphere, 

b)  the  current  density  in  the  sphere. 

P.5-6  Refer  to  Problem  P-5-5. 

a)  Calculate  the  time  it  takes  for  the  charge  density  in  the  sphere  to  diminish  to  1%  of  its 
initial  value.  j 

b)  Calculate  the  change  in  the  electrostatic  energy  stored  in  the  sphere  as  the  charge  density 
diminishes  from  the  nitial  value  to  1%  of  its  value.  What  happens  to  this  energy?  . 

c)  Determine  the  electrostatic  energy  stored  in  the  space  outside  the  sphere.  Does  this 
energy  change  with  time? 

P.5-7  A  DC  voltage  of  6  (V)  applied  to  the  ends  of  1  (km)  of  a  conducting  wire  of  0.5  (mm) 
radius  results  in  a  currerit  of  1/6  (A).  Find 

a)  the  conductivity  of  the  wire, 

b)  the  electric  field  Intensity  in  the  wire, 

c)  the  power  dissipated  in  the  wire. 

P.5-8  Refer  to  Example  5 -3. 

a)  Draw  the  equivalent  circuit  of  the  two-layer,  parallel-plate  capacitor  with  lossy  dielec¬ 
trics,  and  identify  the  magnitude  of  each  component. 

b)  Determine  the  pbwer  dissipated  in  the  capacitbr. 

P.5-9  An  emf  ir  is  appliec  across  a  cylindrical  capacitor  of  length  L.  The  radii  of  the  inner 
and  outer  conductors  are  a  and  b  respectively.  The  space  between  the  conductors  is  filled  with 
two  different  lossy  dielectrics  having,  respectively,  permittivity  Cj  and  conductivity  cr,  in  the 
region  a  <  r  <  c,  and  permittivity  e2  and  conductivity  tr2  in  the  region  c  <  r  <  b.  Determine 

a)  the  current  density  in  each  region, 

b)  the  surface  charge  densities  On  the  inner  and  outer  conductors  and  at  the  interface  between 
the  two  dielectrics. 

P.5-10  Refer  to  the  flat  quarter-circular  washer  in  Exatiiple  5-5  and  Fig.  5-7.  Find  the  resistance 
between  the  curved  sides. 

P.5-11  Determine  the  resistance  between  concentric  spherical  surfaces  of  radii  R,  and 
R2  (Ri  <  Ri)>  assuming  that  a  material  of  conductivity  a  =  <r0(l  +  k/R)  fills  the  space  between 
them.  (Note:  Laplace’s  Equation  for  V  does  not  apply  here.) 
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P.5-12  A  homogeneous  material  of  uniform  conductivity  a  is  shaped  like  a  truncated  conical 
block  and  defined  in  spherical  coordinates  by  , 

R.SRsRi  and  0  <  0  £  0o. 

Determine  the  resistance  between  the  R  =  R,  and  R  =  R2  surfaces. 

P.5-13  Redo  problem  P.5-12,  assuming  that  the  truncated  conical  block  is  composed  of  an 
inhomogeneous  material  with  a  nonuniform  conductivity  a(R)  -  o0RJR,  where  R,  <  R  <  R2. 

P .5—14  Two  conducting  spheres  of  radii  b  (  and  b2  that  have  a  very  high  conductivity  are  immersed 
in  a  poorly  conducting  medium  (for  example,  they  are  buried  very  deep  in  the  ground)  of  con¬ 
ductivity  a  and  permittivity  e.  The  distance,  d,  between  the  spheres  is  very  large  compared  with 
the  radii.  Determine  the  resistance  between  the  conducting  spheres.  Hint:  Find  the  capacitance 
between  the  spheres  by  following  the  procedure  in  Section  3-10  and  using  Eq.  (5-67). 

P-5-T5  Justify  the  statement  that  tjie  steady-current  problem  associated  with  a  conductor 
buried  in  a  poorly  conducting  medium  near  a  plane  boundary  with  air,  as  shown  in  Fig.  5— 9(a), 
can  be  replaced  by  that  of  the  conductor  and  its  image,  both  immersed  in  the  poorly  conducting 
medium  as  shown  in  Fig.  5 -9(b). 


<j  -  0 

Boundary 
•  .  removed 
°  / 

cS> 

(a)  Conductor  in  a  poorly 
conducting  medium  near 
a  plane  boundary. 

a 

£3 

(b)  Image  conductor  in  conducting  , 
medium  replacing  the 
plane  boundary. 

Fig.  5-9  Steady 
current  problem  with  a 
plane  boundary 
(Problem  P.5-15). 

P-5-16  A  ground  connection  is  made  by  burying  a  hemispherical  conductor  of  radius  25  (mm) 
in  the  earth  with  its  base  up,  as  shown  in  Fig.  5-10.  Assuming  the  earth  conductivity  to  be 
10  6  S/m,  find  the  resistance  of  the  conductor  to  far-away  points  in  the  ground. 

— —  \VT7  - 

cr  —  10 (S/m) 

ij>.  v  s':  ...  :  4.  \J.  *  7;  L' V,  V'—A.i.'  •)  # 

Fig.  5-10  Hemispherical  conductor 
in  ground  (Problem  P.5-16).. 

P.5-17  Assume  a  rectangular  conducting  sheet  of  conductivity  cr, 

width  a,  and  height  b.  A 

potential  difference  V0  is  applied  to  the  side  edges,  as  shown  in  Fig.  5-11.  Find 

a)  the  potential  distribution 

b)  the  current  density  everywhere  within  the  sheet.  Hint:  Solve  Laplace's  equation  in 
Cartesian  coordinates  subject  to  appropriate  boundary  conditions. 
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Fig.  5-11  A  conducting  sheet 
(Problem  P.5-17). 
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P.5-18  A  uniform  curreHt  density  J  =  a XJ0  flows  in  a  Very  large  block  of  homogeneous  material 
of  conductivity  a.  A  hole  of  radius  b  is  drilled  iii  the  material.  Assuming  no  variation  in  the 
--direction,  find  the  neW  current  density  J'  in  the  conducting  material.  Hint :  Solve  Laplace’s 
equation  in  cylindrical  cdordinates  and  note  that  V  approaches  -(J0r/o)cos<p  as  r->  oo. 
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6  /  Static  Magnetic  Fields 


i 

6-1  INTRODUCTION 

f 

In  Chapter  3  we  dealt  with  static  electric  fields  caused  by  electric  charges  at  rest. 
We  saw  that  electric  field  intensity  E  is  the  only  fundamental  vector  field  quantity 
required  for  the  study  of  electrostatics  in  free  space.  In  a  material  medium,  it  is  con¬ 
venient  to  define  a  second  vector  field  quantity,  the  electric  flux  density  D,  to  account 
for  the  effect  of  polarization.  The  following  two  equations"'form  the  basis  of  the 
electrostatic  model: 

V  •  D  =  /;  (6-1) 

V  x  E  =  0.  (6-2) 

The  electrical  property  of  the  medium  determines  the  relation  between  D  and  E.  If 
the  medium  is  linear  and  isotropic,  we  have  the  simple  constitutive  relation  D  =  eE. 

When  a  small  test  charge  q  is  placed  in  an  electric  field  E,  it  experiences  an 
electric  force  Fe,  which  is  a  function  of  the  position  of  q.  We  have 


When  the  test  charge  is  in  motion  in  a  magnetic  field  (to  be  defined  presently),  experi¬ 
ments  show  that  it  experiences  another  force,  F,„,  which  has  the  following  character¬ 
istics:  (1)  The  magnitude  of  F„  is  proportional  to  q',  (2)  the  direction  of  F„  at  any 
point  is  at  right  angles  to  the  velocity  vector  of  the  test  charge  as  well  as  to  a  fixed 
direction  at  that  point;  and  (3)  the  magnitude  of  Fm  is  also  proportional  to  the  com¬ 
ponent  of  the  velocity  at  right  angles  to  this  fixed  direction.  The  force  Fm  is  a  magnetic 
force',  it  cannot  be  expressed  in  terms  of  E  or  D.  The  characteristics  of  Fm  can  be 
described  by  defining  a  new  vector  field  quantity,  the  magnetic  flux  density  B,  that 
specifies  both  the  fixed  direction  and  the  constant  of  proportionality.  In  SI  units,  the 
magnetic  force  can  be  expressed  as 


.  >'  ■; 
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where  u  (m/s)  is  the  velocity  vector,  and  B  is  measured  in  webers  per  square  meter 
(Wb/m2)  or  tesiy  (T)^  The  total  electromagnetic  force  on  a  charge  q  is,  then, 
F  =  F„  +  Fm;  that  is  \ 

■{  ~ - - - - - 

:F  =  #ru  X  B)  ,  (N),  (6-5) 
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which  is  called  Lorehtz's  force  equation.  Its  validity  has  been  unquestionably 
established  by  experiments.  We  may  consider  F ejq  for  a  small  q  as  the  definition  for 
electric  field  intensity  fe  (as  we  did  in  Eq.  3-2)i.and  F Jq  =  u  x  B  as  the  defining 
relation  for  magneiic  iiux  density  B.  Alternatively,  we  may  consider  Lorentz’s  force 
equation  as  a  fundamental  postulate  of  our  electromagnetic  model;  it  cannot  be 
derived  from  other  postulates. 

We  begin  the  stddy  of  static  magnetic  fields  in  free  space  by  two  postulates 
specifying  the  divergerlce  and  the  curl  of  B.  From  the  solenoidal  character  of  B,  a 
vector  magnetic  potehtial  is  defined,  which  is  shown  to  obey  a  vector  Poisson’s 
equation.  Next  we  defive  the  Biot-Savart  law,  Which  can  be  used  to  determine  the 
magnetic  field  of  a  ciirfeni-carrying  circuit.  The  postulated  curl  relation  leads  directly 
to  Ampere’s  circuital  law  which  is  particularly  useful  when  symmetry  exists. 

The  macroscopic  effect  of  magnetic  materials  in  a  magnetic  field  can  be  studied 
by  defining  a  magnetisation  vector.  Here  we  introduce  a  fourth  vector  field  quantity, 
the  magnetic  field  intensity  H.  From  the  relation  between  B  and  H,  we  define  the 
permeability  of  the  material,  following  which  .we  discuss  magnetic  circuits  and  the 
microscopic  behavior:  of  magnetic  materials.  We  then  examine  the  boundary  con¬ 
ditions  of  B  and  H  at  the  interface  of  two  different  magnetic  media;  self-  and  mutual 
inductances;  and  magnetic  energy,  forces,  and  torques. 
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6-2  FUNDAMENTAL  POSTULATES  OF 
MAGNETOSTATICS  IN  FREd  SPACE 

To  study  magnetostatics  (steady  magnetic  fields)  in  free  space,  we  need  only  consider 
the  magnetic  flux  density  /ector,  B.  The  two  fundamental  postulates  that  specify  the 
divergence  and  the  curl  of  B  in  free  space  are 


V  x  B  =  /r0J. 


f  One  weber  per  square  meter  cr  one  tesla  equals  Id4  gauss  in  CGS  units.  The  earth  magnetic  field  is 
about  |  gauss  or  0,5  x  10”*  T.  (A  weber  is  the  same  as  a  volt-second.) 
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In  Eq.  (6-7),  p0  is  the  permeability  of  free  space 

p0  =  4n  x  10" 7  (H/m) 


(see  Eq.  l-9),and  J  is  the  current  density.  Since  the  divergence  of  the  curl  of  any 
vector  field  is  zero  (see  Eq.  2-137),  we  obtain  from  Eq.  (6-7) 


V-  J  =  0, 

which  is  consistent  with  Eq.  (5-31)  for  steady  currents. 

Comparison  of  Eq.  (6-6)  with  the  analogous  equation  for  electrostatics  in  free 
space,  V  •  E  =  p/e0  (Eq.  3-4),  leads  us  to  conclude  that  there  is  no  magnetic  analogue 
for  electric  charge  density  p.  Taking  the  volume  integral  of  Eq.  (6-6)  and  applying 
divergence  theorem,  we  have 


B  •  ds  =  0, 


.(6-8) 


where  the  surface  integral  is  carried  out  over  the  bounding  surface  of  an  arbitrary 
volume.  Comparing  Eq.  (6-8)  with  Eq.  (3-7),  we  again  deny'the  existence  of  isolated 
magnetic  charges.  There  are  no  magnetic  flow  sources,  and  the  magnetic  flux  lines 
always  close  upon  themselves.  Equation  (6-8)  is  also  referred  to  as  an  expression  for 
the  law  of  conservation  of  magnetic  flux,  because  it  states  that  the  total  outward 
magnetic  flux  through  any  closed  surface  is  zero. 

The  traditional  designation  of  north  and  south  poles  in  a  permanent  bar  magnet 
does  not  imply  that  an  isolated  positive  magnetic  charge  exists  at  the  north  pole  and 
a  corresponding  amount  of  isolated  negative  magnetic  charge  exists  at  the  south  pole. 
Consider  the  bar  magnet  with  north  and  south  poles  in  Fig.  6-  1(a).  If  this  magnet  is 
cut  into  two  segments,  new  south  and  north  poles  appear  and  we  have  two  shorter 
magnets  as  in  Fig.  6— 1(b).  If  each  of  the  two  shorter  magnets  is  cut  again  into  two 
segments,  we  have  four  magnets,  each  with  a  north  pole  and  a  south  pole  as  in  Fig. 
6- 1(C).  This  process  could  be  continued  until  the  magnets  are  of  atomic  dimensions; 
but  each  infinitesimally  small  magnet  would  still  have  a  north  pole  and  a  south  pole. 


Fig.  6-1  Successive  division 
of  a  bar  magnet. 
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Obvious^  thfoyinajictic;  poles  cannot  be-isoikted.  The  magnetic  flux  lines  follow 
closed  pajhs  ^rem  bn^end  'ipf  a  magnet  to  the  otjier  end  outside  the  magnet,  and  then 
continue  inside  the  magnet  back  to  the  first  end.  The  designation  of  north  and  south 
poles  is  in  accorddncl  with  the  fact  that  the  respective  ends  of  a  bar  magnet  freely 
V-'  suspended-in  the  darth’s  magnetic  field  will  seek  the  north  and  south  directions. 

The  integral  form  .of  the  curl  relation  in  Eq.  (6-7)  can  be  obtained  by  integrating 
both  sides  over  an  often  surface  and  applying  Stokes’s  theorem.  We  have 


or 


:  -Js  (V  x  B)  •  ds  -  ,4  J  *  ds 


j>cB- d€  =  HoI, 


(6-9) 


where  the  path  C  for  the  line  integral  is  the  contour  bounding  the  surface  S,  and  I 
is  the  total  current  through  S.  The  sense  of  tracing  C  and  the  direction  of  current 
flow  follow  the  right-hand  rule.  Equation  (6-9)  is  a  form  of  Amperes  circuital  law , 
which  states  that  the  Circulation  of  the  magnetic  flux  density  in  free  space  around  any 
closed  path  is  equal  to  /a0  times  the  total  current  flowing  through  the  surface  bounded 
by  the  path.  Ampere’S  circuital  law  is  very  useful  in  determining  the  magnetic  flux 
density  B  caused  by  it  current  I  when  there  is  a  closed  path  C  around  the  current 
such  that  the  magnitude  cf  B  is  constant  over  the  path. 

The  following  is  a, summary  o!  the  two  fundamental  postulates  of  magnetostatics 
in  free  space: 


Postulates  of  Magnetostatics  in 
Free  Space 


Differential  Form 

Integral  Form 

V  •  B  =  0 

(j)  B  •  ds  =  0 

V  x  B  =  /r0J 

cj.  B  •  Ud  =  gQI 

Example 6-l^An  infinitely  long,  straight  conductor  with  a  circular  cross  section 
of  radius  b  carries  a  atteady  current  I.  Determine  the  magnetic  flux  density  both 
inside  and  outside  the  Conductor. 

Solution.  First  we  note  that  this  is  a  problem  with  cylindrical  symmetry  and  that 
Ampere  s  circuital  law  Can  be  used  to  advantage.  If  we  align  the  conductor  along  the 
z-axis,  the  magnetic  flux  density  B  will  be  (^-directed  and  will  be  constant  along  any 


STATIC  MAGNETIC  FIELDS  /  6 


■  / 

/ 

V 

/ 

if 

A 

fi 

l 

\b 

1  V 

\ 

J 

'C, 

\  ■ ' 

\  /  Fig.  6-2  Cross  section  of  a  straight 

x  circular  conductor  carrying  a  current  /  out 

- "  of  paper  (Example:  6-1). 

circular  path  around  the  z-axis.  Figure  6-2  shows  a  cross  section  of  the  conductor 
and  the  two  circular  paths  of  integration,  Ci  and  C2,  inside  and  outside,  respectively, 
the  current-carrying  conductor.  Note  again  that  the  directions  of  Cl  and  C2  and  the 
direction  of  /  follow  the  right-hand  rule.  (When  the  fingers  of  the  right  hand  follow 
the  directions  of  C\  and  C2,  the  thumb  of  the  right  hand  points  to  the  direction  of  I.) 

a)  Inside  the  conductor: 

Bi=a<A>i>  df  =  a,,,r ,  d(j) 

Bt  'de  =  #  -  2nriB<pi . 

The  current  through  the  area  enclosed  by  C\  is 


Therefore,  from  Ampere’s  circuital  law, 

B,  =  a.B.,  = 

1  1  lnb2 


r2  <  b. 


(6-10) 


b)  Outside  the  conductor: 


B2  =  aAa  d€  =  a^,r2  d<f) 

B2  ’  df  =  2nr 2B^2. 


Path  C2  outside  the  conductor  encloses  the  total  current  I.  Hence 


B?  —  aj.Bj.7  —  a. 


r2  >  b. 


(6-11) 


Examination  of  Eqs.  (6-10)  and  (6-11)  reveals  that  the  magnitude  of  B  increases 
linearly  with  r j  from  0  until  rt  =  b,  after  which  it  decreases  inversely  with  r2. 

Example  6-2  Determine  the  magnetic  flux  density  inside  a  closely  wound  toroidal 
coil  with  an  air  core  having  N  turns  and  carrying  a  current  /.  The  toroid  has  a  mean 
radius  b  and  the  radius  of  each  turn  is  a. 
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Solution:  Figure  6-3  depicts  the  geometry  of  this  problem.  Cylindrical  symmetry 
ensures  that  B  has  orily  a  .^-component  and  is  cbnstant  along  any  circular  path  about 
the  axis  of  the  toroid)  We  constructs  circular  contour  C  with  radius  r  as  shown.  For 
{b  -  a)  <  r  <  b  +  a,  £q.  (6-9)  leads  directly  to 

\  (j)  B  •  d£  —  2nrB 0  —  p0NI , 

where  we  have  assumed  that  the  toroid  has  an  air  core  with  permeability  ^0.  Therefore, 

®  ~  ~2^T’  (6  —  a)  <  r  <  (b  4-  a).  (6—12) 

It  is  apparent  that  B  =  0  for  r  <  (b  —  a)  and  r  >  (b  +  a),  since  the  net  total  current 
enclosed  by  a  contour  constructed  in  these  two  regions  is  zero. 

Example  6-3  Determine  the  magnetic  flux  density  inside  an  infinitely  long  solenoid 
with  an  air  core  having  n  closely  wound  turns  per  unit  length  and  carrying  a  current  I. 

Solution:  This  problem  can  be  solved  in  two  ways. 

a)  As  a  dirept^application  of  Ampere's  circuital  law.  It  is  clear  that  there  is  no  magnetic 
field  outside  of  the  solenoid.  To  determine  the  B-field  inside  we  construct  a 
rectangular  contour  C  of  length  L  that  is  partially  inside  and  partially  outside 
the  solenoid.  By  reason  of  symmetry,  the  B-field  inside  must  be  parallel  to  the 
axis.  Applying  Ampere’s  circuital  law,  we  have 

BL  =  p0tiLl 


< 


d  toroidal 
.as  a  mean 


or 


B  =  P0nl. 


(6-13) 


Fig.  6-4  Current-carrying  long  solenoid  (Example  6-3). 


The  direction  of  B  goes  from  right  to  left,  conforming  to  the  right-hand  rule  with 
respect  to  the  direction  of  the  current  I  in  the  solenoid,  as  indicated  in  Fig.  6-4. 

b)  As  a  special  case  of  toroid.  The  straight  solenoid  may  be  regarded  .as  a  special 
case  of  the  toroidal  coil  in  Example  6-2  with  an  infinite  radius  (b  ->  oc).  In  such 
a  case,  the  dimensions  of  the  cross  section  of  the  core  are  very  small  compared 
with  b,  and  the  magnetic  flux  density  inside  the  core  isjigproximately  constant. 
We  have,  from  Eq.  (6-12), 

8  “"'(s)' 

which  is.dhe  same  as  Eq.  (6-13).  The  ^-directed  B  in  Fig.  6-2  now  goes  from 
right  to  left,  as  was  shown  in  Fig.  6-3. 


8-3  VECTOR  MAGNETIC  POTENTIAL 

The  divergence-free  postulate  of  B  in  Eq.  (6-6),  V  •  B  =  0,  assures  that  B  is  solenoidal. 
As  a  consequence,  B  can  be  expressed  as  the  curl  of  another  vector  field,  say  A,  such 
that  (see  Identity  II,  Eq.  (2—1 37),  in  Section  2-10) 


B  =  V  x  A  (T). 


(6-14) 


The  vector  field  A  so  defined  is  called  the  vector  magnetic  potential.  Its  SI  unit  is 
weber  per  meter  (Wb/m).  Thus,  if  we  can  find  A  of  a  current  distribution,  B  can  be 
obtained  from  A  by  a  differential  (or  cur!)  operation.  This  is  quite  similar  to  the 
introduction  of  the  scalar  electric  potential  V  for  the  curl-free  E  in  electrostatics 
(Section  3-5),  and  the  obtaining  of  E  from  the  relation  E  —  —  VV.  However,  the 
definition  of  a  vector  requires  the  specification  of  both  its  curl  and  its  divergence. 
Hence  Eq.  (6-14)  alone  is  not  sufficient  to  define  A;  we  must  still  specify  its  divergence. 

How  do  we  choose  V  *'A?  Before  we  answer  this  question,  let  us  take  the  curl  of 
B  in  Eq.  (6-14)  and  substitute  it  in  Eq.  (6-7).  We  have 

V  x  V  X  A  =  p0J. 


(6-15) 


v.  ■ 
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rule  with 
Fig.  6-4. 

a  special 
.  In  such 
3mpared 
:onsP~vt. 


.  Here  we  digress  td  introduce  a  formula  for  the  curl  curl  of  a  vector  •  •; 

.  .  r  ■. 

V  x  V  x  A  =  V(V  •  A)  -  V2A  (6-16a) 


V2A  =  V(V  ■  A)  —  V  x  V  x  A. 


(6— 16b) 


Equation  (6-16a)t  or  (6-16b)  can  be  regarded  as  the  definition  of  V2A,  the  Laplacian 
°f  A.  For  Cartesian  toordinates,  it  can  be  readily  verified  by  direct  substitution 
(Problem  P.6-10)  that 


V2A  =  a*  V2Ax  +  av  V2A  +  a.  V2A.. 


(6-17) 


Thus  for  Cartesian  coordinates,  the  Laplacian  of  a  vector  field  A  is  another  vector 
field  whose  componehts  are  the  Laplacian  (the  divergence  of  the  gradient)  of  the 
corresponding  components  of  A.  This,  however,  is  not  true  for  other  coordinate 
systems. 

We  now  expand  ?xV  xA  in  Eq.  (6-15)  according  to  Eq.  (6 -16a)  and  obtain 
;  V(V  •  A)  -  V2A  =  /r0J.  (6-18) 

With  the  purpose  of  simplifying  Eq.  (6-18)  to  the  greatest  extent  possible,  we  choose2 


>es  from 


enoida). 
A.  such 


(6-14) 

unit  is 
can  be 
■  to.  the 
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•  cr, 

rgence. 

rgen. 

curl  of 


<1 

•4-  • 

II 

o 

(6-19) 

and  Eq.  (6-18)  becomes 

;  V2A-  -u.J. 

(6-20) 

fhis  is  a  vector  Poissons  equation.  In  Cartesian  coordinates,  Eq.  (6- 
to  three  scalar  Poisson’s  equations: 

-20)  is  equivalent 

V2Ax=~h0Jx, 

■  (6 -2  la) 

=  ~PoJy, 

(6—2 1  b) 

V2A:=  -fi0Jz. 

(6-2  lc) 

Each  of  these  three  equations  is  mathematically  the  same  as  the  Poisson’s  equation, 
Eq.  (4-6),  in  electrostatics.  In  free  space,  the  equation 

V2P=-^ 

f  Equation  (6-  16a)  can  also  be  obtained  beuristically  from  the  vector  triple  product  formula  in  Eq.  (2-20) 
by  fonsidering  the  del  operator,  V,  a  vector: 

V  x  (V  x  Aj  =  V(V  •  A)  -  (V,-  V)A  =  V(V  •  A)  -  V2A. 

•  Equation  (6-19)  holds  for  static  magnetic  fields.  Modification  is  necessary  for  time-varying  electro¬ 
magnetic  fields  (see  Eq.  7-46). 


(6-15) 
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has  a  particular  solution  (see  Eq.  3-56), 


47te0  •lv‘  R 


f  w 

Jy  R 


Hence  the  solution  for  Eq.  (6-21a)  is 


a,-£(  4*'. 

An  J  v  R 


We  can  write  similar  solutions  for  Ay  and  A..  Combining  the  three  components,  we 
have  the  solution  for  Eq.  (6-20): 


a-4 r  i*.' 

4  nJvR 


(Wb/rn). 


(6-22) 


Equation  (6-22)  enables  us  to  find  the  vector  magnetic  potential  A  from  the  volume 
current  density  J.  The  magnetic  flux  density  B  can  then  be  obtained  from  V  x  A  by 
differentiation,  in  a  way  similar  to  that  of  obtaining  the  static'electric  field  E  from 
-VV. 

Vector  potential  A  relates  to  the  magnetic  flux  O  through  a  given  area  S  that  is 
bounded  by  contour  C  in  a  simple  way: 


B  •  (is. 


(6-23) 


The  SI  unit  for  magnetic  flux  is  weber  (Wb),  which  is  equivalent  to  tesla-square 
meter  (T-m2).  Using  Eq.  (6-14)  and  Stokes's  theorem,  we  have 


>  =  f  (V  X  A)  •  ds  =  <£.  A  •  d€  (Wb). 

v  » J  J C 


(6-24) 


6-4  BIOT-SAVART’S  LAW 
AND  APPLICATIONS 

In  many  applications  we  are  interested  in  determining  the  magnetic  field  due  to  a 
current-carrying  circuit.  For  a  thin  wire  with  cross-sectional  area  S,  dv'  equals  S  dif', 
and  the  current  flow  is  entirely  along  the  wire.  We  have 


and  Eq.  (6-22)  becomes 


J  dv'  =  JS  dr  =  I  d€'. 


(6-25) 


A=^ix  (Wb/m)> 


(6-26) 


where  a  circle  has  been  put  on  the  integral  sign  because  the  current  I  must  flow  in 


Wj  * 


■  "'■s  '  . 
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meats*  we 


(6-22) 


ie  volume 
V  x  A  bv 
i  E-  m 

.  S  t’  :s 


(6-23) 


(6-24) 


due  to  a 
als  S  dt', 

(^>) 


(6-2o) 


:  flow  in 


a  closed  path/  whicit  is  designated  C'.  The  magnetic  flux  density  is  then 


B  =  V  x  A  =  V 


Wf  dt 

An  %■  R 


Mi  v.ffl 

An  JC  \R 


(6-27) 


It  is  vety  important  |o  note  in  Eq.  (6—27)  that  the  unprimed  curl  operation  implies 
differentiations  with  fespeCt  to  the  space  coorciinates  of  the  field  point,  and  that  the 
integral  operatiori  is  With  respect  to  the  primed  source  coordinates.  The  integrand  in 
Eq.  (6—27)  can  be  Expanded  into  two  terms  by  using  the  following  identity  (see 
Problem  P.2-26):  ,'t  '  " 

V  x  (/G)  =  /V  x  G  +  (V/)  x  G.  (6-28) 

We  have,  with  /  =  l/R  and  G  =  elf. 


(f)  ("— V  x 

An  3c'  R 


^  +  VR  )  *  dt'  ' 


(6-29) 


Now,  since  the  unprimed  and  primed  coordinates  are  independent.  V  x  d-C  equals  0, 
and  the  first  term  on  the  right  side  of  Eq.  (6-29)  vanishes.  The  distance  R  is  measured 
from  d€  at  (x ,  y\  z')  to  the.  field  point  at  (x,.y,  i).  Thus  we  have 

1 

ft  =  K*  -  x')2  +  (y  -y')2  +  (2  -  -?ym\ 


o  ( i  \  ,  ■  s  i  \  d(  i 

^oxlR  +^^[r)  +  1X^z[r 


ax(x  -  x')  +  a y(y  -  y')  +  a .(z  -  z') 

:  [(x  —  x')2  +  (y  —  y')2  +  (z  —  z')2]3/2 

R  1 


(6-30) 


w  here  is  the  unit  vector  directed  from  the  source  point  to  the  field  point.  Substituting 
Eq,  (6-30)  in  Eq.  (6-29),  we  get 


p0l  r  d€'  x  a* 


An  7c 


(6-31) 


Equation  (6^34)  .is  known  as  Biot-Savart’s  law.  It  is  a  formula  for  determining  B 
caused  by  a  current  /  In  a  dosed  path  C ,  and  is  obtained  by  taking  the  curl  of  A  in 
Eq.  (6-26).  Sometimes  it  is  convenient  to  write  Eq.  (6-31)  in  two  steps. 

’  We  are  now  dealing  with  direct  (non-time-varying)' currents  that  give  rise  to  steady  magnetic  fields. 
Circuits  containing  time-vdrying  sources  may  send  time-varying  currents  along  an  open  wire  and  deposit 
charges  at  its  ends.  Antennas  are  examples. 


f 
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with 


B  =  (jwB  (T), 


_  Fo I  ( de  x 
4: r  V  K2  J 


(6-32) 


(6— 33a) 


which  is  the  magnetic  flux  density  due  to  a  current  element  I  d€'.  An  alternative  and 
sometimes  more  convenient  form  for  Eq.  (6- 33a)  is 


At  =  'V 
4tt 

r ’i  ■) 

(T). 

* 

(6- 33  b) 


Comparison  of  Eq.  (6-31)  with  Eq.  (6-9)  will  reveal  that  Biot-Savart  law  is,  in 
general,  more  difficult  to  apply  than  Ampere's  circuital  law.  However,  Ampere's 
circuital  law  is  not  useful  for  determining  from  /  in  a  circuit  if  a  closed  path  cannot 
be  found  over  which  B  has  a  constant  magnitude. 


5 

\ 


Example  6-4  A  direct  current  I  flows  in  a  straight  wire  of  length  2 L.  Find  the 
magnetic  flux  density  B  at  a  point  located  at  a  distance  r  from  the  wire  in  the  bisecting 
plane:  (a)  by  determining  the  vector  magnetic  potential  A  first,  and  (b)  by  applying 
Biot-Savart's  law. 


Solution :  Currents  exist  only  in  closed  circuits.  Hence  the  wire  in  the  present  problem 
must  be  a  part  of  a  current-carrying  loop  with  several  straight  sides.  Since  we  do  not 
know  the  rest  of  the  circuit.  Ampere's  circuital  law  cannot  be  used  to  advantage. 
Refer  to  Fig.  6-5.  The  current-carrying  line  segment  is  aligned  with  the  e-axis.  A 
typical  element  on  the  wire  is 

d€'  =  a.  dz'. 

The  cylindrical  coordinates  of  the  field  point  P  are  (r,  0,  0). 


Fig.  6-5  Current-carrying  straight 
wire  (Example  6-4). 


t»V»  it  t&V?  r; 
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(6-32)  V 


(6-33a) 


itive  and 


(6—  33  b) 


unpegs 
;  C'df  l 


"isecting 
ip  plying 


problem 
e  do  not 
vantage, 
-axis.  A 


a)  By  finding  B  froth  V  x  A.  Substituting  R  J  yfz,2~+r2  into  Eq.  (6-26),  we  have 

f  A  -  a.  ,  dl 

t  *  4rr  J-lJF+JS 


•<.go»r+v? 


2  +  r) 


Therefore, 


=  az^ln^^S±il. 

471  yjL2  +  t2  —  L 


K  p  i  V7  /  j  \  ^  OAm  C /\  ~ 

B=(7xA  =  Vx  (a.A.)  =  a,  - ~  -  a<A  — 

ro(p  *  dr 


(6-34) 


Cylindrical  symmetry  around  the  wire  assures  that  dAJdfi  =  0.  Thus, 

,,  ^  /*«,/  ,  V +  r~  +  L 

H  =  —  a, b  —  — —  In  -f-  -  -  ■  - 

^/L2  +  r2-L_ 


'(  A  litr-Jh2  +  r2 

When  r  «  L,  Eq.  (6—33)  reduces  to 

B  —  a 
*  ^  2rcr 


(6-35) 


(6-36) 


which  is  the  expression  for  B  at  a  point  located  at  a  distance  r  from  an  infinitely 
long,  straight  wirb  carrying  current  /. 

b)  By  applying  Biot*Savan's  law.  From  Fig.  6-5,  we  see  that  the  distance  vector 
from  the  source  element  dz  to  the  field  point  P  is 

,  R  =  ar/-  -  a..' 

VjP 

d€  x  R  =  a.  dz'  x  (arr  —  a.z')  =  a^r  dz'. 

Substitution  in  Eq.  (6 -33b)  gives 

^  -  3  '  »°1L 

*  2nryJJ7~+  r2 

.  which  is  the  same  as  Eq.  (6-35). 

Example  6-5  Find  the  magnetic  flux  density  at  the  center  of  a  square  loop,  with 
side  w  carrying  a  direct  current  I. 
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Fig.  6-6  Square  loop  carrying 
current  /  (Example  6-5). 

* 

t 

Solution:  Assume  the  loop  lies  in  the  xy-plane,  as  shown  in  Fig.  6-6.  The  magnetic 
flux  density  at  the  center  of  the  square  loop  is  equal  to  foyr  times  that  caused  by  a 
single  side  of  length  w.  We  have,  by  setting  L  =  r  -  w/2  in  fiq.  (6-35), 


where  the  direction  of  B  and  that  of  the  current  in  the  loop  follow  the  right-hand  rule. 


Example  6-6  Find  the  magnetic  flux. density  at  a  point  onThe  axis  of  a  circular 
loop  of  radius  b  that  carries  a  direct  current  /. 


Solution:  We  apply  Biot-Savart’s  law  to  the  circular  loop  shown  in  Fig.  6-7. 

d t'  —  a^b  dtp' 

R  =  a,z  —  a  Tb 
R  =  (z2  +  b2)m 

Again  it  is  important  to  remember  that  R  is  the  vector  from  the  source  element  d€' 
to  the  field  point  P.  We  have 

dt  x  R  =  A^b  d(j>'  x  (a.z  —  a rb) 

=  a Tbz  dtp'  +  a zb2  d<j>'. 


Fig.  6-7  A  circular  loop  carrying 
current  I  (Example  6-6). 
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Because  of  cylindrical  symmetry,  it  is  easy  to  sie  that  the  ar-component  is  canceled 
by  the  contribution  of  the  element  located  diametrically  opposite  to  d<?',  so  we  need 
only  consider  the  a.-cbmponent  of  this  cross  product. 

We  write,  froni  Etp  (6-31), 


_  p0/  ri*  b2  dcj)‘ 

4n  Jo  (z2  +  b2)3!2 


nagnetic 
sed  by  a 


B  -  2(z2  +  b2)*2  (T)' 


(6-38) 


(6-37) 


:nd  rule. 


6-5  THE  MAGNETIC  DIPOLE 

We  begin  this  section  with  an  example. 


circular 


Example  6-7  Find  the  magnetic  flux  density  at  a  distant  point  of  a  small  circular 
■  loop  of  radius  b  that  carries  current  /. 


■ent  d€' 


Solution:  It  is  apparent  from  the  statement  of  the  problem  that  we  are  inter¬ 
ested  in  determining  B  at  a  point  whose  distahee,  R ,  from  the  center  of  the  loop 
satisfies  the  relation  R  »  6;  that  being  the  case,  we  may  make  certain  simplifying 
approximations. 

We  select  the  center  ofthe  loop  to  be  the  origin  of  spherical  coordinates,  as  shown 
in  Fig.  6-8.  The  source  coordinates  are  primed.  We  first  find  the  vector  magnetic 
potential  A  and  then  determine  B  by  V  x  A . 


4  u  Jc  R  j 


(6-39) 


PlR,  9,  jt/2) 


R y 
/  y 


,  Fig.  6-8  A  small  circular  loop  carrying 
current /(Example  6-7). 
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Equation  (6-39)  is  the  same  as  Eq.  (6-26),  except  for  one  important  point:  R  in 
Eq.  (6-26)  denotes  the  distance  between  the  source  element  dt  at  P'  and  the  field 
point  P;  but  it  must  be  replaced  by  in  accordance  with  the  notation  in  Fig.  6-8. 
Because  of  symmetry,  the  magnetic  field  is  obviously  independent  of  the  angle  4>  of 
the  field  point.  We  pick  P{R,  0,  n/2)  in  the  yz-planc. 

Another  point  of  importance  is  that  a^,-  at  dt  is  not  the  same  as  a^  at  point  P. 
In  fact,  a0  at  P,  shown  in  Fig.  6-8  is  -  ax,  and 


di ?'  =  (  —  ax  sin  <p'  +  a„  cos  (j)')b  d<t>’. 


(6-40) 


For  every  I  d€’  there  is  another  symmetrically  located  differential  current  element  on 
the  other  side  of  the  y-axis  that  will  contribute  an  equal  amount  to  A  in  the  —  aT 
direction,  but  will  cancel  the  contribution  of  I  d€’  in  the  ay  direction.  Equation  (6-39) 
can  be  written  as 

Jo  r, 


A  =  a. 


fi0Ib  r>ni 2  sin  (/>' 


(6-41) 


v  2n  Rl  ' 

The  law  of  cosines  applied  to  the  traingle  OPP’  gives 

R]  =  R2  +  b2  —  2bR  cos  i/q 

where  R  cos  \j/  is  the  projection  of  R  on  the  radius  OP',  which  is  the  same  as  the 
projection  of  OP"  {OP"  =  R  sin  9)  on  OP'.  Hence, 

R\  =  R2  +  b2  —  2 bR  sin  0  sin 


1  1  (  b 2  2  b.  \  1/2 

Rt  R\  R2  R  1  J 

When  R2  »  b2,  b2/R 2  can  be  neglected  in  comparison  with  1. 

1  ^  1  (,  2  b  ,\~m 

■  V.1  -^-s,nfls,n<frJ 

=  ~  (l  +  ^  sin  Osin 

Substitution  of  Eq.  (6-42)  in  Eq.  (6-  41 )  yields 

A  =  j-l/2  f1  +  JSm  d  5111  5111  W 


■(6-42) 


A  ==  a. 


Polb2 


(6-43) 


'  :  T  "v  *: 


u.v 
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The  magnetic  flux  density,  is  B  =  Vx  A.  Equation  (2-127)  can  be  used  to  find 

B  =  (a*  2  cos  0  +  a„  sin  0),  (6-44) 

which  is  our  answer. 

At  this  point  we  recognize  the  similarity  between  Eq.  (6—44)  and  the  expression 
for  the  electric  field  . intensity  in  the  far  field  of  an  electrostatic  dipole  as  given  in 
Eq.  (3-49).  To  exdniine  the  similarity  further,  we  rearrange  Eq.  (6-43)  as 

■;  A  „  PoVnb2)  .  A 

A  =  a,A  -V-nr  Sm  6 


do m  x  a* 


(Wb/m), 


(6-45) 


me  as  the 


where 


m  =  z.lnb1  =  a  JS  =  a  .m  (A-m2 


(6-46) 


is  defined  as  the  magnetic  dipole  moment ,  which  is  a  vector  whose  magnitude  is  the 
product  of  the  current  in  and  the  area  of  the  loop  and  whose  direction  is  the  direction 
of  the  thumb  as  the  fingers  of  the  right  hand  follow  the  direction  of  the  current. 
Comparison  of  Eq.  (6-45)  with  the  expression  for  the  scalar  electric  potential  of  an 
electric  dipole  in  Eq.  (3-48), 

(V)’  (6~47) 

reveals  that,  for  the  two  cases,  A  is  analogous  to  V.  We  call  a  small  current-carrying 
loop  a  magnetic  dipole.  The  analogous  quantities  are  as  follows: 


(6-42) 


(6-43) 


Electric  Dipole 

Magnetic  Dipole 

P  • 

m  x 

i 

Po 

V 

A 

•  we  can  also  rewrite  Eq.  (6-44)  as 

Lt(jn 

=  4nK3  (a«  2  C0S  0  +  Sin  <?)  (  ■ 

(6-48) 
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Except  for  the  change  of  p  to  m,  Eq.  (6-48)  has  the  same  form  as  Eq.  (3-49)  does  for 
the  expression  for  E  at  a  distant  point  of  an  electric  dipole.  Hence,  the  magnetic  flux 
lines  of  a  magnetic  dipole  lying  in  the  xy-plane  will  have  the  same  form  as  that  of 
the  electric  field  lines  of  an  electric  dipole  positioned  along  the  z-axis.  These  lines 
have  been  sketched  as  dashed  lines  in  Fig.  3-14.  One  essential  difference  is  that  the 
electric  field  lines  of  an  electric  dipole  start  from  the  positive  charge  +  q  and  terminate 
on  the  negative  charge  —  q,  whereas  the  magnetic  flux  lines  close  upon  themselves.1 

6-5.1  Scalar  Magnetic  Potential 

In  a  current- free  region  J  =  0,  Eq.  (6-7)  becomes 

V  x  B  =  0.  (6-49) 

The  magnetic  flux  density  B  is  then  curl-free  and  can  be  expressed  as  the  gradient  of 
a  scalar  field.  Let 

B=-/<oVK,„  (6-50) 

where  Vm  is  called  the  scalar  magnetic  potential  (expressed  in-amperes).  The  negative 
sign  in  Eq.  (6-50)  is  conventional  (see  the  definition  of  the  scalar  electric  potential 
V  in  Eq.  3-38),  and.  the  permeability  of  free  space  p0  is  simply  a  proportionality 
constant.  Analogous  to  Eq.  (3-40),  we  can  write  the  scalar  magnetic  potential  differ¬ 
ence  between  two  points,  P2  and  Pu  in  free  space  as 

Vm2-Vml=  -T-B  -d€.  (6-51) 

J  1  P  o 

If  there  were  magnetic  charges  with  a  volume  density  pm  (A/m2)  in  a  volume  V, 
we  would  be  able  to  find  Vm  from 

(A)'  l6'521 

The  magnetic  flux  density  B  could  then  be  determined  from  Eq.  (6-50).  However, 
isolated  magnetic  charges  have  never  been  observed  experimentally;  they  must  be 
considered  fictitious.  Nevertheless,  the  consideration  of  fictitious  magnetic  charges  in 
a  mathematical  (not  physical)  model  is  expedient  both  to  the  discussion  of  some 
magnetostatic  relations  in  terms  of  our  knowledge  of  electrostatics  and  to  the  estab¬ 
lishment  of  a  bridge  between  the  traditional  magnetic-pole  viewpoint  of  magnetism 
and  the  concept  of  microscopic  circulating  currents  as  sources  of  magnetism. 

The  magnetic  field  of  a  small  bar  magnet  is  the  same  as  that  of  a  magnetic  dipole. 
This  can  be  verified  experimentally  by  observing  the  contours  of  iron  filings  around 
a  magnet.  The  traditional  understanding  is  that  the  ends  (the  north  and  south  poles) 


f  Although  the  magnetic  dipole  in  Example  6—7  was  taken  to  be  a  circular  loop,  it  can  be  shown  (Problem 
P.6-13)  that  the  same  expressions— Eqs.  (6-45)  and  (6-48)— are  obtained  when  the  loop  has  a  rectangular 
shape,  with  m  =  IS,  as  given  in  Eq.  (6-46). 
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of  a  permanent  magnet  are  the  location  of,  respectively,  positive  and  negative  magnetic 
charges.  For  a  bdr  mkgnet,.  the  fictitious  magnetic  charges  +  qm  and  —  qm  are  assumed 
to  be  separated  by  a  'distance  d  and  to  form  an  equivalent  magnetic  dipole  of  moment 


m  =  qm  d  =  a  „IS. 


(6-53) 


The  scalar  magnetic  potential  V„,  caused  by  this  magnetic  dipole  can  then  be  found  by 
following  the  procedure  used  in  subsection  3—5.1  for  finding  the  scalar  electric 
potential  that  is  caused  by  an  electric  dipole.  We  obtain,  as  in  Eq.  (3-48), 


(6-54) 
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Substitution  of  Eq.  (6 -54)  in  Eq.  (6  50)  yields  the  same  B  as  given  in  Eq.  (6-48). 

We  note  that  the  expressions  of  the  scalar  magnetic  potential  Vm  in  Eq.  (6-54) 
for  a  magnetic  dipole  are  exactly  analogous  to  those  for  the  scalar  electric  potential  V 
in  Eq.  (6-47)  for  ah  electric  dipole:  the  likeness  between  the  vector  magnetic  potential 
A  (in  Eq.  6-45)  and  V  in  Eq.  (6-47)  is  not  as  exact.  However,  since  magnetic  charges 
do  not  exist  in  practical  problems,  Vm  must  be  determined  from  a  given  current 
distribution.  This  determination  is  usually  not  a  simple  process.  Moreover,  the  curl- 
free  nature  of  B  indicated  in  Eq.  (6-49),  from  which  the  scalar  magnetic  potential 
Vm  is  defined,  holds  only  at  points  with  no  currents.  In  a  region  where  currents  exist, 
the  magnetic  field  is  not  conservative,  and. the  scalar  magnetic  potential  is  not  a  single¬ 
valued  function;  hence  tite  magnetic  potential  difference  evaluated  by  Eq.  (6-51) 
depends  on  the  path  of  integration.  For  these  reasons,  we  will  use  the  circulating- 
current-and- vector-potential  approach,  instead  of  the  fictitious  magnetic-charge-  and- 
scalar-potential  approach,  for  the  study  of  magnetic  fields  in  magnetic  materials.  We 
ascribe  the  macroscopic  properties  of  a  bar  magnet  to  circulating  atomic  currents 
(Amperian  currents)  caused  by  orbiting  and  spinning  electrons. 

6-6  MAGNETIZATION  AND  EQUIVALENT 

CURRENT  DENSITIES 

According  to  the  eleitientary  atomic  model  of  matter,  all  materials  are  composed  of 
atoms,  each  with  a  positively  charged  nucleus  and  a  number  of  orbiting  negatively 
charged  electrons.  The  orbiting  electrons  cause  circulating  currents  and  form  micro¬ 
scopic  magnetic  dipoles.  In  addition,  both  the  electrons  and  the  nucleus  of  an  atom 
rotate  (spin)  on  their  own  axes  with  certain  magnetic  dipole  moments.  The  magnetic 
dipole  moment  of  a  spinning  nucleus  is  usually  negligible  compared  to  that  of  an 
orbiting  or  spinning  electron  because  of  the  much  larger  mass  and  lower  angular 
velocity  of  the  nucleds.  A  complete  understanding  of  the  magnetic  effects  of  materials 
requires  a  knowledge  of  quantum  mechanics.  (We  give  a  qualitative  description  of 
the  behavior  of  different  kinds  of  magnetic  materials  later  in  Section  6-9.) 

In  the  absence  of  an  external  magnetic  field,  the  magnetic  dipoles  of  the  atoms 
of  most  materials  (except  permanent  magnets)  have  random  orientations,  resulting 
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in  no  net  magnetic  moment.  The  application  of  an  external  magnetic  field  causes  both 
an  alignment  of  the  magnetic  moments  of  the  spinning  electrons  and  an  induced 
magnetic  moment  due  to  a  change  in  the  orbital  motion  of  electrons.  In  order  to 
obtain  a  formula  for  determining  the  quantitative  change  in  the  magnetic  llux  density 
caused  by  the  presence  of  a  magnetic  material,  we  let  infc  be  the  magnetic  dipole 
moment  of  an  atom.  If  there  are  n  atoms  per  unit  volume,  we  define  a  magnetization 
vector,  M,  as 

n  Av 

Yj  mfc 

M  =  lim  ^4 —  (A/m),  (6-55) 

&v~*o  Ay 


which  is  the  volume  density  of  magnetic  dipole  moment.  The  magnetic  dipole  moment 
dm  of  an  elemental  volume  dv'  is'  dm  =  M  do'  that,  according  to  Eq.  (6-45),  will 
produce  a  vector  magnetic  potential 


dA 


p0M  x  aR 
AnR2 


dv'. 


Using  Eq.  (3-78),  we  can  write  Eq.  (6-56)  as 

dA  =  ^Mx  V'f— )  dv'. 
4?r  \RJ 

Thus, 


A  =  f  4A  =  —  f  MxV(-) 
Jv  4k  Jy  \RJ 

where  V  is  the  volume  of  the  magnetized  material. 

We  now  use  the  vector  identity  in  Eq.  (6-28)  to  write 

M  x  V'  =iv'xM-V'x( 


M\ 

s) 


(6-56) 


(6-57) 


(6-58) 


and  expand  the  right  side  of  Eg.  (6-57)  into  two  terms: 

V'  x  M 


=  f 
An  Jr 


An  Av-  r 


■  dv' 


'-?f  vx  r  w 

An  Ay  \  R  I 


(6-59) 


The  following  vector  identity  (see  Problem  P.  6- 14)  enables  us  to  change  the  volume 
integral  of  the  curl  of  a  vector  into  a  surface  integral. 

V'  x  F  dv'  —  — (j^  F  x  ds\  (6-60) 

where  F  is  any  vector  with  continuous  first  derivatives.  We  have,  from  Eq.  (6-59) 
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where  a„  is  the  unit  outward  normal  vector  from  els'  and  S'  is  the  surface  bounding 
the  volume  V.  .  A .  ■>  ,  .3 

A  comparison  of  the  expressions  on  the  right  side  of  Eq.  (6-61)  with  the  form  of 
A  in  Eq.  (6-22),  expressed  in  terms  of  volume  current  density  J  suggests  that  the  effect 
of  the  magnetization;,  vector  is  equivalent  to  b^Sth  a  volume  current  density 


Jm  =  VxM  ;  (A/m2) 


(6-62) 


and  a  surface  current  density 


J™  =  M  x  a„  .  (A/m). 


(6-63)  , 


In  Eqs.  (6-62)  and  (6-6.5)  we  have  omitted  the  primes  on  V  and  a„  for  simplicity, 
since  it  is  clear  that  both  refer  to  the  coordinates  of  the  source  point  where  the  mag¬ 
netization  vector  M  exists.  However,  the  primes  should  be  retained  when  there  is  a 
possibility  of  confusing  tiie  coordinates  of  the  source  and  field  points. 

The  problem  of  finding  the  magnetic  flux  density  B  caused  by  a  given  volume 
density  of  magnetic  dipole  moment  M  is  then  reduced  to  finding  the  equivalent 
magnetization  current  densities  Jm  and  J,„5  by  using  Eqs.  (6-62)  and  (6-63),  deter¬ 
mining  A  from  Eq.  (6-61),  and  then  obtaining  B  from  the  curl  of  A.  The  externally 
applied  magnetic  field,  if  it  also  exists,  must  be  accounted  for  separately. 

The  mathematical  derivation  of  Eqs.  (6—62)  and  (6-63)  is  straightforward.  The 
equivalence  of  a  volume  density  of  magnetic  dipole  moment  to  a  volume  current 
density  and  a  surface  current  density  can  be  appreciated  qualitatively  by  referring 
to  Fig.  6—9  where  a  cross  section  of  a  magnetized  material  is  shown.  It  is  assumed 
that  an  externally  applied  magnetic  field  has  caused  the  atomic  circulating  currents 
to  align  with  it,  thereby  magnetizing  the  material.  The  strength  of  this  magnetizing 


©M,  out  of  papef 


Fig.  6-9  A  cross  section 
of  a  magnetized  material. 
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effect  is  measured  by  the  magnetization  vector  M.  On  the  surface  of  the  material, 
there  will  be  a  surface  current  density  Jms,  whose  direction  is  correctly  given  by  that 
of  the  cross  product  M  x  a„.  If  M  is  uniform  inside  the  material,  the  currents  of  the 
neighboring  atomic  dipoles  that  flow  in  opposite  directions  will  cancel  everywhere, 
leaving  no  net  currents  in  the  interior.  This  is  predicted  by  Eq.  (6-62),  since  the  space 
derivatives  (and  therefore  the  curl)  of  a  constant  M  vanish.  However,  if  M  has  space 
variations,  the  internal  atomic  currents  do  not  completely  cancel,  .esulting  in  a 
net  volume  current  density  Jm.  It  is  possible  to  justify  the  quantitative  relationships 
between  M  and  the  current  densities  by  deriving  the  atomic  currents  on  the  surface 
and  in  the  interior.  But  as  this  additional  derivation  is  really  not  necessary  and  tends 
to  be  tedious,  we  will  not  attempt  it  here. 

Example  6-8  Determine  the  magnetic  flux  density  on  the  axis  of  a  uniformly 
magnetized  circular  cylinder  of  a  magnetic  material.  The  cylinder  has  a  radius  6, 
length  L,  and  axial  magnetization  M. 

Solution:  In  this  problem  concerning  a  cylindrical  bar  magnet,  let  the  axis  of  the 
magnetized  cylinder  coincide  with  the  r-axis  of  a  cylindrical 'coordinate  system, 
as  shown  in  Fig.  6-10.  Since  the  magnetization  M  is  a  constant  within  the  magnet, 
=  V'  x  M  =  0,  and  there  is  no  equivalent  volume  current  density.  The  equivalent 
magnetization  surface  current  density  on  the  side  wall  is 

JmS  =  M  x  a'„  =  (a .M)  x  ar 

=  a*M.  (6-64) 

The  magnet  is  then  like  a  cylindrical  sheet  with  a  lineal  current  density  of  M  (A/m). 
There  is  no  surface  current  on  the  top  and  bottom  faces.  In  order  to  find  B  at  P(0, 0,  z), 
we  consider  a  differential  length  dz  with  a  current  a dz  and  use  Eq.  (6-38)  to 
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Fig.  6-10  A  uniformly  magnetized 
circular  cylinder  (Example  6-8). 


:  -Tat? ;  ;T k- 


■■  v  ii,v  ' ~ 

.  V'  -A-'i-ar'-  •  •  in  •  ••  ?-*  •  • 

■  '  ■■■'  ,•]  . 

>  4  ;•?,■•:.  t.«-  f 

,  '  '  '  *  •  T>  H  ?-i 

6-7  /  MAGNETIC  FIELD  INTENSITY  AND  RELATIVE  PERMEABILITY 


atcrial* 
by  that 
?  of  the 
/where, 
e  space 
s  space 
lg  in  a 
mships 
surface 
d  tends 


obtain 


dll  =  a. 


Ho  Mb2  dz' 

2  £(z  —  z')2  +  62]3 


■  B  fdB  =  a,  p-  JoMb\d- 
J  -  Jo  2ffz  -  z')2  4-  h 


Jo  2[(z  -  z')2  +  b2]3/2 

HqM  r  z  - _ z  -  L 

2  Wz2  rrbl  v'(z  -  L)2  +  b2 


(6-65) 


iformly 
.dius  b, 


>  of  the 

nag  net. 
liva.' 


6-7  MAGNETIC  FIELD  INTENSITY  AND 
RELATIVE  PERMEABILITY 

Because  the  application  of  an  external  magnetic  field  causes  both  an  alignment  of 
the  internal  dipole  moments  and  an  induced  magnetic  moment  in  a  magnetic  material, 
we  expect  that  the  resultant  magnetic  flux  density  in  the  presence  of  a  magnetic 
material  will  be  different  from  its  value  in  free  space.  The  macroscopic  effect  of  mag¬ 
netization  can  be  studied  by  incorporating  the  equivalent  volume  current  density, 
Jm  in  Eq.  (6-62),  into  the  basic  curl  equation,  Eq.  (6-7).  We  have 


V  x  B  —  J  +  J_  -  J  r  f  x  M 


(6-64) 

(A/m). 
(0, 0,  z), 
-38)  to 


V  x  (— 
\Ho 


M  =  J. 


(6-66) 


We  now  define  a  new  fundamental  field  quantity,  the  magnetic  field  intensity,  H, 
such  that 


(6-67) 


B 

H  = - M 

(A/m). 

Ho 

The  use  of  the  vector  H  enables  us  to  write  a  curl  equation  relating  the  magnetic 
field  and  the  distribution  of  free  currents  in  any  medium.  There  is  no  need  to  deal 
explicitly  with  the  niagnetization  vector  M  or  the  equivalent  volume  current  density 
Combimfvg  Eqs.  (6-66)  and  (6-67),  we  obtain  the  new  equation 


Y  x  H  =  J, 


(6-68) 


where  J  (A/m2)  is  the  volume  density  of  'free  current.  Equations  (6-6)  and  (6-68) 
are  the  two  fundamental  governing  differential  equations  for  magnetostatics  in  any 
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medium.  The  permeability  of  free  space,  does  not  appear  explicitly  in  these  two 
equations. 

The  corresponding  integral  form  of  Eq.  (6-68)  is  obtained  by  taking  the  scalar 
surface  integral  of  both  sides. 

Js(VxHWs  =  JsJ-ds  (6-69) 

or,  according  to  Stokes's  theorem, 


(j).H  •(/<?  =  /  (A). 


(6-70) 


where  C  is  the  contour  (closed  path)  bounding  the  surface  S,  and  I  is  the  total  current 
passing  through  S'.  The  relative  directions  of  C  and  current  flow  I  follow  the  right- 
hand  rule.  Equation  (6-70)  is  another  form  of  Ampere's  circuital  law:  It  states  that 
the  circulation  of  the  magnetic  field  intensity  urountl  any  closed  path  is  equal  to  the 
free  current  flowing  through  the  surface  hounded  by  the  path.  As  we  indicated  in 
Section  6-2.  Ampere's  circuital  law  is  most  useful  in  determining  the  magnetic 
field  caused  by  a  current  when  cylindrical  symmetry  exists — that  is,  when  there  is  a 
closed  path  around  the  current  over  which’ the  magnetic  field  is  constant. 

When  the  magnetic  properties  of  the  medium  are  linear  and  isotropic ,  the  mag¬ 
netization  is  directly  proportional  to  the  magnetic  field  intensity: 


M  =  *mH, 


(6-71) 


where  ym  is  a  dimensionless  quantity  called  magnetic  susceptibility.  Substitution  of 
Eq.  (6—71)  in  Eq.  (6-67)  yields 


B  =  /tod  +  Xm)H 

=  MohrH  =  pH  (Wb/m2) 


(6-72a) 


or 


H  =  -  B 

h 


(A/m), 


(6-72b) 


where 


hr  1  “h  Xm 


ho 


s 


(6-73) 


is  another  dimensionless  quantity  known  as  the  relative  permeability  of  the  medium. 
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Fig.  6-11  Coil  on  ferromagnetic  toroid  with 
air  gap  (Example  6—9). 


The  parameter  p  =  u0pr  is  the  absolute  permeability  (or,  sometimes,  just  permeability ) 
of  the  medium  and  is  measured  in  H/m;  ■/„„  and  therefore  un  can  be  a  function  of 
space  coordinates.  For  a  simple  medium  —  linear,  isotropic,  and  homogeneous  — 
and  pr  are  constants. 

The  permeability  of  most  materials  is  very  close  to  that  of  free  space  (p0).  For 
ferromagnetic  materials  such  as  iron,  nickel,  and  cobalt.  ur  could  be  very  large 
(50-5000,  and  up  to  10A  or  more  for  special  alloys);  the  permeability  depends  not 
only  on  the  magnitude  ol  i  I  but  also  on  the  previous  history  of  the  material.  Section 
6-9  contains  some  qualitative  discussions  of  the  macroscopic  behavior  of  magnetic 
materials. 

Example  6—9  Assume  that  N  turns  of  wire  are  wound  around  a  toroidal  core  of  a 
ferromagnetic  material  with  permeability  p.  The  core  has  a  mean  radius  r0,  a  circular 
cross  section  of  raditls  a  id  «  r„),  and  a  narrow  air  gap  of  length  /g,  as  shown  in  Fig. 
6-11.  A  steady  current  /„  flows  in  the  wire.  Determine  (a)  the  magnetic  flux  density. 
By,  in  the  ferromagnetic  core;  (b)  the  magnetic  field  intensity,  H;,  in  the  core;  and 
(c)  the  magnetic  field  intensity,  Hfl,  in  the  air  gap. 

Solution 

a)  Applying  Ampule's  circuital  law,  Eq.  (6-70),  around  the  circular  contour  C, 
which  has  a  mean  radius  r„,  we  have 


H  •  de 


(6-74) 


II  flux  leakage  is  ncglccled,  die  same  tola!  flux  will  flow  in  both  the  ferromagnetic 
core  and  in  the  air  gap!  If  (he  fringing  efleel  of  the  flux  in  the  air  gap  is  also  neg¬ 
lected,  the  magnetic  flux  density  B  in  both  the  core  and  the  air  gap  will  also  be 
the  same.  However,  because  of  the  different  permeabilities,  the  magnetic  field 
intensities  in  both  parts  will  be  different.  We  have 


B  r  —  B„  —  a r. 


(6-75) 


\ 
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In  the  ferromagnetic  core, 
and,  in  the  air  gap, 


H/  — 


B 


f . 


H  -  a  — 

‘“No- 


Substituting  Eqs.  (6-75),  (6-76),  and  (6-77)  in  Eq.  (6-74),  we  obtain 


and 


—  (27tr0  -  4)  +  ^  4  =  7V/„ 
n  ■■ 


B  r  —  a,j 


ho 
hoh^o 


ho(2m-0  -  4}  +  W4 


(6-76) 

(6-77) 


b)  From  Eqs.  (6-76)  and  (6-78)  we  get 

H  =a  _ 

7  *  n0{2nro  -  4)  -r  ^4' 

c)  Similarly,  from  Eqs.  (6-77)  and  (6-78).  wc  have 

H  =  a  _ _ 

9  *  ho(2 nr0  -  4)  +  ^4  ’ 

Since  H9/H f  =  ju//r0,  the  magnetic  field  intensity  in  the  air  gap  is  much  stronger 
than  that  in  the  ferromagnetic  core. 

Why  do  you  think  the  condition  a  «  r0  is  stipulated  in  this  problem? 


(6-78) 


(6-79) 


(6-80) 


6-8  MAGNETIC  CIRCUITS 

The  problem  in  Example  6-9  is,  essentially,  one  of  a  magnetic  circuit  in  which  the 
current  applied  to  the  winding  causes  a  magnetic  flux  to  flow. in  the  ferromagnetic 
core  and  the  air  gap  in  series.  We  define  the  line  integral  of  magnetic  field  intensity 
around  a  closed  path, 

H  ‘  d€  ’ 

as  magnetomotive  force,''  mmf.  Its  SI  unit  is  ampere  (A);  but,  because  of  Eq.  (6-74), 
mmf  is  frequently  measured  in  ampere-turns  (A  •  t).  An  mmf  is  not  a  force  measured 
in  newtons. 

Assume  74,  =  NI0  denotes  a  magnetomotive  force  that  causes  a  magnetic  flux, 
<b,  to  flow  in  a  magnetic  circuit.  If  the  radius  of  the  cross  section  of  the  core  is  much 


’  Also  called  magnetomocunce. 


(6-76) 


(6-77) 
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smaller  than  the  mean  radius  of  the  toroid,  the  magnetic  flux  density  B  in  the  core 
is  approximately  constant,’ and 

<I>  S  BS,  (6-81) 

where  S  is  the  cross-sectional  area  of  the  cote.  Combination  of  Eqs.  (6-81)  and 
(6-78)  yields  }  ■  ‘ 


(2nru  -  /g)/nS  +  4/^qS  ' 


Equation  (6-82)  caii  be  rewritten 


(6-82) 


(6-83) 


(6-78) 


(67W 


(6-  80) 


wronger 


ich  the 
agnetic 
itensity 


(6-85) 


St{  +  St, 

with 

2 r.r„  -  t*  t  r 

=  i  <6-S4) 

where  tf  —  2nr0  —  is  the  length  of  the  ferromagnetic  core,  and 

£,  =  -V  (6-85) 

Both  :jAs  and  Stg  have  the  same  form  as  the  formula,  Eq.  (5-13),  for  the  DC  resistance 
of  a  straight  piece  of  homogeneous  material  with  a  uniform  cross  section  5.  Both 
are  called  reluctance:  .A  t  of  the  ferromagnetic  core;  and  :Air  of  the  air  gap.  The  SI 
unit  for  reluctance  is  reciprocal  henry  (H_1).  The  fact  that  Eqs.  (6-84)  and  (6-85) 
are  as  they  are,  evert  though  the  core  is  not  straight,  is  a  consequence  of  assuming 
that  B  is  approximately  constant  over  the  core  cross  section. 

Equation  (6-83)  is  analogous  to  the  expression  for  the  current  /  in  an  electric 
circuit,  in  which  an  ideal  voltage  source  of  emf  "V  is  connected  in  series  with  two 
resistances  Rf  and  R.g: 


Rf  +  R„ 


(6-86) 


The  analogous  maghctic  and  electric  circuits  are  shown  in  Figs.  6-  12(a)  and  (b) 


<67^ 
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Fig.  6-12  Equivalent  magnetic  circuit  and 

- — J  - - - 1  analogous  electric  circuit  for  toroidal  coil 

(a)  Magnetic  circuit,  (b)  Electric  circuit.  with  air  gap  in  Fig.  6-1 1. 
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respectively.  Magnetic  circuits  can,  by  analogy,  be  analyzed  by  the  same  techniques 
we  have  used  in  analyzing  electric  circuits.  The  analogous  quantities  are 


Magnetic  Circuits 

Electric  Circuits 

mmf,  1rm  (=  NI) 

emf,  1'~ 

magnetic  flux, 

electric  current,  / 

reluctance,  St 

resistance,  R 

permeability,  /r 

conductivity,  <r 

In  spite  of  this  convenient  likeness,  an  exact  analysis  of  magnetic  circuits  is 
inherently  very  difficult  to  achieve. 

First,  it  is  very  difficult  to  account  for  leakage  fluxes,  fluxes  that  stray  or  leak 
from  the  main  flux  paths  of  a  magnetic  circuit.  For  the  toroidal  coil  in  Fig.  6-11, 
leakage  flux  paths  encircle  every  turn  of  the  winding;  they  partially  transverse  the 
space  around  the  core,  as  illustrated,  because  the  permeability  of  air  is  not  zero. 
(There  is  little  need  for  considering  leakage  currents  outside  the  conducting  paths 
of  electric  circuits  that  carry  direct  currents.  The  reason  is  that  the  conductivity  of 
air  is  practically  zero  compared  to  that  of  a  good  conductor.) 

A  second  difficulty  is  the  fringing  effect  that  causes  the  magnetic  flux  lines  at  the 
air  gap  to  spread  and  bulge.1  (The  purpose  of  specifying  the  “narrow  air  gap”  in 
Example  6-9  was  to  minimize  this  fringing  effect.) 

A  third  difficulty  is  that  the  permeability  of  ferromagnetic  materials  is  dependent 
on  the  magnetic  field  intensity;  that  is,  B  and  H  have  a  nonlinear  relationship.  (They 
may  not  even  be  in  the  same  direction.)  The  problem  of  Example  6-9,  which  assumes 
a  given  n  before  either  Bc  or  Hc  is  known,  is  therefore  not  a  realistic  one. 

In  a  practical  problem,  the  B-H  curve  of  the  ferromagnetic  material,  such  as 
that  shown  later  in  Fig.  6-15,  should  be  given.  The  ratio  of  B  to  H  is  obviously  not 
a  constant,  and  Bt  can  be  known  only  when  H j-  is  known.  So  how  does  one  solve 
the  problem?  Two  conditions  must  be  satisfied.  First,  the  sum  of  H/g  and  H/f 
must  equal  the  total  mmf  NIa : 

H/g  +  H/f  =  NI„.  (6— 87a) 


*  In  order  to  obtain  a  more  accurate  numerical  result,  it  is  customary  to  consider  the  effective  area  of  the 
air  gap  as  slightly  larger  than  the  cross-sect io mil  area  of  the  ferromagnetic  core,  with  each  of  the  lineal 
dimensions  of  the  core  cross  section  increased  by  the  length  of  the  air  gap.  If  we  were  to  make  a  correction 
like  this  in  Eq.  (6-75),  Bt  would  become 
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Second,  if  we  assutrib  nb  leakage  flux,:  the  total  flux  <t>  in  the  ferromagnetic  core  and 
in  the  air  gap  must  be  the  same,  or  Bf  =  Btlf 

Bf  =  n0Hg.\  (6— 87b) 

Substitution  of  Eq.  (6— 87b)  in  Eq.  (6-87a)  yields  an  equation  relating  Bf  and  Hf 
in  the  core: 

;  S  Bj-  Ho  y-H f —  Nl0-  (6-88) 

Cg  tg 

This  is  an  equation  fork  straight  line  in  the  B-H  plane  with  a  negative  slope  -  n0ff/£g. 
The  intersection  of  this  line  and  the  given  B-H  curve  determines  the  operating  point. 
Once  the  operating  point  has  been  found,  u  and  Hf  and  all  other  quantities  can  be 
obtained. 

The  similarity  between  Eqs.  (6-83)  and  (6-86)  can  be  extended  to  the  writing  of 
two  basic  equations  for  magnetic  circuits  that  correspond  to  Kirchhoff’s  voltage 
and  current  laws  for  electric  circuits.  Similar  to  Kirchhoff’s  voltage  law  in  Eq.  (5-27), 
we  may  write,  for  any  closed  path  in  a  magnetic  circuit, 

(6-89) 


Equation  (6-89)  states  that  around  a  closed  path  in  a  magnetic  circuit  the  algebraic 
sum  of  ampere-turns  is  equal  to  the  algebraic  sum  of  the  products  of  the  reluctances 
and  fluxes. 

Kirchhoff’s  current  law  for  a  junction  in  an  electric  circuit,  Eq.  (5-33),  is  a 
consequence  of  V  -,1  =  0.  Similarly,  the  fundamental  postulate  V  ■  B  =  0  in  Eq.  (6-6) 
leads  to  Eq.  (6-8).  Thus  we  have 

(6-90) 


which  states  that  the  algebraic  sum  of  all  the  magnetic  fluxes  flowing  out  of  a  junction 
in  a  magnetic  circuit  is  zero.  Equations  (6-89)  and  (6-90)  form  the  bases  for,  respec¬ 
tively,  the  loop  and  ndde,  analysis  of  magnetic  circuits. 

Example  6-10  Consider  the  magnetic  circuit  in  Fig.  6- 13(a).  Steady  currents 
and  12  flow  tnTvindings  of,  respectively; 'Nx  and  N2  turns  on  the  outside  legs  of  the 

*  This  assumes  an  equal  cro&s-sectional  area  for  the  core  and  the  gap.  If  the  core  were  to  be  constructed 
of  ihsulated  laminations  of  ferromagnetic  material,  the  effective  area  for  flux  passage  in  the  core  would 
be  smaller  than  the  geometrical  cross-sectional  area,  and  Bc  would  be  larger  than  Bg  by  a  factor.  This 
factor  can  be  determined  from  the  dat^  on  the  insulated  laminations. 
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(a)  Magnetic  core  with  current-carrying  windings. 
Fig.  6-13  A  magnetic  circuit  (Example  6-10). 


(b)  Magnetic  circuit  for  loop  analysis. 


ferromagnetic  core.  The  core  has  a  cross-sectional  area  Sc  and  a  permeability  pi. 
Determine  the  magnetic  flux  in  the  center  leg. 

Solution:  The  equivalent  magnetic  circuit  for  loop  analysis  is.sjrown  in  Fig.  6-  13(b). 
Two  sources  of  mmf's,  iV ! / ,  and  N2/2.  are  shown  with  proper  polarities  in  scries 
with  reluctances  .0 ,  and  .rf  2  respectively.  This  is  obviously  a  two-loop  network. 
Since  we  are  determining  magnetic  flux  iti  the  center  leg  I\P2 ,  it  is  expedient  to 
choose  the  two  loops  in  such  a  way  that  only  one  loop  flux  (dq)  flows  through  the 
center  leg.  The  reluctances  are  computed  on  the  basis  of  average  path  lengths.  These 
are,  of  course,  approximations.  We  have 


h 

pSc 

(6 -9  la) 

g>,2 

II 

(6 -9  lb) 

@3 

—  JlL 
piSc 

(6 -91c) 

The  two  loop  equations 

are,  from  Eq.  (6 

-89), 

Loop  1 : 

1  + 

(6-92) 

Loop  2 : 

y. 

1 

to 

to 

II 

•3?14>1  + 

(«1  +@2)®2- 

(6-93) 

Solving  these  simultaneous  equations,  we  obtain 

h^ih  -  #i N2I2 


$1  = 


\r0t2  +  3  +  .3?2.3i 


(6-94) 


which  is  the  desired  answer. 
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m 


Actually  since  the  magnetic  fluxes  and  therefore  the  magnetic  flux  densities  i 
the  three' legs  tare  different,  different  permeabilities  should  be  used  in  computing 
the  reluctances  iff  Efcjs.  (6—9 1  a),  (6—9 1  b)  and  (6— 91c).  But  the  value  of  permeability, 
,in  turn,  depends  dn  the  magnetic  flux  density.  The  only  way  to  improve  the  accuracy 
of  the  solution,  provided,  thb  B-H  curve  of  the  core  material  is  given,  is  to  use  a 
procedure  of  Successive  approximation.  For  instance,  d>2,  and  (and  therefore 
B2,  S2,  and  B3)  are  first  solved  with  an  assumed  q  and  reluctances  computed  from 
the  three  parts  of  Ec|5  (6-91).  From  B,,  B2,  and  B3  the  corresponding  q2,  and  q3 
can  be  found  from  (the  B~H  curve.  These  will  modify  the  reluctances.  A  second 
approximation  for  Bu  B2;  and  Bi  is  then  obtained  with  the  modified  reluctances. 
From  the  new  flux  densities,  new  permeabilities  and  new  reluctances  are  determined. 
This  procedure  is  repeated  until  further  iterations  bring  little  changes  in  the  computed 
values.  i 
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In  Eq.  (6-71),  Section  6-7,  we  described  the  macroscopic  magnetic  property  of  a 
linear,  isotropic  medium  by  defining  the  magnetic  susceptibility  xm,  a  dimensionless 
coefficient  of  proportionality  between  magnetization  M  and  magnetic  field  intensity 
H.  The  relative  permeability  /A  is  simply  1  +  xm-  Magnetic  materials  can  be  roughly 
classified  into  three  main,  groups  in  accordance  with  their  jur  values.  A  material  is 
said  to  be 

Diamagnetic ,  if  jif  <  1  .(i/m  is  a  very  small  negative  number). 

Paramagnetic,  if  pr  >  >s  a  very  small  positive  number). 

Ferromagnetic ,  if  qr »’  1  (ym  is  a  large  positive  number). 

As  mentioned  before,  a  thorough  understanding  of  microscopic  magnetic  phenomena 
requires  a  knowledge  of  quantum  mechanics.  In  the  following  we  give  a  qualitative 
description  of  the  behavior  of  the  various  types  of  magnetic  materials  based  on  the 
classical  atomic  model. 

In  a  diamagnetic  material  the  net  magnetic  moment  due  to  the  orbital  and  spinning 
motions  of  the  electrons  in  any  particular  atom  is  zero  in  the  absence  of  an  externally 
applied  magnetic  field.  As  predicted  by  Eq.  (6-4),  the  application  of  an  external 
magnetic  field  to  this  material  produces  a  force  on  the  orbiting  electrons,  causing  a 
perturbation  in  the  angular  velocities.  As  a  consequence,  a  net  magnetic  moment 
is  created.  This  is  a  process  of  induced  magnetization.  According  to  Lenzs  law  of 
electromagnetic'  induction  (Section  7—2),  the  induced  magnetic  moment  always 
opposes  the  applied  field,  thus  reducing  the  magnetic  flux  density.  The  macroscopic 
effect  of  this  process  is  equivalent  to  that  of  a  negative  magnetization  that  can  be 
described  by  a  negative  magnetic  susceptibility.  This  effect  is  usually  very  small, 
and  /,„  for  most  known  diamagnetic  materials  (bismuth,  copper,  lead,  mercury, 
germanium,  silver,  gold,  diamond)  is  in  the  order  of  - 10“ 5. 
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Diamagnetism  arises  mainly  from  the  orbital  motion  of  the  electrons  within  an 
atom  and  is  present  in  all  materials.  In  most  materials  it  is  too  weak  to  be  of  any 
practical  importance.  The  diamagnetic  effect  is  masked  in  paramagnetic  and  ferro¬ 
magnetic  materials.  Diamagnetic  materials  exhibit  no  permanent  magnetism,  and 
the  induced  magnetic  moment  disappears  when  the  applied  field  is  withdrawn. 

In  some  materials  the  magnetic  moments  due  to  the  orbiting  and  spinning 
electrons  do  not  cancel  completely,  and  the  atoms  and  molecules  have  a  net  average 
magnetic  moment.  An  externally  applied  magnetic  field,  in  addition  to  causing  a 
very  weak  diamagnetic  effect,  tends  to  align  the  molecular  magnetic  moments  in  the 
direction  of  the  applied  field,  thus  increasing  the  magnetic  flux  density.  The  macro¬ 
scopic  effect  is,  then,  equivalent  to  that  of  a  positive  magnetization  that  is  described 
by  a  positive  magnetic  susceptibility.  The  alignment  process  is,  however,  impeded 
by  the  forces  of  random  thermal  vibrations.  There  is  little  coherent  interaction  and 
the  increase  in  magnetic  flux  density  is  quite  small.  Materials  with  this  behavior  are 
said  to  be  paramagnetic.  Paramagnetic  materials  generally  have  very  small  positive 
values  of  magnetic  susceptibility,  in  the  order  of  10  *  for  aluminum,  magnesium, 
titanium,  and  tungsten. 

Paramagnetism  arises  mainly  from  the  magnetic  dipole  moments  of  the  spinning 
electrons.  The  alignment  forces,  acting  upon  molecular  dipoles  by  the  applied  field, 
are  counteracted  by  the  deranging  effects  of  thermal  agitation.  Unlike  diamagnetism, 
which  is  essentially  independent  of  temperature,  the  paramagnetic  effect  is  tem¬ 
perature  dependent,  being  stronger  at  lower  temperatures  where  there  is  less  thermal 
collision. 

The  magnetization  of  ferromagnetic  materials  can  be  many  orders  of  magnitude 
larger  than  that  of  paramagnetic  substances.  (See  Appendix  B-5  for  typical  values 
of  relative  permittivity.)  Ferromagnetism  can  be  explained  in  terms  of  magnetized 
domains.  According  to  this  model,  which  has  been  experimentally  confirmed,  a 
ferromagnetic  material  (such  as  cobalt,  nickel,  and  iron)  is  composed  of  many  small 
domains,  their  linear  dimensions  ranging  from  a  few  microns  to  about  1  mm.  These 
domains,  each  containing  about  1015  or  1016  atoms,  are  fully  magnetized  in  the  sense 
that  they  contain  aligned  magnetic  dipoles  resulting  from  spinning  electrons  even 
in  the  absence  of  an  applied  magnetic  field.  Quantum  theory  asserts  that  strong 
coupling  forces  exist  between  the  magnetic  dipole  moments  of  the  atoms  in  a  domain, 
holding  the  dipole  moments  in  parallel.  Between  adjacent  domains  there  is  a  transition 
region  about  100  atoms  thick  called  a  domain  wall.  In  an  unmagnetized  state,  the 
magnetic  moments  of  the  adjacent  domains  in  a  ferromagnetic  material  have  different 
directions,  as  exemplified  in  Fig.  6-14  by  the  polycrystalline  specimen  shown. 
Viewed  as  a. whole,  the  random  nature  of  the  orientations  in  the  various  domains 
results  in  no  net  magnetization. 

When  an  external  magnetic  field  is  applied  to  a  ferromagnetic  material,  the  walls 
of  those  domains  having  magnetic  moments  aligned  with  the  applied  field  move  in 
such  a  way  as  to  make  the  volumes  of  those  domains  grow  at  the  expense  of  other 
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Fig.  6-14  Domain  structure  of  a 
polycrystalline  ferromagnetic  specimen. 


domains.  As  a  result;  magnetic  flux  density  is  increased.  For  weak  applied  fields, 
say  up  to  point  in  ffig.  6-15,  domain-wall  movements  are  reversible.  But  when  an 
applied  field  becomes  stronger  (past  Pt),  domain-wall  movements  are  no  longer 
reversible,  and  domain  rotation  toward  the  direction  of  the  applied  field  will  also 
occur.  For  example,  if  an  applied  field  is  reduced  to  zero  at  point  P,,  the  B-H  rela¬ 
tionship  will  not  follow  the  solid  curve  P,P, 0,  but  will  go  down  from  P^  to  P',.  along 
the  lines  of  the  broken  curve  in  the  figure.  I  his  phenomenon  of  magnetization  lagging 
behind  the  field  producing  it  is  called  hysteresis,  which  is  derived  from  a  Greek  word 
meaning  “to  lag.”  As  the  applied  field  becomes  even  much  stronger  (past  Pi  to  P2). 
domain-wall  motion  and  domain  rotation  will  cause  essentially  a  total  alignment 
of  the  microscopic  magnetic  moments  with  the  applied  field,  at  which  point  the 
magnetic  material  is  said  to  have  reached  saturation.  The  curve  OPtP,P}  on  the 
B  fl  plane  is  called  the  iu>nnal  nuigiielizaiion  curve. 

If  fhe  applied  magnetic  field  is  reduced  to  zero  from  the  value  at  P3,  the  magnetic 
flux  density  does  not  go  to  zero  but  assumes  the  value  at  Br.  This  value  is  called  the 
residual  or  remanent  flux  density  (in  Wb/m2)  and  is  dependent  on  the  maximum 
applied  field  intensity.  The  existence  of  a  remanent  flux  density  in  a  ferromagnetic 
material  makes  permanent  magnets  possible. 


Fig.  <>-15  Hysteresis  loops  in  B-H  plane  for 
ferromagnetic  material. 
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In  order  to  make  the  magnetic  flux  density  of  a  specimen  zero,  it  is  necessary 
to  apply  a  magnetic  field  intensity  Hc  in  the  opposite  direction.  This  required  Hc  is 
called  coersive  force,  but  a  more  appropriate  name  is  coersive  field  intensity  (in  A/m). 
Like  Br,  Hc  also  depends  on  the  maximum  value  of  the  applied  magnetic  field  intensity. 

It  is  evident  from  Fig.  6-15  that  the  B-H  relationship  for  a  ferromagnetic  material 
is  nonlinear.  Hence,  if  we  write  B  =  /jH  as  in  Eq.  (6-72a),  the  permeability  p  itself 
is  a  function  of  the  magnitude  of  H.  Permeability  /. 1  also  depends  on  the  history  of 
the  material’s  magnetization,  since  —  even  for  the  same  H  —  we  must  know  the 
location  of  the  operating  point  on  a  particular  branch  of  a  particular  hysteresis  loop 
in  order  to  determine  the  value  of  p  exactly.  In  some  applications  a  small  alternating 
current  may  be  superimposed  on  a  large  steady  magnetizing  current.  The  steady 
magnetizing  field  intensity  locates  the  operating  point,  and  the  local  slope  of  the 
hysteresis  curve  at  the  operating  point  determines  the  incremental  permeability. 

Ferromagnetic  materials  for  use  in  electric  generators,  motors,  and  transformers 
should  have  a  large  magnetization  for  a  very  small  applied  field;  they  should  have 
tall  and  narrow  hysteresis  loops.  As  the  applied  magnetic  field  intensity  varies 
periodically  between  ±i/m,,x.  the  hysteresis  loop  is  traced  once  per  cycle.  The  area 
of  the  hysteresis  loop  corresponds  to  energy  loss  (hysteresis  loss)  per  unit  volume  per 
cycle  (Problem  P.  6-21).  Hysteresis  loss  is  the  energy  lost  in  the  form  of  heat  in  over¬ 
coming  the  friction  encountered  during  domain-wall  motion  and  domain  rotation. 
Ferromagnetic  materials,  which  have  tall,  narrow  hysteresis  loops  with  small  loop 
areas,  are  referred  to  as  “soft”  materials;  they  are  usually  well-annealed  materials 
with  very  few  dislocations  and  impurities  so  that  the  domain  walls  can  move  easily. 

Good  permanent  magnets,  on  the  other  hand,  should  show  a  high  resistance 
to  demagnetization.  This  requires  that  they  be  made  with  materials  that  have  large 
coercive  field  intensities  Hc  and,  hence,  fat  hysteresis  loops.  These  materials  are 
referred  to  as  “hard”  ferromagnetic  materials.  The  coercive  field  intensity  of  hard 
ferromagnetic  materials  (such  as  Alnico  alloys)  can  be  105  (A/m)  or  more,  whereas 
that  for  soft  materials  is  usually  50  (A/m)  or  less. 

As  indicated  before,  ferromagnetism  is  the  result  of  strong  coupling  effects  between 
the  magnetic  dipole  moments  of  the  atoms  in  a  domain.  Figure  6— 1 6(a)  depicts  the 
atomic  spin  structure  of  a  ferromagnetic  material.. When  the  temperature  of  a  ferro¬ 
magnetic  material  'is  raised  to  such  an  extent  that  the  thermal  energy  exceeds  the 
coupling  energy,  the  magnetized  domains  become  disorganized.  Above  this  critical 
temperature,  known  as  the  curie  temperature,  a  ferromagnetic  material  behaves  like 
a  paramagnetic  substance.  Hence,  when  a  permanent  magnet  is  heated  above  its 
curie  temperature  it  loses  its  magnetization.  The.  curie  temperature  of  most  ferro¬ 
magnetic  materials  lies  between  a  few  hundred  to  a  thousand  degrees  Celsius,  that 
of  iron  being  770°C. 

Some  elements,  such  as  chromium  and  manganese,  which  are  close  to  ferro¬ 
magnetic  elements  in  atomic  number  and  are  neighbors  of  iron  in  the  periodic  table, 
also  have  strong  coupling  forces  between  the  atomic  magnetic  dipole  moments; 
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Mg.  6-16  Schematic  atomic  spin  structures  for 
la)  ferromagnetic,  (b)  antiferromagnetic,  and 
ic)  ferrimagnctic  materials. 


but  their  coupling  forces  produce  antiparallel  alignments  of  electron  spins,  as  illus¬ 
trated  in  Fig.  6-1 6(b).  The  spins  alternate  in  direction  from  atom  to  atom  and  result 
in  no  net  magnetic  moment.  A  material  possessing  this  property  is  said  to  be  anti¬ 
ferromagnetic.  Antiferromagnetism  is  also  temperature  dependent.  When  an  anti- 
ferromagnetic  material  is  heated  above  its  curie  temperature,  the  spin  directions 
suddenly  become  random  and  the  material  becomes  paramagnetic. 

There  is  another  class  of  magnetic  materials  that  exhibit  a  behavior  between 
ferromagnetism  and  antiferromagnetism.  Here  quantum  mechanical  effects  make 
the  directions  of  the  magnetic  moments  in  the  ordered  spin  structure  alternate  and 
the  magnitudes  unequal,  resulting  in  a  net  nonzero  magnetic  moment,  as  depicted 
in  Fig.  6- 16(c).  These  materials  are  said  to  be  ferrimagnetic.  Because  of  the  partial 
cancellation,  the  maximum  magnetic  flux  density  attained  in  a  ferrimagnetic  substance 
is  substantially  lower  than  that  in  a  ferromagnetic  specimen.  Typically,  it  is  about 
0.3  Wb/nr,  approximately  one-tenth  that  for  ferromagnetic  substances. 

Ferrites  are  a  subgroup  of  ferrimagnetic  material.  One  type  of  ferrites,  called 
magnetic  spinels,  crystallize  in  a  complicated  spinel  strucure  and  have  the  formula 
XO  •  Fe203,  where  X  denotes  a  divalent  metallic  ion  such  as  Fe,  Co,  Ni,  Mn,  Mg, 
Zn,  Cd,  etc.  These  are  ceramic-like  compounds  with  very  low  conductivities,  (for 
instance,  10_4~to4iS/m)  compared  with  107  (S/m)  for  iron).  Low  conductivity  limits 
eddy-current  losses  at  High  frequencies.  Hence  ferrites  find  extensive  uses  in  such 
high-frequency  and  microwave  applications  as  cores  for  FM  antennas,  high-frequency 
transformers,  and  phase  shifters.  Other  ferrites  include  magnetic-oxide  garnets,  of 
which  Yttrium-Iron-Garnet  (“YIG,”  Y3Fe,Oi2)  is  typical.  Garnets  are  used  in 
microwave  multiport  junctions.- 
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6-10  BOUNDARY  CONDITIONS  FOR 
MAGNETOSTATIC  FIELDS 


In  order  to  solve  problems  concerning  magnetic  fields  in  regions  having  media  with 
different  physical  properties,  it  is  necessary  to  study  the  conditions  (boundary  con¬ 
ditions)  that  B  and  H  vectors  must  satisfy  at  the  interfaces  of  different  media.  Using 
techniques  similar  to  those  employed  in  Section  3-9  to  obtain  the  boundary  con¬ 
ditions  for  electrostatic  fields,  we  derive  magnetostatic  boundary  conditions  by 
applying  the  two  fundamental  governing  equations,  Eqs.  (6-6)  and  (6-68),  respec¬ 
tively,  to  a  small  pillbox  and  a  small  closed  path  which  include  the  interface.  From 
the  divergenceless  nature  of  the  B  field  in  Eq.  (6-6),  V  •  B  =  0,  we  may  conclude 
directly,  in  light  of  past  experience,  that  the  normal  component  of  B  is  continuous 
across  an  interface ;  that  is, 


Bu  =  B2n  (T). 

For  linear  media,  Bt  =  and  B:  =  p2H2,  Eq.  (6-95)  becomes 

=  Hi*-  I 


(6-95) 


(6-96) 


The  boundary  condition  for  the  tangential  components  of  magnetostatic  field 
is  obtained  from  the  integral  form  of  the  curl  equation  for  H,  Eq.  (6-70),  which  is 
repeated  here  for  convenience: 

(j)cH  -de  =  I.  (6-97) 

We  now  choose  the  closed  path  abeda  in  Fig.  6-17  as  the  contour  C.  Applying 
Eq.  (6-97)  and  letting  be  =  da  =  Ah  approach  zero,  we  have 

Sh,  H  •  d€  =  H!  •  Aw  +  H2  •  (-Aw)  =  Jsa Aw 


,H u  ~  H 2t  =  J,„  (A/M), 


(6-98) 


where  Js„  is  the  surface  current  density  on  the  interface  normal  to  the  contour  C. 
The  direction  of  J 5„  is  that  of  the  thumb  when  the  fingers  of  the  right  hand  follow 
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Fig.  6-17  Closed  path  about  the  interface 
of  two  media  for  determining  the  boundary 
condition  of  H,. 
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the  direction  of  the  ^th.  In  Fig.  6-17,  the  positive  direction  of  Jsn  for  the  chosen 
path  is  out  of  the  paper.  The  following  is  a  more  concise  expression  of  the  boundary 
;  condition  for  the  tangential  components  of  H,  which  includes  both  magnitude  and 
direction  relations  (Problem  P.  6-22). 


a»2  x  (Hi  H2)  —  Js 


(A/m), 


(6-99) 
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ts.  From 
onclude 
ntinuous 


(6-95) 


where  n„2  is  the  outward  unit  normal  from  medium  2  at  the  interface.  Thus,  the  tangential 
component  oj  the  H  field  is  discontinuous  across  an  interface  where  a  surface  current 
exists,  the  amount  of.disccntinuity  being  determined  by  Eq.  (6-99). 

When  the  conductivities  of  both  media  are  finite,  currents  are  defined  by  volume 
current  densities  and  free  surface  currents  do  not  exist  on  the  interface.  Hence. 
Jv  equals  zero,  and  the  tangential  component  of  H  is  continuous  across  the  boundary 
of  almost  all  physical  media ;  it  is  discontinuous  only  when  an  interface  with  an  ideal 
perfect  conductor  or  a  superconductor  is  assumed. 
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applying 


Example  6-11  Two  magnetic  media  with  permeabilities  /q  and  p2  have  a  common 
boundary,  as  shown  in  Fig.  6-18.  The  magnetic  field  intensity  in  medium  1  at  the 
point  Pj  has  a  magnitude  11  v  and  makes  an  angle  ot1  with  the  normal.  Determine  the 
magnitude  and  the  direction  of  the  magnetic  field  intensity  at  point  P2  in  medium  2. 

Solution:  The  desired  unknown  quantities  arc  H2  and  a2.  Continuity  of  the  normal 
component  of  B  field  requires,  from  Eq.  (6-96), 

PiH2  cos  «2  =  plHl  cos  oq.  (6-100) 

Since  neither  of  the  media,  is  a  perfect  conductor,  the  tangential  component  of  H 
field  is  continuous.  We  have 


(6-98) 

nour  C. 
d  follow 


H2  sin  a2  =  H,  sin  oq. 
Division  of  Eq.  (6—101)  by  Eq.  (6-100)  gives 

tan  a2  p2 
tanoq 


(6-101) 


(6-102) 
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Fig.  6-18  Boundary  conditions  for 
magnetostatic  field  at  an  interface 
(Example  6-1 1). 


or 


a2  =  tan  1  (  —  tan  a, 

Vi 


<-ij’  (6-103) 

which  describes  the  refraction  property  of  the  magnetic  held.  The  magnitude  of  H2  is 
H2  =  yj H\t  4-  Hj„  =  yf{H2  sin  <x2)2  +  ( H2  cos  a,)2 


SB 

K> 

II 

SB 

sin2«,  +  (' —  cos  a,'') 

1/2 

L  '  7  J 

(6-104) 


We  make  three  remarks  here.  First,  Eqs.  (6-102)  and  (6-104)  are  entirely  similar 
to,  respectively.  Eqs.  (3-119)  and  (3-120)  for  the  electric  fields  in  dielectric  media — 
except  for  the  use  of  permeabilities  (instead  of  permittivities)  in  the  case  of  magnetic 
fields.  Second,  if  medium  1  is  nonmagnetic  (like  air)  and  medium  2  is  ferromagnetic 
(like  iron),  then  f.i2  »  nx  and,  from  Eq.  (6-102),  a2  will  be  nearly  ninety  degrees.  This 
means  that  for  any  arbitrary  angle  a,  that  is  not  close  to  zero,  the  magnetic  field 
in  a  ferromagnetic  medium  runs  almost  parallel  to  the  interface.- Third,  if  medium  1 
is  ferromagnetic  and  medium  2  is  air  (fix  » /i 2 ),  then  a2  will  be  nearly  zero;  that  is. 
if  a  magnetic  field  originates  in  a  ferromagnetic  medium,  the  flux  lines  will  emerge  into 
air  in  a  direction  almost  normal  to  the  interface. 

In  current-free  regions  the  magnetic  flux  density  B  is  irrotational  and  can  be 
expressed  as  the  gradient  of  a  scalar  magnetic  potential  Vm,  as  indicated  in  Sec¬ 
tion  6-5.1. 

B  =  ~nWm.  (6-105) 

Assuming  a  constant  fi,  substitution  of  Eq.  (6-105)  in  V  *'B  =  0  (Eq.  6-6)  yields  a 
Laplace’s  equation  in  Vm: 

V2Fm  =  0.  (6-106) 

Equation  (6-106)  is  entirely  similar  to  the  Laplace’s  equation,  Eq.  (4-10),  for  the 
scalar  electric  potential  V  in  a  charge-free  region.  That  the  solution  for  Eq.  (6-106) 
satisfying  given  boundary  conditions  is  unique  can  be  proved  in  the  same  way  as  for 
Eq.  (4-10)  —  see  Section  4-3.  Thus  the  techniques  (method  of  images  and  method  of 
separation  of  variables)  discussed  in  Chapter  4  for  solving  electrostatic  boundary- 
value  problems  can  be  adapted  to  solving  analogous  magnetostatic  boundary-value 
problems.  However,  although  electrostatic  problems  with  conducting  boundaries 
maintained  at  fixed  potentials  occur  quite  often  in  practice,  analogous  magnetostatic 
problems  with  constant  magnetic-potential  boundaries  are  of  little  practical  impor¬ 
tance.  (We  recall  that  isolated  magnetic  charges  do  not  exist  and  that  magnetic  flux 
lines  always  form  closed  paths.)  The  nonlinearity  in  the  relationship  between  B  and 
H  in  ferromagnetic  materials  also  complicates  the  analytical  solution  of  boundary- 
value  problems  in  magnetostatics. 
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Consider  two  neighboring  closed  loops,  arid  C2  bounding  surfaces  Sl  and  S2 
respectively,  as  shown  in  Fig.  6-19.  If  a  current  7X  flows  in  Cu  a  magnetic  field  Bx 
will  be  created.  Some  of  the  magnetic  flux  due  to  Bj  will  link  with  C2  —  that  is,  will 
pass  through  the  surface  S2  bounded  by  C2.  Let  us  designate  this  mutual  flux  4>12. 
We  have 

;  =  JSj  Bi  .  (Wb).  (6-107) 

I 

From  physics  we  kno&  that  a  time-varying  l2  (arid  therefore  a  time-varying  <D12)  will 
produce  an  induced  electromotive  force  or  voltage  in  C2  as  a  result  of  Faraday’s  law 
of  electromagnetic  induction.  (We  defer  the  discussion  of  Faraday’s  law  until  the 
next  chapter.)  However,  <1- , 2  exists  even  if  7 t  is  a  steady  DC  current. 

From  Biot-Savart  law,  Eq.  (6-31),  we  see  that  Bx  is  directly  proportional  to  7, ; 
hence  <I>12  is  also  proportional  to  ll.  We  write 

<I>i2  =  L1271,  (6-108) 

where  the  proportionality  constant  Ll2  is  called  the  mutual  inductance  between  loops 
Cj  and  C2,  with  SI  unit  henry  (H).  In  case  C2  has  N2  turns,  the  flux  linkage  A12  due  to 
012  is 

Am  =  A2(fi12  _  (Wb),'  (6-109) 

and  Eq.  (6-108)  generalizes  to 

A12  =  Ll2Ii  (Wb)  (6—110) 

or 
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77ze  mutual  inductance  between  two  circuits  is  then  the  magnetic  flux  linkage  with  one 
circuit  per  unit  current  in  the  other.  In  Eq.  (6-108),  it  is  implied  that  the  permeability 
of  the  medium  does  not  change  with  Ir.  In  other  words,  Eq.  (6-108)  and  hence 
Eq.  (6-111)  apply  only  to  linear  media.  A  more  general  definition  for  L12  is 


(6-112) 


Some  of  the  magnetic  flux  produced  by  f  links  only  with  C\  itself,  and  not  with 
C2.  The  total  flux  linkage  with  Cx  caused  by  /j  is 

An  =  Af,Ou  >  (6-113) 

0 

The  self-inductance  of  loop  Ct  is  defined  as  the  magnetic  flux  linkage  per,  unit  current 
in  the  loop  itself ;  that  is, 


(6-114) 

for  a  linear  medium.  In  general, 


(6-115) 


The  self-inductance  of  a  loop  or  circuit  depends  on  the  geometrical  shape  and  the 
physical  arrangement  of  the  conductor  constituting  the  loop  or  circuit,  as  well  as  on 
the  permeability  of  the  medium.  With  a  linear  medium,  self-inductance  does  not 
depend  on  the  current  in  the  loop  or  circuit.  As  a  matter  of  fact,  it  exists  regardless  of 
whether  the  loop  or  circuit  is  open  or  closed,  or  whether  it  is  near  another  loop  or 
circuit. 

A  conductor  arranged  in  an  appropriate  shape  (such  as  a  conducting  wire  wound 
as  a  coil)  to  supply  a  certain  amount  of  self-inductance  is  called  an  inductor.  Just  as 
a  capacitor  can  store  electric  energy,  an  inductor  can  storage  magnetic  energy,  as  we 
shall  see  in  Section  6-12.  When  we  deal  with  only  one  loop  or  coil,  there  is  no  need  to 
carry  the  subscripts  in  Eq,  (6-1 14)  or  Eq.  (6-1 15),  and  inductance  without  an  adjective 
will  be  taken  to  mean  self-inductance.  The  procedure  for  determining  the  self-in¬ 
ductance  of  an  inductor  is  as  follows: 

1.  Choose  an  appropriate  coordinate  system  for  the  given  geometry. 

2.  Assume  a  current  /  in  the  conducting  wire. 

3.  Find  B  from  /  by  Ampere’s  circuital  law,  Eq.  (6-9),  if  symmetry  exists;  if  not, 
Biot-Savart  law,  Eq.  (6-31),  must  be  used. 
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4.  Find  the  flux  linking  with  each  turn,  d>,  from  B  by  integration, 


d>  = 


where  S  is  the  area  over  which  B  exists  and  links  with  the  assumed  current. 

5.  Find  the  flux  linkage  A  by  multiplying  by  the  number  of  turns. 

6.  Find  L  by  taking  Ihe  ratio  L  =  A/1. 

Only  a  slight  modification  of  this  procedure  is  needed  to  determine  the  mutual 
inductance  L12  betwfeen  two  circuits.  After  choosing  an  appropriate  coordinate 
system,  proceed  as  fdjlows:. Assume  fj  -*■  find  B!  -» find  <t>12  by  integrating  Bx  over 
surface  S2  -»  find  fluk  linkage  A12  =  JV2<t>12  -4  find  L12  =  A l2/Ii- 


Example  6-12  Assdfiie  N  turns  of  wire  are  tightly  wound  on  a  toroidal  frame  of  a 
rectangular  cross  section  with  dimensions  as  shown  in  Fig.  6-20.  Then  assuming  the 
permeability  of  the  medium  to  be  /r0,  find  the  self-inductance  of  the  toroidal  coil. 


(<^M) 


(6-115) 
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Solution:  It  is  clear  that  the  cylindrical  coordinate  system  is  appropriate  for  this 
problem  because  the  toroidis  symmetrical  about  its  axis.  Assuming  a  current  I  in  the 
conducting  wire,  we  find,  by  applying  Eq.  (6—9)  to  a  circular  path  with  radius 
r  (a  <  r  <  h): 

B  =  a  lPB, 
dt  =  a^rdffi 

(ic  B  ‘  ~  jo*  =  iTtrBj,. 

This  result  is  obtained  because  both  B#  and  r  are  constant  around  the  circular  path  C. 
Since  the  path  encircles  a  total  current  Nl,  we  have 

27irB„  =  fi0NI 


Fig.  6-20  A  closely  wound  toroidal 
•coil  (Example  6-12). 
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and 


Next  we  find 


Jl'lh  N1 

B*  ~  ~2nr" 


<D 


HqN1\ 
2nr  J 

fi0NIh  rbdr  H0NIh  b 


(a  thdr) 


2it 


Cb  ar  — 
J  a  f 


In-. 
In  a 


The  flux  linkage  A  is  N<t>  or 
Finally,  we  obtain 


A. 22?!"  in* 
2n  a 


A  fi0N2h  b 
L  =  T  =  ~%T~ ln  “  (H)- 

1  in  a 


(6-116) 


We  note  that  the  sclf-inductancc  is  not  a  function  ofTffor  a  constant  medium 
permeability).  The  qualification  that  the  coil  be  closely  wound  on  the  toroid  is  to 
minimize  the  linkage  flux  around  the  individual  turns  of  the  wire. 

Example  6-13  Find  the  inductance  per  unit  length  of  a  very  long  solenoid  with  air 
core  having  n  turns  per  unit  length. 


Solution :  The  magnetic  flux  density  inside  an  infinitely  long  solenoid  has  been  found 
in  Example  6-3.  For  current  /  we  have,  from  Eq.  (6-13), 

B.  =  fi0nl, 

which  is  constant  inside  the  solenoid.  Hence, 

=  BA  =  H0nSI,  (6-117) 

where  S  is  the  cross-sectional  area  of  the  solenoid.  The  flux  linkage  per  unit  length  is 

A'  =  n<b  =  n0n2SI.  (6-1*18) 

Therefore  the  inductance  per  unit  length  is 

L'  =  n0n2S  (H/m).  (6-119) 

Equation  (6-1 19)  is  an  approximate  formula,  based  on  the  assumption  that  the  length 
of  the  solenoid  is  very  much  greater  than  the  linear  dimensions  of  its  cross  section. 
A  more  accurate  derivation  for  the  magnetic  flux  density  and  flux  linkage  per  unit 
length  near  the  ends  of  a  finite  solenoid  will  show  that  they  are  less  than  the  values 
given,  respectively,  by  Eqs.  (6-13)  and  (6-118).  Hence,  the  total  inductance  of  a 
finite  solenoid  is  somewhat  less  than  the  values  of  L\  as  given  in  Eq.  (6-119),  multi¬ 
plied  by  the  length. 


(6-116) 
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The  following  is*a  significant  observation  kbout  the  results  of  the  previous  two 
examples:  The  self-ifiductance  of  wire-wound  ihductors  is  proportional  to  the  square 
pf  the  number  of  turps.  , 

Example  6-14  An  air  coaxial  transmission  lirie  has  a  solid  inner  conductor  of  radius 
a  and  a  very  thin  otiter  conductor  of  inner  radius  b.  Determine  the  inductance  per 
unit  length  of  the  lilie.  : 

Solution:  Refer  to  jfig.  6-21,  Assume  that  a  current  /  flows  in  the  inner  conductor 
and  returns  via  the  bitter  conductor  in  the  othed  direction.  Because  of  the  cylindrical 
symmetry,  B  has  onfy  a  </;- component  with  different  expressions  in  the  two  regions: 
(a)  inside  the  inner  conductor,  and  (b)  between  the  inner  and  outer  conductors.  Also 
assume  that  the  current  I  is  Uniformly  distributed  over  the  cross  section  of  the  inner 
conductor. 


a)  I nside  the  inner  conductor, 
From  Eq.  (6—10)* 


0  <  r  <  a. 


B,  -  a0B01  - 


(6-120) 


b)  Between  the  inner  and  outer  conductors, 

a  <  r  <  b. 


From  Eq.  (6-11), 


—  a< 


Mq7 

2nr 


(6-121) 


Now  consider  an'annular  ring  in  the  inner  conductor  between  radii  r  and  r  +  dr. 
The  current  in  a  unit  length  of  this  annular  ring  is  linked  by  the  flux  that  can  be 
obtained  by  integratitlg  Eqs.  (6-120)  and  (6-121).  We  have 


dd)'  =  jr  B<t>l  dr  +  B ^  dr 


-  Bo1 

2na2 

,Jh[_ 

Ana2 


fa  ,  u0I  rb  dr 

rdr  +  ~2~  _ 

J'  2 n  r 


(a2 


2n  a 


(6-122) 
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Fig.  6-21  Two  views  of  a  coaxial 
transmission  line  (Example  6-14). 
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But  the  current  in  the  annular  ring  is  only  a  fraction  (2nr  dr/na2  —  2  r  dr  jo.2)  of  the 
total  current  l.f  Hence  the  flux  linkage  for  this  annular  ring  is 


dA'-^dV. 


The  total  flux  linkage  per  unit  length  is 
A'  =  f,=fl  dA' 

Jr  =  0 


>0* 


2a2 


na 

2n  \4  a 


Jo  (fl2  —  r2)r  dr  +  (^ln  J”  r  dr 

b 


(6-123) 


The  inductance  of  a  unit  length  of  the  coaxial  transmission  line  is  therefore 


(6-124) 


The  first  term  n0/%n  arises  from  the  flux  linkage  internal  to  the  solid  inner  conductor; 
it  is  known  as  the  internal  inductance  per  unit  length  of  the  inner  conductor.  The 
second  term  comes  from  the  linkage  of  the  flux  that  exists  between  the  inner  and  the 
outer  conductors;  this  term  is  known  as  the  external  inductance  per  unit  length  of 
the  coaxial  line. 

Before  we  present  some  examples  showing  how  to  determine  the  mutual  induc¬ 
tance  between  two  circuits,  we  pose  the  following  question  about  Fig.  6-19  and 
Eq.  (6-111):  Is  the  flux  linkage  with  loop  C2  caused  by  a  unit  current  in  loop  C: 
equal  to  the  flux  linkage  with  Cy  caused  by  a  unit  current  in  C2?  That  is,  is  it  true 
that 

L12  =  L21?  (6-125) 

We  may  vaguely  and  intuitively  expect  that  the  answer  is  in  the  affirmative  “because 
of  reciprocity.”  But  how  do  we  prove  it?  We  may  proceed  as  follows.  Combining 
Eqs.  (6  -107),  (6-109)  and  (6-111),  we  obtain 

Ll2  =  lf  LBl‘ds2-  (6—126) 


1  It  is  assumed  that  the  current  is  distributed  uniformly  in  the  inner  conductor.  This  assumption  does  not 
hold  for  high-frequency  AC  currents. 
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But,  in  view  of  Eq,  (6-^14),  Bj  can  be  written  as  the  curl  of  a  vector  magnetic  potential 
Au  Bj  =  V  x  Aj.  We  have  ■  ;  ' 


Now,  from  Eq.  (6-26), 


=  ^-(j)  A,  -de2. 
1 1  Jc2 


Mo^i Ilf  dei 


An  JC|  R 


(6-127) 


(6-128) 


In  Eqs.  (6-127)  and  (6—128),  the  contour  integrals  are  evaluated  only  once  over  the 
periphery  of  the  loops  C2  and  Ct  respectively— the  effects  of  multiple  turns  having 
been  taken  care  of  separately  by  the  factors  N2  and  Nv  Substitution  of  Eq.  (6-128) 
in  Eq.  (6-127)  yields 


J L,2  =  ^|  (f 

An  Jc,  Jc2  R 


(6-  129a) 


where  R  is  the  distance  between  the  differential  lengths  J<?j  and  d€2.  It  is  customary 
to  write  Eq.  (6-129a)  as 


Ll2  — 


di fj  ■  d€ 2 


(6 -129  b) 
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where  N ,  and  N2  hiivc  been  absorbed  in  the  contour  integrals  over  the  circuits  C: 
and  C2  from  one  end  to  the  other.  Equation  (6— 129b)  is  the  Neumann  formula  for 
mutual  inductance.  It  is  a  general  formula  requiring  the  evaluation  of  a  double  line 
integral.  For  any  giv&i  problem  we  always  first  look  for  symmetry  conditions  that 
may  simplify  the  determination  of  flux  linkage  and  mutual  inductance  without 
resorting  to  Eq.  (6— 129b)  directly. 

It  is  clear  from  Eq.  (6- 129b)  that  mutual  inductance  is  a  property  of  the  geo¬ 
metrical  shape  and  thfe  physical  arrangement  of  coupled  circuits.  For  a  linear  medium 
mutual  inductance  is  proportional  to  the  medium’s  permeability  and  is  independent 
of  the  currents  in  the  circuits.  It  is  obvious  that  interchanging  the  subscripts  1  and 
2  does  nofdhange  the  value  of  the  double  integral;  hence  an  affirmative  answer  to 
the  question  posed  in  Eq.  (6-125)  follows.  This  is  an  important  conclusion  because  it 
allows  us  to  use  the  simpler  of  the  two  ways  (finding  L12  or  L2J)  to  determine  the 
mutual  inductance.* 


ion  does  not 


*  In  circuit  theory  books  thtt  symbol  M  is  frequently  used  to  denote  mutual  inductance. 
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Example  6-15  Two  coils  of  turns  N1  and  N2  are  wound  concentrically  on  a 
straight  nonmagnetic  cylindricalcore  of  radius  a.  The  windings  have  lengths  and 
C2  respectively.  Find  the  mutual  inductance  between  the  coils. 

Solution:  Figure  6-22  shows  such  a  solenoid  with  two  concentric  windings.  Assume 
current  i\  flows  in  the  inner  coil.  From  Eq.  (6-117)  we  fincLjhat  the  flux  3>12  in  the 
solenoid  core  that  links  with  the  outer  coil  is 

$12  = 

Since  the  outer  coil  has  N2  turns,  we  have 

Al2  =  N2*>12=^NlN2na2I1. 

Hence  the  mutual  inductance  is 

L12  =  ^  =  ^N\N2na2.  (H).  -  (6-130) 

1 1  D 

Example  6-16  Determine  the  mutual  inductance. between  a  conducting  triangular 
loop  and  a  very  long  straight  wire  as  shown  in  Fig.  6-23. 


Solution:  Let  us  designate  the  triangular  loop  as  circuit  1  and  the  long  wire  as 
circuit  2.  If  we  assume  a  current  l  i  in  the  triangular  loop,  it  is  difficult  to  find  the 
magnetic  flux  density  everywhere.  Consequently,  it  is  difficult  to  determine  the 
mutual  inductance  L12  from  Al2/1^  in  Eq.  (6-111).  We  can,  however,  apply  Ampere’s 
circuital  law  and  readily  write  the  expression  for  B2  that  is  caused  by  a  current  /2 
in  the  long  straight  wire. 
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tig.  6-23  A  conducting  triahgular  loop 
And  a  lbng  straight  wire  (Example  6-16). 


The  flux  linkage  A21  =  <t>21  is 


where 


^2i  —  JSi  B2  •  dsl5 


(6-132) 


&!  =  a*2,dr.  '  (6-133) 

The  relation  between  z  and  r  is  given  by  the  equation  of  the  hypotenuse  of  the 
triangle: 


z~  -  [r  —  (d  +  b)J  tan  60° 

=  ~a/3  [r-(d'+b)\.  (6-134) 

Substituting  Eqs.  (6-131),  (6-133),  and  (6-134)  in  Eq.  (6-132),  we  have 

\  _  yfinol 2  p+* 1  r 

I  21: - r-(d  +  b)ldr 

'  -/War,  ,  .  b\  ,1 


*T  Cd  +  b)  Ih  (1  +  ^  j  -  h  • 


Therefore,  the  mutual  inductance  is 


id  +  b)ln(\+^j-b  (H). 


(6-135) 


6-12  MAGNETIC  ENERGY 


So  far  we  have  discussed  self-  and  mutual  ihductances  in  static  terms.  Because 
inductances  depend  pn  the  geometrical  shape  and  the  physical  arrangement  of  the 
conductors  constitutihg  the  circuits,  and,  for  a  linear  medium,  are  independent  of  the 
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currents,  we  were  not  concerned  with  nonsteady  currents  in  the  defining  of  induc¬ 
tances.  However,  we  know  that  resistanceless  inductors  appear  as  short-circuits  to 
steady  (DC)  currents;  it  is  obviously  necessary  that  we  consider  alternating  currents 
when  the  effects  of  inductances  on  circuits  and  magnetic  fields  are  of  interest.  A 
general  consideration  of  time-varying  electromagnetic  fields  (electrodynamics)  will 
be  deferred  until  the  next  chapter.  For  now  we  assume  quasi-static  conditions,  which 
imply  that  the  currents  vary  very  slowly  in  time  (are  low  of  frequency)  and  that  the 
dimensions  of  the  circuits  are  very  small  compared  to  the  wavelength.  These  condi¬ 
tions  are  tantamount  to  ignoring  retardation  and  radiation  effects,  as  we  shall  see 
when  electromagnetic  waves  are  discussed  in  Chapter  8. 

In  Section  3-11  we  discussed  the  fact  that  work  is  required  to  assemble  a  group 
of  charges  and  that  the  work  is  stored  as  electric  energy.  We  certainly  expect  that 
work  also  needs  to  be  expended  in  sending  currents  into  conducting  loops  and  that 
it  will  be  stored  as  magnetic  energy.  Consider  a  single  closed  loop  with  a  self¬ 
inductance  L,  in  which  the  current  is  initially  zero.  A  current  generator  is  connected 
to  the  loop,  which  increases  the  current  i,  from  zero  to  f ,.  From  physics  wc  know  that 
an  electromotive  force  (emf)  will  be  induced  in  the  loop  that  opposes  the  current 
change.1  An  amount  of  work  must  be  done  to  overcome  this  Induced  emf.  Let  vx  - 
Ll  dijdt  be  the  voltage  across  the  inductance.  The  work  required  is 

^  =  jv^dt  =  Lt  J'1  q  dix  =  \LJ\.  (6-136) 

Since  Ll  =  <bjl  i  for  linear  media,  Eq.  (6-136)  can  be  written  alternatively  in  terms 
of  flux  linkage  as 

Wi  (6-137) 

which  is  stored  as  magnetic  energy. 

Now  consider  two  closed  loops  Cx  and  C2  carrying  currents  and  i2,  respectively. 
The  currents  are  initially  zero  and  are  to  be  increased  to  Ix  and  I2,  respectively.  To 
find  the  amount  of  work  required,  we  first  keep  i2  —  0  and  increase  ix  from  zero  to  / 
This  requires  a  work  Wx  in  loop  Cj,  as  given  in  Eq.  (6-136)  or  (6-137);  no  work  is 
done  in  loop  C2,  since  i2  —  0.  Next  we  keep  i,  at  lx  and  increase  i2  from  zero  to  I2. 
Because  of  mutual  coupling,  some  of  the  magnetic  flux  due  to  i2  will  link  with  loop  Cu 
giving  rise  to  an  induced  emf  that  must  be  overcome  by  a  voltage  v21  =  L2l  di2jdt 
in  order  to  keep  i,  constant  at  its  value  I x.  The  work  involved  is 

W2l  =J  u2lIx  dt  =  L21/j  J'2  di2  =  L21IJ2.  (6-138) 

At  the  same  time,  a  work  W22  must  be  done  in  loop  C2  in  order  to  counteract  the 
induced  emf  and  increase  i2  to  l2. 

W22  =  2L2l\. 


f  The  subject  of  electromagnetic  induction  will  be  discussed  in  Chapter  7. 
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The  total  amount  of  \fcork  done  in  raising  the  clirfents  in  loops  Ct  and  C2  from  zero 
to  Ik  and  f2,  respectively,  is  then  the  sum  of  W21,  and  W21. 

■  ' 'Wi=  iLi/J  +  Ljj/jlj  +  iLj/l 


-  *  i 


(6-140) 


j  =  1  k  =  1 


Generalizing  this  re^Vtlt  to  a  system  of  A?  lodps  carrying  currents  / u  I2, .  . . , 
we  obtain  ;,t  '• 


tv  tv  .  y 


(6-141) 


which  is  the  energy  stbred  in  the  magnetic  field.  For  a  current  I  flowing  in  a  single 
inductor  with  inductahce  L,  the  stored  magnetic  energy  is 


Wm  =  4l/- 


(6-142) 


It  is  instructive  to-deii've  Eq.  (6-141)  in  an  alternative  way.  Consider  a  typical 
kth  loop  of  N  magnetically  coupled  loops.  Let  vk  and  ik,  be  respectively,  the  voltage 
across  and  the  current  in  the  loop.  The  work  done  to  the  kth  loop  in  time  di  is 

dWk  =  vkik  At  =  ik  d(pk,  (6-143) 

where  we  have  used  tke  relation  vk  =  d(j>k/dt.  Note  that  the  change,  d(j>k,  in  the  flux 
4>k  linking  with  the  kth  loop  is  the  result  of  the  changes  of  the  currents  in  all  the 
coupled  loops.  The  differential  work  done  to,  or  the  differential  magnetic  energy 
stored  in,  the  system  IS  then: 


i-*  n 

dWm^YjdWk=^jikd4>k. 


(6-144) 


The  total  stored  energy  is  the  integration  of  dW^  and  is  independent  of  the  manner 
in  which  the  final  valtles  of  the  currents  and  fluxes  are  reached.  Let  us  assume  that 
all  the  currents  and  mixes  are  brought  to  their  final  values  in  concert  by  an  equal 
fraction  a  that  increases  from  0  to  1 ;  that  is,  ik  -  a Ik>  and  (j)k  =  ct®k  at  any  instant  of 
time.  We  obtain  the.tdtal  magnetic  energy: 
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which  simplifies  to  Eq.  (6-137)  for  N  =  1,  as  expected.  Noting  that,  for  linear  media. 


~  X  Ljklj, 


we  obtain  Eq.  (6-141)  immediately. 


6-12.1  Magnetic  Energy  in  Terms  of 
Field  Quantities 

Equation  (6-145)  can  be  generalized  to  determine  the  magnetic  energy  of  a  continuous 
distribution  of  current  within  a  volume.  A  single  current-carrying  loop  can  be  con¬ 
sidered  as  consisting  of  a  large  number,  N,  of  contiguous  filamentary  current  elements 
of  closed  paths  Ck,  each  with  a  current  A]k  flowing  in  an  infinitesimal  cross-sectional 
area  Aa'k  and  linking  with  magnetic  flux  <5t. 


=  JSk  B  •  d*'k  =  A  • 


(6-146) 


where  Sk  is  the  surface  bounded  by  Ck.  Substituting  Eq.  (6-146)  in  Eq.  (6—145),  we 
have 


"i. -i 


(6-147) 


AIk  d€'k  =  J(Aa'k)  d€'k  =  J  Av'k. 

As  N  — *  oo,  Av'k  becomes  dv'  and  the  summation  in  Eq.  (6-147)  can  be  written  as  an 
integral.  We  have 


Kn  =  i  Jv,  A  ■  \J  dv'  (J), 


(6-148) 


where  V  is  the  volume  of  the  loop  or  the  linear  medium  in  which  J  exists.  This  volume 
can  be  extended  to  include  all  space,  since  the  inclusion  of  a  region  where  J  =  0 
does  not  change  Wm.  Equation  (6-148)  should  be  compared  with  the  expression  for 
the  electric  energy  We  in  Eq.  (3-140). 

It  is  often  desirable  to  express  the  magnetic  energy  in  terms  of  field  quantities 
B  and  H  instead  of  current  density  J  and  vector  potential  A.  Making  use  of  the  vector 
identity, 

V  •  (A  x  H)  =  H  •  (V  x  A)  -  A  •  (V  x  H), 

(see  Problem  P.2-23),  we  have 

A  •  (V  x  H)  =  H  •  (V  x  A)  -  V  •  (A  x  H) 


A  •  J  =  H  •  B  -  V  •  (A  x  H). 


(6-149) 
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Substitution  of  Eij.  (1-149)  in  Eq.  (6 -148), -we  Obtain 

-•  '■  ■  ..  :  <  j  l  .  ,:n' 

$  =  k']v,  H  •  B  dv'  -  /(jy(A  X  H)  •  a,  ds'. 


(6-150) 


In  Eq.  (6-150)  we  have  applied  the  divergence  theorem,  and  S'  is  the  surface  bounding 
V.  If  V  is  taken  to  be  sufficiently  large,  the  points  on  its  surface  S'  will  be  very  far 
from  the  currents.  At1  those  far-away  points,  the  contribution  of  the  surface  integral 
in  Eq.  (6-150)  tends,;to  zero  because  [Aj  falls  OfT  as  1/A  and  |H|  falls  off  as  1/A2,  as 
can  be  seen  from  Eqjjl  (6-22)  and  (6-31)  respectively.  Thus,  the  magnitude  of  (A  x  H) 
decreases  as  l/Ri,  whereas  at  the  same  time,  the  surface  S'  increases  only  as  R2. 
When  R  approaches  infinity,  the  surface  integral  in  Eq.(6  - 150)  vanishes.  We  have  then 


,  =  dv'  (J). 


(6— 1 5 1  a) 


Noting  that  H  =  B/ji,  we  can  write  Eq.  (6-15 lk)  in  two  alternative  forms: 


(6—15 1  b) 


(6— 151c) 


The  expressions  in  Etjs.  (6—151  u),  (6 — 151  b),  and  (6 — 1 5 1 c)  for  the  magnetic  energy 
Wm  in  a  linear  mediurh  are  analogous  to  those  of  electrostatic  energv  We  in,  respec¬ 
tively,  Eqs.  (3-146a),  (3-146b),  and  (3 -146c).  , 

If  we  define  a  magnetic  energy  density,  wm,  such  that  its  volume  integral  equals 
the  total  magnetic  energy  , 

wm  =  jy,wmdv',  (6-152) 

we  can  write  wm  in  thfee  different  forms : 

n>„,  MH-B  (J/m3)  (6-  153a) 


n’m  o , 


(6- 153a) 
(6- 153b) 


Wm  —  l^H2  (J/m3). 


(6— 153c) 


* 

By  using  Eq.  (6-142),  we  can  often  determine  self-inductance  more  easily  from 
stored  magnetic  energy  calculated  in  terms  of  B  and/or  H,  than  from  flux  linkage. 


f'A?  -vTi.V; 
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We  have 


(6-154) 


Example  6-17  By  using  stored  magnetic  energy,  determine  the  inductance  per  unit 
length  of  an  air  coaxial  transmission  line  that  has  a  solid  inner  conductor  of  radius  a 
and  a  very  thin  outer  conductor  of  inner  radius  /;. 

Solution:  This  is  the  same  problem  as  that  in  Example  6-14,  where  the  self-induc¬ 
tance  was  determined  through  a  consideration  of  flux  linkages.  Refer  again  to  Fig. 
6-21.  Assume  a  uniform  current  /  flows  in  the  inner  conductor  and  returns  in  the 
outerconductor.  The  magnetic  engrgy  per  unit  length  stored  in  the  inner  conductor  is, 
from  Eqs.  (6-120)  and  (6—151  b). 


/'"i  2/i0  ~Ur 

=  T~i  f"  r1  dr  =  — 
4m4  Jo  1< 


(J/m). 


(6-155a) 


The  magnetic  energy  per  unit  length  stored  in  the  region  between  the  inner  and  outer 
conductors  is,  from  Eq.  (6-121)  and  (6-1 51b), 


47 z  Ja  r  An  a 


(6 -155b) 


Therefore,  from  Eq.  (6-154),  we  have 


L'  +  Wm2) 

•  Mo  ,  Mo b 

=  __  q.  _  In  - 

57t  2n  a 


(H/m), 


which  is  the  same  as  Eq.  (6-124).  The  procedure  used  in  this  solution  is  comparatively 
simpler. 


6-13  MAGNETIC  FORCES  AND  TORQUES 

In  Section  6-1  we  noted  that  a  charge  q  moving  with  a  velocity  u  in  a  magnetic 
field  with  flux  density  B  experiences  a  magnetic  force  Fm  given  by  Eq.  (6-4),  which  is 
repeated  below: 


Fm  =  qu  x  B  (N). 


(6-156) 
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Lei  us  consider  an  element  oi  conductor  at  with  a  cross-sectional  area  5.  If  there  are 
N  charge  Carriers  per  linit  vdjuine  moving  ftith  d  velocity  u  in  the  direction  of  d€, 
then  the  magnetic  forcefan  the  differential  element  is 

y  ;.id¥\„  =  Nq1S\d€'\u'A',B 

■  <■)  =  NqtS\i\fa  )|  B,  (6-157) 

•  '  f*  »*; 

where  qz  is  the  charge  Bn  each  charge  carrier.  The  two  expressions  in  Eq.  (6-157) 
are  equivalent  since  u  dhd  df  have  the  same  direction.  Now,  since  M?iS|u|  equals 
the  current  in  the  conductor, iwe  dan  write  Eq:' (6— i  57)  as 


(6-158) 


The  magnetic  force  on  a  complete  (closed)  circuit  of  contour  C  that  carries  a  current 
7  in  a  magnetic  field  B  iS  then 


(6-159) 


When  we  have  two  circuits  carrying  currents  7t  and  I2  respectively,  the  situation 
is  that  of  one  current-carrying  circuit  in  the  magnetic  field  of  the  other.  In  the  presence 
of  the  magnetic  field  B2l,  which  was  caused  by  the  current  I2  in  C2,  the  force  F21 
on  circuit  C2  can  be  written  as 


!,  F2i  =  h  j>t.  x  B2|, 
where  B21  is,  from  the  tiiot-Savart  law  in  Eq.  (6-31), 

fey-. 

471  uc?  ,R2l 

Combining  Eqs.  (6-160d)  and  (6- 160b),  we  obtain 


(6- 160a) 


(6- 160b) 


dei  x  (d(2  x  aK;i) 


(6- 161a) 


which  is  Ampere' slaw  of  force  between  two  current-carrying  circuits.  It  is  an  inverse- 
square  relationship  and  should  be  compared  with  Coulomb’s  law  of  force  in  Eq.  (3- 1 7) 
between  two-stationary  charges,  the  latter  being  much  the  simpler. 

The  force  F12~  on  circuit.  C2,  in  the  presence  of  the  magnetic  field  set  up  by  the 
current  in  circuit  Cu  can  be  written  from  Eq.  (6—  161a)  by  interchanging  the 
subscripts  1  and  2. 


'  F!2  -  ~  I2I r  4  4 


(6—  161b) 
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However,  since  d€2  x  .ft  aRlJ)  ^  —  t/^i  x.(d£2-x  aRj,)i  we  inquire  whether  this 
means  F21  #  -F12  —  that  is,  whether  Newton's  third  law  governing  the  forces  of 
action  and  reaction  fails  here.  Let  us  expand  the  vector  triple  product  in  the  integrand 
of  Eq.  (6-16)a)  by  the  back-cab  rule,  Eq.  (2-20). 


d(l  x  (df  2  x  aRjl)  df2(d^i  *  aRjl)  aRll(df1  •  d€2) 


(6-162) 


nl  ni  n2 

K21  ^21  -^21 

Now  the  double  closed  line  integral  of  the  first  term  on  the  right  side  of  Eq.  (6-162)  is 
d£2(d(  i  •  aR  ) 


<6  6  -<fi  rf>a<£ 

JCi  JCi  R221  Jcj  2  Jc 


*  aR21 

R221 


(6-163) 


In  Eq.  (6-163)  we  have  made  use  of  Eq.  (2-81)  and  the  relatforr^1.(l/i?21)=  -  a  r2JR21. 
The  closed  line  integral  (with  identical  upper  and  lower  limits)  of  d{l/R2i)  around 
circuit  Ci  vanishes.  Substituting  Eq.  (6^-162)  in  Eq.  (6 — 1 6 1  a)  and  using  Eq.  (6—163), 
we  get 


21 


=  /  I 

4ti  2 


4, 


aR2  '  df2) 


c2  R2 


21 


(6-164) 


which  obviously  equals  -Fi2,  inasmuch  as  aRil  =  —  aRn.  It  follows  that  Newton’s 
third  law  holds  here,  as  expected. 


Example  6-18  Determine  the  force  per  unit  length  between  two  infinitely  long 
parallel  conducting  wires  carrying  currents  It  and  I2  in  the  same  direction.  The  wires 
are  separated  by  a  distance  d. 


Solution:  Let  the  wires  lie’in  the  yz-plane  and  be  parallel  to  the  z-axis,  as  shown  in 
Fig.  6-24.  This  problem  is  a  straightforward  application  of  Eq.  (6-160a).  Using  F'12 
to  denote  the  force  per  unit  length  on  wire  2,  we  have 


Fu  — 12 (a2  x  Bia), 


(6-165) 


where  B12,  the  magnetic  flux  density  at  wire  2,  set  up  by  the  current  Ir  in  wire  1,  is 
constant  over  wire  2.  Because  the  wires  are  assumed  to  be  infinitely  long  and  cylin¬ 
drical  symmetry  exists,  it  is  not  necessary  to  use  Eq.  (6- 160b)  for  the  determination 
of  B12.  We  apply  Ampere’s  circuital  law,  and  write,  from  Eq.  (6-11), 


®12  — 


-a* 


2nd 


(6-166) 
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Fig.  6-24  Force  between  two  parallel 
current-carrying  wires  (Example  6-18). 


Substitution  of  Eq.  (6-166)  in  Eq.  (6-165)  yields 

k 

17/  _  Fo^l-^2 


F'u  = 


(N/m). 


(6-167) 


We  see  that  the  force  on  wire  2  pulls  it  toward  wire  1.  Hence,  the  force  between  two 
wires  carrying  currents  in  the  same  direction  is  one  of  attraction  (unlike  the  force 
between  two  charges  iff  the  same  polarity,,  which  is  one  of  repulsion).  It  is  trivial  to 
prove  that  F'21  =  —  Fa  2  —  £q,(/i0/  [ 1 2/2itd\  and  that  the  force  between  two  wires 
carrying  currents  in  opposite  directions  is  one  of  repulsion. 


Let  us  now  consider  a  small  circular  loop  of  radius  b  and  carrying  a  current  I  in  a 
uniform  magnetic  field  of  flux  density  B.  It  is.  convenient  to  resolve  B  into  two  com¬ 
ponents,  B  =  Bx  +  B||i  where  B2  and  Bjj  are,:  respectively,  perpendicular  and  parallel 
to  the  plane  of  the  loop!  As  illustrated  in  Fig.  6-25a,  the  perpendicular  component  B 
tends  to  expand  the  lobp  (or  contract  it,  if  the  direction  of  /  is  reversed),  but  B  exerts 
no  net  force  to  move  tHe  loop.  The  parallel  component  B||  produces  an  upward  force 


x  x  .  x  “a  x 


X  /x  X  Y  X 


x  \  x  x 


X  .  X  T  X  X  ■ 
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Fig.  6-25  A  circular  loop  in  a  uniform  magnetic  field  B  =  +  B,, . 
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dF ,  (out  from  the  paper)  on  element  d€t  and  a  downward  force  (into  the  paper) 
dF2  =  — dF!  on  the  symmetrically  located  element  d€2,  as  shown  in  Fig.  6-25b. 
Although  the  net  force  on  the  entire  loop  caused  by  Bjg  is  also  zero,  a  torque  exists 
that  tends  to  rotate  the  loop  about  the  x-axis  in  such  a  way  as  to  align  the  magnetic 
field  (due  to  1)  with  the  external  B|(  field.  The  differential  torque  produced  by  dF! 
and  dF2  is 

dT  =  a x(dF)  2b  sin  (p 

=  ax(7  dC  By  sin  (p)2b  sin  <£ 

=  a^2//>2BN  sin2  0  (6-168) 

where  dF  =  |dFi|  =  [dF and  d(  —  \d€t\  =  \d£2\  =  b  d<f>.  The  total  torque  acting  on 
the  loop  is  then 

T  =  JdT  =  a x2Ib2Bl{  J*  sin2  <p  d<p 
=  axI(nb2)Bn.  (6-169) 

If  the  definition  of  the  magnetic  dipole  moment  in  Eq.  (6-46)-is  used, 

m  =  anI(nb2)  =  a  nIS, 

where  a„  is  a  unit  vector  in  the  direction  of  the  right  thumb  (normal  to  the  plane  of  the 
loop)  as  the  fingers  of  the  right  hand  follow  the  direction  of  the  current,  we  can  write 
Eq.  (6-169)  as 


T  =  m  x  B 


(N-m). 


(6-170) 


The  vector  B (instead  of  B,|)  is  used  in  Eq.  (6-170)  because  m  x  (Bx  +  B|,)  =  m  x  B!( . 
This  is  the  torque  that  aligns  the  microscopic  magnetic  dipoles  in  magnetic  materials 
and  causes  the  materials  to  be  magnetized  by  an  applied  magnetic  field.  It  should  be 
remembered  that  Eq.  (6-170)  does  not  hold  if  B  is  not  uniform  over  the  current- 
carrying  loop. 

Example  6-19  A  rectangular  loop  in  the  xy-plane  with  sides  bl  and  b2  carrying  a 
current  I  lies  in  a  uniform  magnetic  field  B  =  a XBX  +  a yBy  +  a ZBZ.  Determine  the  force 
and  torque  on  the  loop. 

Solution :  Resolving  B  into  perpendicular  and  parallel  components  Bx  and  B|(,  we 
have 

Bx  =  a2B,  (6— 171a) 


Bn  =  a  XBX  +  a  yBy 


(6— 171b) 


Assuming  the  current  flows  in  a  clockwise  direction,  as  shown  in  Fig.  6-26,  we  find 
that  the  perpendicular  component  a ZB,  results  in  forces  Ib1Bz  on  sides  (1)  and  (3)  and 
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Fig.  6-26  A  rectangular  loop  in  a 
„  uniform  magnetic  field  (Example  6-19). 
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forces  Ib2B.  on  sides  (2)  and  (4),  all  directed  toward  the  center  of  the  loop.  The  vector 
sum  of  these  four  contracting  forces  is  zero,  and  no  torque  is  produced. 

The  parallel  component  of  the  magnetic  flux  density,  B|i,  produces  the  following 
forces  on  the  four  sidfes : 


F.  =  fM*  x  (aA  +  a^)' 

~  &z!b\By  =  F 3 ; 

F2  =  Ib2(- ay)  x  (a XBX  +  a yBy) 
=  a Jb2Bx  -  -Fi. 


(6- 172a) 


(6- 172b) 


Again,  the  net  force  on  the  loop,  F2  +  F3  +  F3  j-t-  F4,  is  zero.  However,  these  forces 
result  in  a  net  torque? that  can  be  computed  as  follows.  The  torque  T13,  due  to  forces 
Fj  and  F3  on  sides  (i)  and  (3),  is  1 


T13  —  a  xIbib2By-, 

the  torque  T24,  due  to  forces  F2  and  F4  on  siddfe  (2)  and  (4),  is 

.  ‘  t’  T24=-a ylbxb2Bx. 

The  total  torque  on  the  rectahgular  loop  is,  then, 


T  —  T13  +  T24  =  Ib1b2('axBy  -  a yBx 


(N-m). 


(6- 173a) 


(6- 173b) 


(6-174) 


Since  the  magnetic,  nioment  of  the  loop  is  m  ='-a./h1h2,  the  result  in  Eq.  (6-174) 
is  exactly  T  =  m  X  (axBx  +  a.BJ  =  m  x  B.  HenCb,  in  spite  of  the  fact  that  Eq.  (6- 170) 
was  derived  for  a  Circular  loop,  the  torque  formula  holds  for  a  planar  loop  of  any 
shape  as  long  as  it  is  located  in  a  uniform  magnetic  field. 
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6-13,1  Forces  and  Torques  in  Terms  of 
Stored  Magnetic  Energy  : 

All  current-carrying  conductors  and  circuits  experience  magnetic  forces  when  situated 
in  a  magnetic  field.  They  are  held  in  place  only  if  mechanical  forces,  equal  and  opposite 
to  the  magnetic  forces,  exist.  Except  for  special  symmetrical  cases  (such  as  the  case 
of  the  two  infinitely  long,  current-carrying,  parallel  conducting  wires  in  Example 
6-18),  determining  the  magnetic  forces  between  current-carrying  circuits  by  Ampere’s 
law  of  force  is  a  tedious  task.  We  now  examine  an  alternative  method  of  finding 
magnetic  forces  and  torques  based  on  the  principle  oj  virtual  displacement.  This 
principle  was  used  in  Section  3—1 1.2  to  determine  electrostatic  forces  between  charged 
conductors.  Here  consider  two  cases:  first,  a  system  of  circuits  with  constant  magnetic 
flux  linkages;  and,  second,  a  system  of  circuits  with  constant  currents. 

System  of  Circuits  with  Constant  Flux  Linkages  If  we  assume  that  no  changes  in 
flux  linkages  result  from  a  virtual  differential  displacement  d€  of  one  of  the  current- 
carrying  circuits,  there  will  be  no  induced  emf’s  and  the  sources  will  supply  no  energy 
to  the  system.  The  mechanical  work,  F<j,  •  d€,  done  by  the  system, is  at  the  expense 
of  a  decrease  in  the  stored  magnetic  energy,  where  F®  denotes  the  force  under  the 
constant  flux  condition.  Thus, 


F*  •  de  =  —dWm  =  —  (VIFJ  •  d-d. 

(6-175) 

from  which  we  obtain 

F  «=-VVFm  (N). 

(6-176) 

In  Cartesian  coordinates,  the  component  forces  arc 

(6 -177a) 

i 

ii 

>> 

e 

(6-  177b) 

oz 

(6-177c) 

If  the  circuit  is  constrained  to  rotate  about  an  axis,  say  the 
work  done  by  the  system  will  be  (TJ,  dtp  and 

z-axis,  the  mechanical 

dW 

(TJ,  =  (N-m), 

(6-178) 

which  is  the  z-component  of  the  torque  acting  on  the  circuit  under  the  condition 
of  constant  flux  linkages. 
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Fig.  6-27  An  electromagnet 
(Example  6-20).  ; 
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Example  6-20  Corikider  the  electromagnet  in  Fig.  6-27  where  a  current  I  in  an 
/V-turn  coil  produces  a  ilux  <l>  in  the  magnetic  circuit.  The  cross-sectional  area  of 
the  core  is  S.  Deterrriine  the  lifting  force  on  the  armature. 


Solution:  Let  the  armature  take  a  virtual  displacement  dy  (a  differential  increase 
in  y)  and  the  source.be  adjusted  to  keep  the  flux  <E>  constant.  A  displacement  of  the 
armature  changes  oflly  the  length  of  the  air  gaps;  consequently,  the  displacement 
changes  only  the  magnetic  energy  stored  in  the  two  air  gaps.  We  have,  from  Eq. 
(6— 151b), 


An  increase  in  the  air-gap  length  (a  positive  dy)  increases  the  stored  magnetic  energy 
if  <t>  is  constant.  Using  Eq.  ,(6-1 77b),  we  obtain 


UWM  =  d(Wm)3it  =2(  ~Sdy 

gap  V'M  0 


OF 


dy. 


(6-179) 


OF 

HoS 


F®  =  a  >,(F®)y  =  -ay— -  (N) .  (6-1 80) 


Here,  the  negative  sign  indicates  that  the  force  tends  to  reduce  the  air-gap  length; 
that  is,  it  is  a  force  of  attraction.  \ 


System  of  Circuits  with  Constant  Currents  In  this  case  the  circuits  are  connected  to 
current  sources  that  .counteract  the  induced  emf’s  resulting  from  changes  in  flux 
linkages  that  are  caiised  by  a  virtual  displacement  di .  The  work  done  or  energy 
supplied  by  the  sources  is  (see  Eq.  6-144), 


"■-I 


Ikdtok 


(6-181) 
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This  energy  must  be  equal  to  the  sum  of  the  mechanical  work  done  by  the  system 
dW  ( dW  —  F,  'dd,  where  F;  denotes  the  force  on  the  displaced  circuit  under  the 
constant  current  condition)  and  the  increase  in  the  stored  magnetic  energy,  dW„. 
That  is, 

dWs  =  dW  +  dWm.  (6-182) 

From  Eq.  (6-145),  we  have 

dWm  =  ^Iyd%  =  idW,:  (6_183) 


Equations  (6-182)  and  (6-183)  combine  to  give 

dW.=  F,  ■  dd  ~  dWm 

=  (\WJ  -'dd 


(6-184) 


which  differs  from  the  expression  for  F®  in  Eq.  (6- 176). only  by  a  sign  change.  If  the 
circuit  is  constrained  to  rotate  about  the  z-axis,  the  z-component  of  the  torque 
acting  on  the  circuit  is 

(6-185) 

The  difference  between  the  expression  above  and  (T®).  in  Eq.  (6-178)  is,  again,  only 
in  the  sign.  It  must  be  understood  that,  despite  the  difference  in  the  sign,  Eqs.  (6-176) 
and  (6-178)  should  yield  the  same  answers  to  a  given  problem  as  do  Eqs.  (6-184) 
and  (6-185)  respectively.  The  formulations  using  the  method  of  virtual  displacement 
under  constant  llux  linkage  and  constant  current  conditions  are  simply  two  means 
of  solving  the  same  problem. 

Let  us  solve  the  electromagnet  problem  in  Example  6-20  assuming  a  virtual 
displacement  under  the  constant-current  condition.  For  this  purpose,  we  express  Wm 
in  terms  of  the  current  I  : 

=  (6-186) 


where  L  is  the  self-inductance  of  the  coil.  The  flux,  <&,  in  the  electromagnet  is  obtained 
by  dividing  the  applied  magnetomotive  force  (NI)  by  the  sum  of  the  reluctance  of 
the  core  (a?c)  and  that  of  the  two  air  gaps  (2y/fi0S).  Thus, 


NI 

+  2>’/jU0S 


(6-187) 


I  ;  b::>  la-  I 
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;ystem 
er  the. 
-  dWm. 


j—  183) 


"  A  j?t  '  '  A 

Inductance  L  is  eqUbl  toi'flux  linkage  per  uniti  current. 

■  \  ■  (1  ■  h  , 

■  ’  •  'V  :  q  r  _ m  y  lN 

I  ,X  2y/fi()S 

,  _  _  ,J  .  ( 

Combining  Eqs.  (6-^184)  and  (6-186)  and  using  Eq.  (6-188),  we  obtain 

PdL  lrf  NI  V 

|  1  **  2  dy  Zy  n0S\&c  +  2y/ii0Sj 

:  <I>2‘ 

f  __aVoS  (N)’ 

which  is  exactly  theiame  as  the  F0  in  Eq.  (6-180). 


(6-188) 


(6-189) 


5-184) 

n 

.  If  the 
tor; 


6-185) 


n,  only 
6-176) 
6-184) 
cement 


6-13.2  Forces  and  Torques  in  Terms  of 
Mutual  Inductance  :  d- 

The  method  of  virtual  displacement  for  cohstant  currents  provides  a  powerful 
technique  for  deteftnining  the  forces  and  torques  between  rigid  current-carrying 
circuits.  For  two  circuits  with  currents  /,  and  /2,  self-inductances  Lx  and  L2,  and 
mutual  inductance  L12,  the  magnetic  energy  is,  from  Eq.  (6-140), 

i;  ,. 

'^«  =  iE1/2  +  L12/1/2+iL2/2.  (6-190) 

If  one  of  the  circuits  is  giiven  a  virtual  displacement  under  the  condition  of  constant 
currents,  there  woilld  be  a  change  in  and  Eq.  (6-184)  applies.  Substitution  of 
Eq.  (6-190)  in  Eq.  (6-184)  yields 


F,  =  IJ2mi2)  (N). 


(6-191) 


Similarly,  we  obtain  from  Eq.  (6-185), 


virtual 
ress  Wm 

(6-186) 

n 

bUUhvu 


(T,)z  —  I\I  2 


(N-m). 


(6-192) 


Example  6—21  Determine  the  force  between  two  coaxial  circular  coils  of  radii  6, 
tiiid  h2  separated  by  a  distance  <7  which  is  much  larger  than  the  radii  (d  »  6,,  b2). 
I  he  coils  consist  of  and  N2  closely  wound  turns  and  carry  currents  I{  and  /2 
respectively, 


(6-187) 


Solution:  This  problem  is  rather  a  difficult  one  if  we  try  to  solve  it  with  Ampere’s 
law  of  force,  as  expressed' in  Eq.  (6-161a),  Therefore  we  will  base  our  solution  on 
Eq.  (6-191).  First,  we  determine  the  mutual  inductance  between  the  two  coils.  In 
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Example  6-7  we  found,  in  Eq.  (6-43),  the-, vector  potential  at  a  distant  point,  which 
was  caused  by  a  single-turn  circular  loop  carrying  a  current  I.  Referring  to  Fig.  6-28 
for  this  problem,  at  the  point  P  on  coil  2  we  have  Al2  due  to  current  Iy  in  coil  1 
with  N i  turns  as  follows: 


An  —  a. 


sin  9 


=  a„ 


=  a. 


HoNiIibl 
4R2 

PqN  1 1  jb\ 

4  R2  \R 

P-pNJlb\b2 
•4  (z2  +  h|)3/2 


(6-193) 


In  Eq.  (6—193),  z,  instead  of  is  used  because  we  anticipate  a  virtual  displacement, 
and  z  is  to  be  kept  as  a  variable  for  the  time  being.  Using  Eq.  (6-193)  in  Eq.  (6-24), 
we  find  the  mutual  flux. 


p 2*  . 

J0  Al2b2d<j) 


,H0N  J  tfbln 
2(z2  +  h2)3/2 


The  mutual  inductance  is  then,  from  Eq.  (6-111), 

^2^*12  PpNlN2Kb\b\ 


L12  — 


/x  2(z2 '+  h2)3/2 


(H). 


(6-194) 


(6-195) 
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..  .  ,, 

On  coil  2,  the  force 'due  to  the  magnetic  field  of  toil  1  can  now  be  obtained  directly 
by  substituting  Etfi  (6-195)  in  Eq.  (6-191).  i' 


-a  zIJi 


2fi0N  XN  2nb\b\d 
2  (d2  +  b22)512  ' 


which  can  be  writteri  aS 


3/r0  mtm2 
2nd* 


(6-196) 


where  ( d 2  +  b\)  has.  been  replaced  approximately  by  d1,  and  m2  and  m2  are  the 
magnitudes  of  the  magnetic  moments  of  coils  1  arid  2  respectively: 


-  to i  —  Nilyiibi,  m2  =a  N2I2Ttb\. 

The  negative  sign  in  Eq,  (6-196)  indicates  that  F12  is  a  force  of  attraction  for  currents 
flowing  in  the  same  direction.  This  force  diminishes  very  rapidly  as  the  inverse  fourth 
power  of  the  distance  of  separation. 


REVIEW  QUESTIONS 

R.6-1  What  is  the’expression  for  the  force  on  a  test  charge  q  that  moves  with  velocity  u  in  a 
magnetic  field  of  flux  density  B?  • 

R.6-2  Verify  that  tesla  (T),  the  unit  for  magnetic,  flux  density,  is  the  same  as  volt-second  per 
square  meter  (V-s/iii2). 

R.6-3  Write  Lorentz’s  force  equation. 

R.6-4  Which  postulate  Of  magnetostatics  denies  the  existence  of  isolated  magnetic  charges? 
R.6-5  State  the  law  of  conservation  of  magnetic  flux. 

R.6-6  State  Ampere’s  circuital  law. 

R.6-7  In  applying  Ampete’s  circuital  law  must  the  path  of  integration  be  circular?  Explain. 

R.6-8  Why  cannot  the  B-fieldof  an  infinitely  long,  straight,  current-carrying  conductor  have 
a  component  in  the  direction  of  the  current? 

R.6-9  Do  the  formulas  for  B,  as  derived  in  Eqs.  (6-lp)  and  (6-11)  for  a  round  conductor, 
apply  to  a  conductor  huvihg  a  square  cross  section  of  the  same  area  and  carrying  the  same 
current?  Explain. 

U.6-10  In  what  manlier  does  tlje:B-lield  ot  an  infinitely  long  straight  filament  carrying  a  direct 
current  I  vary  with  distance? 

R.6-11  Can  B-field  exist  lh  a  good  conductor?  Explain. 

R.6-12  Define  in  words  victor  magnetic  potential  A.  What  is  its  SI  unit? 
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R.6-13  What  is  the  relation  between  magnetic  flux  density  B  and  vector  magnetic  potential 
A?  Give  an  example  of  a  situation  where  B  is  zero  and  A  is  not. 

R.6-14  What  is  the  relation  between  vector  magnetic  potential  A  and  the  magnetic  flux  through 
a  given  area? 

R.6-15  State  Biot-Savart’s  law. 

R.6-16  Compare  the  usefulness  of  Ampere’s  circuital  law  and  Biot-Savart’s  law  in  determining 
B  of  a  current-carrying  circuit. 

R.6-17  What  is  a  magnetic  dipole?  Define  magnetic  dipole  moment. 

R.6-18  Define  scalar  magnetic  potential  V„.  What  is  its  SI  unit? 

R.6-19  Discuss  the  relative  merits  of  using  the  vector  and  scalar  magnetic  potentials  in  mag¬ 
netostatics.  > 

R.6-20  Define  magnetization  vector.  What  is  its  SI  unit? 

R.6-21  What  is  meant  by  “equivalent  magnetization  current  densities”?  What  are  the  SI  units 
for  V  x  M  and  M  x  a„? 

R.6-22  Define  magnetic  field  intensity  vector.  What  is  its  SI  unit? 

R.6-23  Define  magnetic  susceptibility  and  relative  permeability.  What  are  their  SI  units? 

R.6-24  Does  the  magnetic  field  intensity  due  to  a  current  distribution  depend  on  the  properties 
of  the  medium?  Does  the  magnetic  flux  density? 

R.6-25  Define  magnetomotive  force.  What  is  its  SI  unit? 

R.6-26  What  is  the  reluctance  of  a  piece  of  magnetic  material  of  permeability  p,  length  C .  and 
a  constant  cross  section  SI  What  is  its  SI  unit? 

R.6-27  An  air  gap  is  cut  in  a  ferromagnetic  toroidal  core.  The  core  is  excited  with  an  mmf  of 
NI  ampere-turns.  Is  the  magnetic  field  intensity  in  the  air  gap  higher  or  lower  than  that  in  the 
core? 

R.6-28  Define  diamagnetic,  paramagnetic,  and  ferromagnetic  materials. 

R.6-29  What  is  a  magnetic  domain? 

R.6-30  Define  remanent  flux  density  and  coercive  field  intensity. 

R.6-3I  Discuss  the  difference  between  soft  and  hard  ferromagnetic  materials. 

R.6-32  What  is  curie  temperature ? 

R.6-33  What  are  the  characteristics  of  ferrites? 

R.6-34  What  are  the  boundary  conditions  for  magnetostatic  fields  at  an  interface  between  two 
different  magnetic  media? 

R.6-35  Explain  why  magnetic  flux  lines  leave  perpendicularly  the  surface  of  a  ferromagnetic 
medium. 
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.erminmg 


in  mag- 


:  SI  units 


R-6-36  What  boundary , condition  must  the  tangential  components  of  magnetization  satisfy 
■  ,  :  at  an  interface?  If  rcgiori'2  &  Nonmagnetic,  what  is  the  relation  between  the  surface  current  and 

the  tangential  compbuclh  of  M ,  ?  .  _ 


iroperties 


R.6-37  Define  (a)'the  rriittual  inductance  between  two  circuits,  and  (b)  the  self-inductance  of  a 
single  coil.  •’ 

R.6-38  Explain  how  the.  self-iriductance  of  a  wire-wdund  inductor  depends  on  its  number  of 

turns'  i*  ;S  ,  ’ 

R.6-39  In  Example  6-i'^,  wotild  the  answer  be  die  dame  if  the  outer  conductor  is  not  “very 
thin”?  Explain.  ;J  v.  • 

ft  '  \)  :  '  ' 

R.6-40  Give  an  expression  of  magnetic  energy  in  terms  of  B  and/or  H. 

r  > 

R.6-41  Give  the  integral  expression  for  the  force  on  a  dosed  circuit  that  carries  a  current  l 
in  a  magnetic  field  B. 

R.6-42  Discuss  first  the  net  force  and  then  the  net  torque  acting  on  a  current-carrying  circuit 
situated  in  a  uniform  magnetic  field. 

R.6-43  What  is  the  relation  between  the  force  and  the  stored  magnetic  energy  in  a  system  of 
current-carrying  circuits  tinder  the  condition  of  constant  flux  linkages?  Under  the  condition  of 
constant  currents?  ■  : 


lh  t,  and 

n  mmf  of 
nat  in  the 


PROBLEMS 


P-6-1  A  positive  point  charge  q  of  mass  m  is  injected  with  a  velocity  u0  =  a,.u0  into  the  y  >  0 
region  where  a  uniform  magnetic  field  B  =  a XB0  exists.  Obtain  the  equation  of  motion  of  the 
charge,  and  describe  the  path  that  the  charge  follows.  . 

■;t  ; 

P.6-2  An  electron  is  injected  with  a  velocity  u0  =  ayu0  into  a  region  where  both  an  electric 
field  E  and  a  magnetic  field  B  exist.  Describe  the  motion  of  the  electron  if 

a)  E  =  a.£0  and  B  ==  axB0, 

b)  E  =  —  a.£0and  B  =  —a :B0. 

Discuss  the  effect  of  the  relative  magnitudes  of  £0  and  B0  on  the  electron  paths  of  (a)  and  (b). 

P-6-3  A  current  I  flows  it)  live  inner  conductor  of  an  infinitely  long  coaxial  line  and  returns  via 
the  outer  conductor.  The  radius  of  the  inner  conductor  is  a,  and  the  inner  and  outer  radii  of  the 
outer  conductor  arc  It  mut  e  respectively,  hind. llie  magnetic  flux  density  It  for  all  regions  anu 
plot  |B|  versus  r.  ;; 

,  >.{ 

P.6-4  Determine  the  magnetic. flux  density  at  a  point  bn  the  axis  of  a  solenoid  with  radius  b 
and  length  L,  and  with  a  current  I  in  its  N  turns  of  closely  Wound  coil.  Show  that  the  result  reduces 
to  that  given  in  Eq.  (6-13)  when  L  approaches  infinity. 
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P.6-5  Starting  from  the  expression  for  vector  magnetic  potential  A  in  Eq.  (6-22),  prove  that 

(6-197) 


4 n  >  R2 


Furthermore,  prove  that  V  •  B  =  0. 


^  P.6-6  Two  identical  coaxial  coils,  each  of  N  turns  and  radius  b,  are  separated  by  a  distance  d, 
as  depicted  in  Fig.  6-29.  A  current  I  flows  in  each  coil  in  the  same  direction. 

a)  Find  the  magnetic  flux  density  B  =  axBx  at  a  point  midway  between  the  coils. 

b)  Show  that  dBJdx  vanishes  at  the  midpoint. 

e)  Find  the  relation  between  b  and  </  such  that  d1BJdx1  also  vanishes  at  the  midpoint.  - 

Such  a  pair  of  coils  arc  used  to  obtain  an  approximately  uniform  magnetic  field  in  the  midpoint 
region.  They  are  known  as  Helmholtz  coils. 


Fig.  6-29  Helmholtz  coils 
(Problems  P.6-6). 


'J  P.6-7  A  thin  conducting  wire  is  bent  into  the  shape  of  a  regular  polygon  of  N  sides.  A  current 
/  flows  in  the  wire.  Show  that  the  magnetic  flux  density  at  the  center  is 


B  =  a, 


H0Nl  n 

1 S' ,aV 


where  b  is  the  radius  of  the  circle  circumscribing  the  polygon  and  a„  is  a  unit  vector  normal  to 
the  plane  of  the  polygon.  Show  also  that  as  N  becomes  very  large  this  result  reduces  to  that 
given  in  Eq.  (6-38)  with  z  =  0. 


P.6-8  Find  the  total  magnetic  flux  through  a  circular  toroid  with  a  rectangular  cross  section 
of  height  h.  The  inner  and  outer  radii  of  the  toroid  are  a  and  b  respectively.  A  current  /  flows 
in  N  turns  of  closely  wound  wire  around  the  toroid.  Determine  the  percentage  of  error  if  the  flux 
is  found  by  multiplying  the  cross-sectional  area  by  the  flux  density  at  the  mean  radius. 


P.6-9  In  certain  experiments  it  is  desirable  to  have  a  region  of  constant  magnetic  flux  density. 
This  can  be  created  in  an  off-center  cylindrical  cavity  that  is  cut  in  a  very  long  cylindrical  conductor 
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Fig.  6-30  Crosa  section  of  long 
cylindrical  condiifctor  with  cavity 
(Problem  P.6-9). 


carrying  a  uniform  current  density.  Refer  to  the  cross  section  in  Fig.  6-30.  The  uniform  axiai 
current  density  is  J  -  a../.  Find  (he  magnitude  and  direction  of  B  in  the  cylindrical  cavity  whose 
axts  is  displaced  from  that  of  the  conducting  part  by  a  distance  d.  (Hint:  Use  principle  of  super¬ 
position  and  consider  B  1ft  the  cavity  as  that  due  to  tvk>  long  cylindrical  conductors  with  radii 
b  and  a  and  current  densities  Ji  and  —  J  respectively.) 

P.6-10  Prove  the  following: 


\  current 


I0  c“rt<»ian  coordinates' arc  used,  F.q.  (6  17)  for  the  Laplaeian  of  a  vector  held  holds 
11  cylindrical  coordinates  are  used,  V2A  f  a,  VJ/lr  +  a0  V2^  +  a.  V2/!.. 

P.6-11  The  magnetic  tlui  density  B  for  an  infinitely  long  cylindrical  conductor  has  been  found 
in  Example  6-1.  Determine  the  vector  magnetic  potential  A  both  inside  and  outside  the  conductor 
from  the  relation  B  =*  V*  A.  :  -  :  . 


P.6-12  Starting  from  the 'expression  of  A  in  Eq,  (6-34)  for  the  vector  magnetic  potential 
point  in  the  bisecting  plaiie  of  a;  straight  wire  of.  length  2 L  that  carries  a  current  /: 


at  a 


a)  Find  A  at  point  Pjx,  y,Q)  in  the  bisecting  plane,  of  two  parallel  wires  each  oflength  2/, 
ocated  at  y  =  ±d/2  and  carrying  equal  and  opposite  currents,  as  shown  in  Fie.  6-31 
J  ^due  t°eqUal  and  opposite  currents  in  a  very  long  two-wire  transmission  line. 
C)  A  lnd  " lrom  A  !n  Part  (b),  and  check  your  answer  against  the  result  obtained  by  applying 
Ampere’s  circuital  law.  0  2 
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O 
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Fig.  6-31  Parallel  wires  carrying 
equal  and  apposite  currents 
(Problem  P.6-12). 
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P.6-13  For  the  small  rectangular  loop  with  sides  a  and  b  that  carries  a  current  I,  shown  in  Fig. 
6-32: 

a)  Find  the  vector  magnetic  potential  A  at  a  distance  point,  P(x,  y,z).  Show  that  it  can  be 
put  in  the  form  of  Eq.  (6-45). 

b)  Determine  the  magnetic  flux  density  B  from  A,  and  show  that  it  is  the  same  as  that  given 
in  Eq.  (6-48). 


P(x ,  >\  z) 


Fig.  6-32  A  small  rectangular 

loop  carrying  current  /  (Problem  P.6  -13). 


P.6-14  For  a  vector  field  F  with  continuous.first  derivatives,  prove  that 


Jj,(V  xF)</»  =  -(j>  F  x  ds' 


where  S  is  the  surface  enclosing  the  volume  V.(Hint :  Apply  the  divergence  theorem  to  (A  x  C), 
where  C  is  a  constant  vector.) 

P.6-15  A  circular  rod  of  magnetic  material  with  permeability  fi  is  inserted  coaxially  in  the  long 
solenoid  of  Fig.  6-4.  The  radius  of  the  rod,  a,  is  less  than  the  inner  radius,  b,  of  the  solenoid.  The 
solenoid’s  winding  has  n  turns  per  unit  length  and  carries  a  current  I. 

a)  Find  the  values  of  B,  H,  and  M  inside  the  solenoid  for  r  <  a  and  for  a  <  r  <  b. 

b)  What  are  the  equivalent  magnetization  current  densities  Jm  and  Jm,  for  the  magnetized 
rod? 

P.6-16  The  scalar  magnetic  potential,  Vm,  due  to  a  current  loop  can  be  obtained  by  first  dividing 
the  loop  area  into  many  small  loops  and  then  summing  up  the  contribution  of  these  small  loops 
(magnetic  dipoles);  that  is, 


r  r  ^m  •  a. 


(6-198a) 


dm  -  a „/  ds. 

Prove,  by  substituting  Eq.  (6— 198b)  in  Eq.  (6— 198a),  that 


(6— 198b) 


ym -T-a- 

An 


(6-199) 


where  12  is  the  solid  angle  subtended  by  the  loop  surface  at  the  field  point  P  (see  Fig.  6-33). 
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Fig.  6-33  Subdivided  current  loop  for 
determination  of  scalar  magnetic  potential 
(Problem  P.6-16). 
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(6-199) 

6-33), 


P.6-17  Do  the  following  by  using  Eq.  (6-199): 

a)  Determine  the  scalar  magnetic  potential  at  a  point  on  the  axis  of  a  circular  loop  having 
radius  b  and  carrying  a  current  I. 

b)  Obtain  the  magnetic  flux  density  B  from  —  W  and  compare  the  result  with  Eq 

(6-38).  .  4' 


P.6-18  A  ferromagnetic  sphere  of  radius  b  is  magnetized  uniformly  with  a  magnetization  M  = 
a.M0. 

a)  Determine  the  equivalent  magnetization  current  densities  Jm  and  J„1S. 

b)  Determine  the  magnetic  flux  density  at  the  center  of  the  sphere. 

P.6-19  A  toroidal  iron  core  of  relative  permeability  3000  has  a  mean  radius  R  =  80  (mm)  and  a 
circular  cross  section  with  radius  h  =  25  (mm).  An  air  gap  ^  =  3  (mm)  exists,  and  a  current  /  Hows 
in  a  500-turn  winding  to  produce  a  magnetic  flux  of  10~ 5  (Wb).  (See  Fig.  6-34.)  Neglecting  leakage 


Fig.  6-34  A-  toroidal  iron  core 
•with  air  gap  (Problem  P.6-19). 
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and  using  mean  path  length,  find  V 

a)  the  reluctances  of  the  air  gap  and  of  the  iron  core. 

b)  B9  and  H,  in  the  air  gap,  and  Bc  and  Hc  in  the  iron  core. 

c)  the  required  current  I. 

P.6-20  Consider  the  magnetic  circuit  in  Fig.  6-35.  A  current  of  3  (A)  flows  through  200  turns 
of  wire  on  the  center  leg.  Assuming  the  core  to  have  a  constant  cross-sectional  area  of  10~ 3  (m2) 
■  and  a  relative  permeability  of  5000: 

a)  Determine  the  magnetic  (lux  in  each  leg. 

b)  Determine  the  magnetic  field  intensity  in  each  leg  of  the  core  and  in  the  air  gap. 


P.6-21  Consider  an  infinitely  long  solenoid  with  n  turns  per  unit  length  around  a  ferromagnetic 
core  of  cross-sectional  area  S.  When  a  current  is  sent  through  the  coil  to  create  a  magnetic  field, 
a  voltage  v,  =  —n  d<b/dt  is  induced  per  unit  length,  which  opposes  the  current  change.  Power 
Pi  =  —  Vi I  per  unit  length  must  be  supplied  to  overcome  this  induced  voltage  in  order  to  in¬ 
crease  the  current  to  /. 

a)  Prove  that  the  work  per  unit  volume  required  to  produce  a  final  magnetic  flux  density 
By  is 

=  J8'  H  dB.  (6-200) 

b)  Assuming  the  current  is  changed  in  a  periodic  manner  such  that  B  is  reduced  from  Bf 
to  B j  and  then  is  increased  again  to  By,  prove  that  the  work  done  per  unit  volume 
for  such  a  cycle  of  change  in  the  ferromagnetic  core  is  represented  by  the  area  of  the 
hysteresis  loop  of  the  core  material. 

P.6-22  Prove  that  the  relation  V  x  H  =  J  leads  to  Eq.  (6-99)  at  an  interface  between  two  media. 

P.6-23  What  boundary  conditions  must  the  scalar  magnetic  potential  Vm  satisfy  at  an  interface 
between  two  different  magnetic  media? 

P.6-24  Consider  a  plane  boundary  (y  =  0)  between  air  (region  1,  grl  =  1)  and  iron  (region  2, 
Bn  =  5000). 

a)  Assuming  Bi  =  a,0.5  —  a^lO  (mT),  find  B2  and  the  angle  that  B2  makes  with  the  interface. 

b)  Assuming  B2  =  a^lO  +  a,0.5  (mT),  find  B[  and  the  angle  that  B;  makes  with  the  normal 
to  the  interface. 

P.6-25  The  method  of  images  can  also  be  applied  to  certain  magnetostatic  problems.  Consider 
a  straight  thin  conductor  in  air  parallel  to  and  at  a  distance  d  above  the  plane  interface  of 
a  magnetic  material  of  relative  permeability  gr.  A  current  I  flows  in  the  conductor. 
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a)  Shbw  that  all  boundary  conditions  are  satisfied  if 

i)  the  magnetic, field  in  the  air  is  calculated  from  1  and  an  image  current  Ih 

■  ■  I-"-  ’  it.  i':  •  v  '  v  ^  ° 


and  these  currents  are  equidistant  from  the  interface  and  situated  in  air; 
ii)  the  magneticfifield  below  the  boundary  plane  is  calculated  from  1  and  both  at 
the  same  locktion.'  These  currents  are  sitilated  in  an  infinite  magnetic  material  of 
relative  perdpability  n,.  t. 

b)  For  a  long  conductor  carrying  a  current  I  and  for  n,»  1,  determine  the  magnetic  flux 
density  B  at  theipoint  P  in  Fig.  6-36.  £ 


•P(x,  y) 


l ® 
t 
d 
_  .  I 


O 


Ferromagnetic  medium 

( Hr  »  1) 


Fig.  6-36  A  current-carrying  conductor 
near  a  ferromagnetic  medium  (Problem 
P.6-25). 
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1 .6  26  Determine  the  Sfelf-inductancc  of  a  toroidal  coil  of  N  turns  of  wire  wound  on  an  air 
frame  with  mean  radius  T0  and  a  circular  cross  section  of  radius  b.  Obtain  an  approximate  ex¬ 
pression  assuming  b  «  r„. 

P.6-27  Refer  to  Example  6-14.  Determine  the  inductance  per  unit  length  of  the  air  coaxial 
transmission  line  assuming  that  its  outer  conductor  is  riot  very  thin  but  is  of  a  thickness  d. 
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(6-200) 
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v  P.6-28  Calculate  the  infljirnal  and  external  inductances  per  unit  length  of  a  two-wire  transmission 
line  consisting  of  two  lofig  parallel  conducting  wires  of  radius  a  that  carry  currents  in  opposite 
directions.  The  wires  are^|eparated  by  an  axis-to-axis  distance  d,  which  is  much  larger  than  a. 

v  P.6-29  Determine  the  nllttuaj  inductance  between  a  Very  long  straight  wire  and  a  conducting 
equilateral  triangular  lodp,  as  shown 


Fig.  6-37  A  long  straight-  wire 
and  a  conducting  equilateral 
triangular  loop  (Problem  P.6-29). 
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Fig.  6-38  A  long  straight  wire 
and  a  conducting  circular  loop 
(Problem  P.6-30). 


•-  P.6-30  Determine  the  mutual  inductance  between  a  very  long  straight  wire  and  a  conducting 
circular  loop,  as  shown  in  Fig.  6  -38. 

v  P.6-31  Find  the  mutual  inductance  between  two  coplanar  rectangular'loops  with  parallel  sides, 
as  shown  in  Fig.  6-39.  Assume  that  It,  »  lu(h2  >  w2  >  d). 


Fig.  6-39  Two  coplanar 
rectangular  loops, 
hl  »  h2  (Problem  P.6-31). 


v  P.6-32  Consider  two  coupled  circuits,  having  self-inductances  L,  and  L2,  that  carry  currents 
.  1 1  and  1 2  respectively.  The  mutual  inductance  between  the  circuits  is  M. 

a)  Using  Eq.  (6-140),  find  the  ratio  /,//2  that  makes  the  stored  magnetic  energy  W2  a 
minimum. 

•v/  b)  Show  that  M  <  ■jLlL2. 

P.6-33  Calculate  the  force  per  unit  length  on  each  of  three  equidistant,  infinitely  long,  parallel 
wires  0.1 5  (m)  apart,  each  carrying  a  current  of  25  (A)  in  the  same  direction.  Specify  the  direction 
of  the  force. 

V  P.6-34  The  cross  section  of  a  long  thin  metal  strip  and  a  parallel  wire  is  shown  in  Fig.  6-40. 
Equal  and  opposite  currents  I  flow  in  the  conductors.  Find  the  force  per  unit  length  on  the 
conductors. 
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jFigi  6-40  Cross  section  of 
parallel  strip  and  wire 
conductor  (Problem  P.6-34). 


■  1 . v  P.6-35  Refer  to  Problem  6-30  and  Fig.  6-38.  Find  the  force  on  the  circular  loop  that  is  exerted 

4  ’  by  the  ma8netic  field  dufto  an  upward  current  I2  in  the  long  straight  wire.  The  circular  loop 

carries  a  current  J2  in  the' counterclockwise  direction. 

P.6-36  Assuming  the  circular  loop  in  Problem  P.6-35  is  rotated  about  its  horizontal  axis  by 
an  angle  a,  find  the  torque  exerted  on  the  circular  loop. 

P.6-37  A  small  circular  lurn  of  wire  of  radius  i-j  that  carries  a  steady  current  7,  is  placed  at 
nducting  1  e  center  °f  a  much  larger  turn  of  wire  of  radius  r2  (r2  »  r,)  that  carries  a  steady  current  7,  in 

the  same  direction.  The  attgle  between  the  normals  of  the  two  circuits  is  0  and  the  small  circular 

wire  is  free  to  turn  about  Its  diameter.  Determine  the  magnitude  and  the  direction  of  the  torque 

del  sales,  on  Hie  small  circular  wire. 

P.6-38  A  magnetized  cotnpass  needle  will  line  up  with  the  earth's  magnetic  field.  A  small  bar 

•  magnet  (a  magnetic  dipole)  with  a  magnetic  moment  2  (A-m2)  is  placed  at  a  distance  0.15  (m) 

rom  the  center  of  a  comphss  needle.  Assuming  the  earth’s  magnetic  flux  density  at  the  needle  to 
be  0.1  (mT),  find  the  maximum  angle  at  which  the  bar  magnefcan  cause  the  needle  to  deviate 
.rom  the  north-south  direction.  How  should  the  bar  magnet  be  oriented? 

P.6-39  The  total  mean  length  of  the  Dux  path  in  Iron  for  the  electromagnet  in  Fig  6-27  is  3  (m) 
and  the  yoke-bar  contact  areas  measure  0.01  (m2).  Assuming  the  permeability  of  iron  to  be 
4000^°  and  each  of  the  air  gaps  to  be  2  (mm),  calculate  the  mmf  needed  to  lift  a  total  mass  of 
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Fig.  6-41  A  long  solenoid  with  iron  core 
partially  drawn  (Problem  P.6-40). 

P.6-40  A  current  I  flow*,  in  a  long  solenoid  with  n  closeiy  wound  coil-turns  per  unit  length. 
The  cross-sectional  area  of  its  iron  core,  which  has  permeability  n,  is  S.  Determine  the  force 
acting  on  the  c3rc-ifjt  is  withdrawn  to  the  position  shown  in  Fig.  6-41. 
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7  /  Time-Varying  Fields  and 
Maxwell’s  Equations 


7-1  INTRODUCTION 

In  constructing  the  electrostatic  model,  we  defined  an  electric  r:  :r\ 

E,  and  an  electric  flux  density  (electric  displacement)  vector,  D  ..  ; 

.  governing  dilTercntial  equations  arc 

VxlU  0  "  (3-5) 

V  "D  =  p .  (3-93) 

For  linear  and  isotropic  (not  necessarily  homogeneous)  media,  E  and  D  are  related 
by  the  constitutive  relation 

D  =  eE.  (3-97) 

For  the  magnetostatic  model,  we  defined  a  magnetic  flux  density  vector,  B,  and 
a  magnetic  field  intensity  vector,  H.  The  fundamental  governing  dilTercntial  equations 
are 

V  •  B  =  0  (6-6) 

VxH=J.  (6-68) 

The  constitutive  relation  for  B  and  H  in  linear  and  isotropic  media  is 

H  =  ^B.  (6— 72b) 

These  fundamental  relations  are  summarized  in  Table  7-1. 

We  observe  that,  in  the  static  (non-time-varying)  case,  electric  field  vectors  E  and 
D  and  magnetic  field  vectors  B  and  H  form  separate  and  independent  pairs.  In  other 
words,  E  and  D  in  the  electrostatic  model  are  not  related  to  B  and  H  in  the  magneto¬ 
static  model.  In  a  conducting  medium,  static  electric  and  magnetic  fields  may  both 
...  exist  and  form  an  electromagnetostatic  field  (see  the  statement  following  Example  5  -3 

on  p.  187).  A  static  electric  field  in  a  conducting  medium  causes  a  steady  current  to 
flow  that,  in  turn,  gives  rise  to  a  static  magnetic  field.  However,  the  electric  field  can 
be  completely  determined  from  the  static  electric  charges  or  potential  distributions. 
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Table  7-1  (Fundamental  Relations  for  Electrostatic  and 
!  Magnetostktic  Models 


Fundamental 

Relations 

Electrbstatic 

Model 

Magnetostatic 

Model 

Governing  equations 

;.V  x  E  =  0 

V  •  D  --  p  ■ 

V  •  B  =  0 

V  x  H  =  J 

Constitutive  Relations 

D  =  iE 

„  1  r. 

(linear  arid  isotropic  media) 

A - - - —  -  - 

H  =  -  B 

y  vector, 
lamcnttil 

r"" 

(- 

'  (.-  ) 
e  related 

(3-97) 

r,  B,  and 
:quations 

(6-6) 

(6-68) 

(6 -7  2b) 


The  magnetic  field  is'a  consequence;  it  does  not  enter  into  the  calculation  of  the 
electric  field. 

In  this  chapter  we  will  see  that  a  changing  magnetic  field  gives  rise  to  an  electric 
field,  and  vice  versa/, To  explain  electromagnetic  phenomena  under  time-varying 
conditions,  it  is  necessary  to  construct  an  electromagnetic  model  in  which  the  electric 
field  vectors  E  and  D'  are  properly  related  to  the  magnetic  field  vectors  B  and  H. 
The  two  pairs  of  the  governing  equations  in  Table  7-1  must  therefore  be  modified  to 
show  a  mutual  dependence  between  the  electric  and  magnetic  field  vectors  in  the 
time-varying  case. 

Wc  will  begin  with  a  fundamental  postulate  that  modifies  the  V  x  E  equation  in 
Table  7-1  and  leads  to  Faraday’s  law  of  electromagnetic  induction.  The  concepts  of 
transformer  emf  and  rflotional  emf  will  be  discussed.  With  the  new  postulate  we  will 
also  need  to  modify  the  V  x  H  equatiop  in  order  to  make  the  governing  equations 
consistent  with  the  equation  of  continuity  (law  of  conservation  of  charge).  The  two 
modified  curl  equatiohs  together  with  the  two  divergence  equations  in  Table  7-1 
are  known  as  Maxwell’s  equations  and  form  the  foundation  of  electromagnetic 
theory.  The  governing  equations  for  electrostatics  and  magnetostatics  are  special 
forms  of  Maxwell’s  equations  when  all  quantities  are  independent  of  time.  Maxwell’s 
equations  can  be  combined  to  yield  wave  equations  that  predict  the  existence  of 
electromagnetic  waves  propagating  with  the  velocity  of  light.  The  solutions  of  the 
wave  equations,  especially  for  time-harmonic  fields,  will  be  discussed  in  this  chapter. 
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’7-2  FARADAY’S  LAW  OF 
ELECTROMAGNETIC^  INDUCTION 

A  major  advance  in  electromagnetic  theory  was  made  by  Michael  Faraday  who,  in 
1831,  discovered  experimentally  that  a  current  Was  induced  in  a  conducting  loop 
when  the  magnetic  flux  linking  the  loop  changed.*  The  quantitative  relationship 


f  There  is  evidence  that  Joseph  Henry  independently  made  similar  discoveries  about  the  same  time. 
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between  the  induced  emf  and  the  rate  of  change  of  flux  linkage,  based  on  experimental 
observation,  is  known  as  Faraday’s  law.  It  is  an  experimental  law  and  can  be  con¬ 
sidered  as  a  postulate.  However,  we  do  not  take  the  experimental  relation  concerning 
a  finite  loop  as  the  starting  point  for  developing  the  theory  of  electromagnetic  induc¬ 
tion.  Instead,  we  follow  our  approach  in  Chapter  3  for  electrostatics  and  in  Chapter  6 
for  magnetostatics  by  putting  forth  the  following  fundamental  postulate  and  devel¬ 
oping  from  it  the  integral  forms  of  Faraday’s  law. 


Fundamental  Postulate  for  Electromagnetic  Induction 


V  x  E  -  - 


(7-1) 


Equation  (7-1)  expresses  a  point-function  relationship;  that  is,  it  applies  to  every 
point  in  space,  whether  it  be  in  free  space  or  in  a  material  mcditim.  The  electric  field 
intensity  in  a  region  oj  time-rnrying  magnetic  Jinx  density  is  therej'ore  noneonserrative 
and  cannot  he  expressed  as  the  gradient  of  a  scalar  potential. 

Taking  the  surface  integral  of  both  sides  of  Eq.  (7-1)  over  an  open  surface  and 
applying  Stokes's  theorem,  we  obtain 


<7~2> 

Equation  (7-2)  is  valid  for  any  surface  S  With  a  bounding  contour  C,  whether  or  not 
a  physical  circuit  exists  around  C.  Of  course,  in  a  field  with  no  time  variation,  OB/dt  = 
0,  Eqs.  (7-1)  and  (7-2)  reduce,  respectively,  to  Eqs.  (3-5)  and  (3-8)  for  electrostatics. 

In  the  following  subsections  we  discuss  separately  the  cases  of  a  stationary  circuit 
in  a  time-varying  magnetic  field,  a  moving  conductor  in  a  static  magnetic  field,  and 
a  moving  circuit  in  a  time-varying  magnetic  field. 


7-2.1  A  Stationary  Circuit  in  a  Time-Varying 
Magnetic  Field 

For  a  stationary  circuit  with  a  contour  C  and  surface  S,  Eq.  (7-2)  can  be  written  as ' 

'7-3> 

If  we  define 

=  (j),  E  •  d-£  =  emf  induced  in  circuit  with  contour  C  (V).  (7-4) 
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0)  =  l*  •  ds-  magnetic  flux  crossing  surface  S  (Wb); 


then  Eq.  (7-3)  becomes  - 


Equation  (7-6)  states  that  the  electromotive  force  induced  in  a  stationary  closed  circuit 
is  equal  to  the  negative  rale  of  increase  of  the  magnetic  Jlux  linking  the  circuit.  This  is 
a  statement  o!  I'araddy's  luti1  of  electromagnetic  induction.  A  time-rale  of  change  of 
magnetic  llux  induces  tin  electric  field  according  to  Eq.  (7-3),  even  in  the  absence  of  a 
physical  closed  Circuit. :The  negative  sign  in  Eq.  (7-6)  is  an  assertion  that  the  induced 
emf  will  cause  a  Current  to  flow  in  the  closed  loop  in  such  a  direction  as  to  oppose  the 
change  in  the  linking  magnetic  flux.  This  assertion  is  known  as  Lenzs  law.  The  emf 
induced  in  a  stationary  loop  caused  by  a  time-varying  magnetic  field  is  a  transformer 
emf. 


Example  7—1  A  circular  loop  of  N  turns  of  conducting  wire  lies  in  the  xy-plane 
with  its  center  at  the  origin  ofa  magnetic  field  specified  by  B  =  a ZB0  cos  (nr/lb)  sin  cot, 
where  b  is  the  radius  of  the  loop  and  ca  is  th?  angular  frequency.  Find  the  emf  induced 
in  the  loop. 


Solution :  The  problem  specifies  a  stationary  loop  in  a  time-varying  magnetic  field ; 
hence  Eq.  (7-6)  can  bd  used  directly  to  find  the  Induced  emf,  r.  The  magnetic  flux 
linking  each  turn  of  the  circular  loop  is 


0=  j*,B  •  ds 


rb  nr  . 

|0  a :B0  cos  —  sin  cut  •  (a.2w  dr) 


8 b2  fn 


—  (--1  B0  sin  cot. 


Since  there  are  N  turns,  the  total  flux. linkage  is  Nd>,  and  we  obtain 


r  =  —tv 


%N  , ,  (n  \ 

■—  b2 1 (  —  —  1  jBq(l>  cos  cut  (V). 


The  induced  emf  is  seen  to  be  ninety  degrees  out  of  time  phase  with  the  magnetic  flux. 
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Fig.  7-1  A  conducting  bar  moving 
®  ®  B  ®  in  a  magnetic  field. 


7-2.2  A  Moving  Conductor  in  a  Static 
Magnetic  field 

When  a  conductor  moves  with  a  velocity  u  in  a  static  (non-time-varying)  magnetic 
field  B  as  shown  in  Fig.  7-1,  a  force  Fm  =  qu  x  B  will  cause  the  freely  movable 
electrons  in  the  conductor  to  drift  toward  one  end  of  the  conductor  and  leave  the 
other  end  positively  charged.  This  separation  of  the  positive  and  negative  charges 
creates  a  Coulombian  force  of  attraction.  The  charge-separation  process  continues 
until  the  electric  and  magnetic  forces  balance  each  other  and  a  state  of  equilibrium  is 
reached.  At  equilibrium,  which  is  reached  very  rapidly,  the  net  force  on  the  free  charges 
in  the  moving  conductor  is  zero. 

To  an  observer  moving  with  the  conductor,  there  is  no  apparent  motion  and  the 
magnetic  force  per  unit  charge  F Jq  =  u  x  B  can  be  interpreted  as  an  induced 
electric  field  acting  along  the  conductor  and  producing  a  voltage 

V2l  =  j;  (u  x  B)  •  d€.  (7-7) 

If  the  moving  conductor  is  a  part  of  a  closed  circuit  C,  then  the  emf  generated  around 
the  circuit  is 

(7-8) 

This  is  referred  to  as  a  flux-cutting  emf,  or  a  motional  emf.  Obviously  only  the  part 
of  the  circuit  that  moves  in  a  direction  not  parallel  to  (and  hence,  figuratively, 
“cutting”)  the  magnetic  flux  will  contribute  to  V'  in  Eq.  (7-8). 

Example  7-2  A  metal  bar  slides  over  a  pair  of  conducting  rails  in  a  uniform  magnetic 
field  B  =  a z£0  with  a  constant  velocity  u,  as  shown  in  Fig.  7-2.  (a)  Determine  the 
open-circuit  voltage  V0  that  appears  across  terminals  1  and  2.  (b)  Assuming  that  a 
resistance  R  is  connected  between  the  terminals,  find  the  electric  power  dissipated 
in  R.  (c)  Show  that  this  electric  power  is  equal  to  the  mechanical  power  required  to 
move  the  sliding  bar  with  a  velocity  u.  Neglect  the  electric  resistance  of  the  metal  bar 
and  of  the  conducting  rails.  Neglect  also  the  mechanical  friction  at  the  contact  points. 
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>x  Fig.  7-2  A  metal  bar  sliding  over 
conducting  rails  (Example  7-2). 


)  magnetic 
y  movable 
J  leave  the 
ve  charges 
,  coy^uies 
alibi. -m  is 
rcc  c!  -gcs 

on  and  the 
m  induced 


ted  around 


ily.  the  part 
iguratively, 


m  m  ^~\tic 
ermine1  the 
nine  'a 
•  dissipated 
required  to 
c  metal  bar 
tact  points. 


Solution 

a)  The  moving  bar  generates  a  flux-cutting  emf.  We  use  Eq.  (7-8)  to  find  the  open- 
circuit  voltage  K0; 

V0  =  Vl-V2--=  <k  (u  x  B)  •  ll£ 

=  J,!  (a«w  x  a_.B0)  •  (a,.</<?) 

=  —  uB0h  (V).  (7-9) 

b)  When  a  resistance  A  is  connected  between  terminals  1  and  2,  a  current  I  —  uBJiR 

will  flow  from  terminal  2  to  terminal  1,  so  that  the  electric  power,  P,,  dissipated 
in  B  is  • 

P„  =  /2P  --=  — (W).  (7-10) 

c)  The  mechanical  power,  Pm,  required  to  move  the  sliding  bar  is 

Pm  =  F-.u  (W),  (7-11) 

where  F  is  the  mechanical  force  required  to  counteract  the  magnetic  force,  Fm, 
which  the  magnetic  field  exerts  on  the  current-carrying  metal  bar.  From  Eq. 
(6-159)  we  have, 


F,„  =  1  J2‘  dt f  x  B  =  -a,/B0/i  (N).  (7-12) 

The  negative  sign  in  Eq.  (7-12)  arises  because  current  I  flows  in  a  direction 
opposite  to  that  of  df.  Hence,. 

F  =  -  Fm  =  a  xIB0h  =  a  xuB\h2jR  (N).  (7-13) 

Substitution  of  Eq.  (7-13)  in  Eq.-  (7-1 1)  proves  P„,  =  P,„  which  upholds  the 
principle  of  conservation  of  energy. 

Example  7-3  The  Faraday  disk  generator  consists  of  a  circular  metal  disk  rotating 
with  a  constant  angultir  velocity  to  in  a  uniform  and  constant  magnetic  held  of  flux 
density  B  =  a ,B0  that  is  parallel  to  the  axis  of  rotation.  Brush  contacts  are  provided 
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at  the  axis  and  on  the  rim  of  the'disk,  as  depicted  in  Fig.  7—3.  Determine  the  open- 
circuit  voltage  of  the  generator  if  the  radius  of  the  disk  is  b. 

Solution:  Let  us  consider  the  circuit  122'341'1.  Of  the  part  2'34  that  moves  with  the 
disk,  only  the  straight  portion  34  “cuts”  the  magnetic  flux.  Wetrave,  from  Eq.  (7-8), 

I'd  =  |  (u  x  B)  ■  df 

=  /*  [(a*rot))  x  aj50]  •  (ar  dr) 

(V),  (7-14) 

which  is  the  emf  of  the  Faraday  disk  generator.  To  measure  V0  we  must  use  a  volt¬ 
meter  of  a  very  high  resistance  so  that  no  appreciable  current  flows  in  the  circuit 
to  modify  the  externally  applied  magnetic  field. 


7-2.3  A  Moving  Circuit  in  a  Time-Varying 
Magnetic  Field 

When  a  charge  q  moves  with  a  velocity  u  in  a  region  where  both  an  electric  field  E 
and  a  magnetic  field  B  exist,  the  electromagnetic  force  F  on  q,  as  measured  by  a 
laboratory  observer,  is  given  by  Lorentz’s  force  equation,  Eq.  (6-5),  which  is  repeated 
below: 

F  =  q{E  +  u  x  B).  (7-15) 

To  an  observer  moving  with  q,  there  is  no  apparent  motion,  and  the  force  on  q  can 
be  interpreted  as  caused  by  an  electric  field  E',  where 

E'  =  E  +  uxB  (7-16) 

or 


E  =  E'  -  u  x  B. 


(7-17) 
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Hence,  when  a  coridilcting  circuit  with  contour  C  and  surface  S  moves  with  a  velocity 
u  in  a  field  (E,  B),  Wemse  Eq.  (7-17)  in  Eq.  (7-2)  to  obtain 

§c  E'J‘  d€  ± -  Js  ~  •  ds  %<£  (u  x  B)  •  d€  (V).  (7-18) 


:e  open- 


with  the 

q.  UA), 


(7-14) 


circuit 


sc  field  E 
red  by  a 
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(7~A) 
on  q  can 


(7-16) 

4 

(7-17) 


Equation  (7  18)  is  the  general  form  of  F ataday' s  law  for  a  moving  circuit  in  a  time- 
varying  magnetic  field.  The  line  integral  on  tHe  left  side  is  the  emf  induced  in  the 
moving  frame  of  rfcfelcnce.  1  he  first  term  on  thd  right  side  represents  the  transformer 
emf  due  to  the  time  variation  of  B;  and  the  second  term  represents  the  motional  emf 
due  to  the  motion  of  the  circuit  in  B.  The  division  of  the  induced  emf  between  the 
transformer  and  the  motional  parts  depends  on  the  chosen  frame  of  reference. 

Let  us  consider  a  circuit  with  contour  C  that  moves  from  Ct  at  time  t  to  C2  at 
time  /  +  At  in  a  changing  magnetic  field  B.  The  motion  may  include  translation, 
rotation,  and  distortibn  in  an  arbitrary  manner.  Figure  7—4  illustrates  the  situation. 
The  time-rate  of  chaftge  of  magnetic  flux  through  the  contour  is 


-  -y-  f  B  ‘  ds 
dt  dt  Js 


(7-19) 


B(i  +  At)  in  Eq.  (7—19)  can  be  expanded  as  a  Taylor’s  series: 

B(«  +  At)  =  B(t)  +  +  H.O.T.,  (7-20) 

where  the  high-order  terms  (H.O.T.)  contain  the  second  and  higher  powers  of  (At). 

Substitution  of  Eq.  (7-20)  in  Eq.  (7-19)  yields 

dt  Js  Js  at 

+ 1™  sIX*' *>  r  L  »•*■  +  H0X1- 
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_  Fig.  7-4  A  moving  circuit  in  a 
time-varying  magnetic  field. 
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where  B  has  been  written  for  B(t)  for  simplicity.  In  going  from  C*  to  C2,  the  circuit 
covers  a  region  that  is  bounded  by  S„  S2,  and  S3.  Side  surface  S3  is  the  area  swept 
out  by  the  contour  in  time  At.  An  element  of  the  side  surface  is 

ds3  -  dt f  x  u  At.  (7-22) 

We  now  apply  the  divergence  theorem  for  B  at  time  t  to  the  region  sketched  in  Fig. 
7-4: 

+  (7-23) 

where  a  negative  sign  is  included  in  the  term  involving  dsx  because  outward  normals 
must  be  used  in  the  divergence  theorem.  Using  Eq.  (7-22)  in  Eq.  (7-23)  and  noting 
that  V  •  B  =  0,  we  have 


fSl  B  ‘  ds*  ~  L  B  ' </Sl  =  -At|c(u  x  B)-d€. 


(7-24) 


Combining  Eqs.  (7-21)  and  (7-24),  we  obtain 

Jt  Iv  B  ' ,/S  =  jv  W  ' </s  ~  §c  (U  *  B)  • 

which  can  be  identified  as  the  negative  of  the  right  side  of  Eq.  (7-18). 

If  we  designate 

1  =  j^c  E'  •  d€  =  emf  induced  in  circuit  C  measured  in  the  moving  frame  (7-26) 

Eq.  (7-18)  can  be  written  simply  as 


T  f  B  ds 

dt  Js 


(7-27) 


which  is  of  the  same  form  as  Eq.  (7-6).  Of  course,  if  a  circuit  is  not  in  motion,  f 
reduces  to  i' ,  and  Eqs.  (7-27)  and  (7-6)  are  exactly  the  same.  Hence,  Faraday's  law 
that  the  emf  induced  in  a  closed  circuit  equals  the  negative  time-rate  of  increase  of 
the  magnetic  flux  linking  a  circuit  applies  to  a  stationary  circuit  as  well  as  a  moving 
one.  Either  Eq.  (7-18)  or  Eq.  (7-27)  can  be  used  to  evaluate  the  induced  emf  in  the 
general  case.  II  a  high-impcdancc  voltmeter  is  inserted  in  a  conducting  circuit,  it  will 
read  the  open-circuit  voltage  due  to  electromagnetic  induction  whether  the  circuit 
is  stationary  or  moving.  Wc  have  mentioned  that  the  division  of  the  induced  emf  in 
Eq.  (7- 1 8)  into  transformer  and  motional  emf’s  is  not  unique,  but  their  sum  is  always 
equal  to  that  computed  by  using  Eq.  (7-27). 

In  Example  7-2  (Fig.  7-2),  we  determined  the  open-circuit  voltage  F0  by  using 
Eq.  (7-8).  If  we  use  Eq.  (7-27),  we  have 
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and 


(V), 


which  is  the  same  as'kq.  (7^9). 

Similarly,  for  the  Faraday  disk  generator  in  Example  7-3,  the  magnetic  flux 
2'342’S  the  CirCUU  l'22  341  1  18  that  which  PaSses  through  the  wedge-shaped  area 


and 


b 2 


..  _  <M>:  u)B0b2 

- 2  ’ 


which  is  the  same  as  kq.  (7.2-14). 

Example  7-4  An  h  by  iv  rectangular  conducting  loop  is  situated  in  a  changing 
magnetic  held  B  -  a fB0  sin  on.  The  normal  of  the  loop  initially  makes  an  angle  a 
wit  i  a  “s  shown  in  Fig.  7-5.  Find  the  induced  emf  in  the  loop:  (a)  when  the  lo^p  is 
at  rest,  and  (b)  when  the  loop  rotates  with  an  angular  velocity  to  about  the  x-axis 
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Solution 

a)  When  the  loop  is  at  rest,  we  use  Eq.  (7-6). 

<h  =  Jb  •  ds 


Therefore 


=  (a yB0  sin  cut)  •  (a„/?w) 

=  B0hw  sin  cut  cos  a.  J 

..  c/O 

Ta=  — jr  —  -  B0Sa>  cos  wt  cos  cc. 


(7-28) 


where  S  —  hw  is  the  area  of  the  loop.  The  relative  polarities  of  the  terminals  are 
as  indicated.  If  the  circuit  is  completed  through  an  external  load,  Ya  will  produce 
a  current  that  will  oppose  the  change  in  <!>. 
b)  When  the  loop  rotates  about  the  x-axis,  both  terms  in  Eq.  (7-18)  contribute: 
the  first  term  contributes  the  transformer  emf  f'a  in  Eq.  (7-28),  and  the  second 
term  contributes  a  motional  emf  t  ’a  where 


^;  =  4(uxB  )-dt  . 


-£ 


w 


a„  —  co )  x  (ay£0  sin  cot) 


(a*  dx) 


+ 


w  \ 

a„  —  <u  1  x  (avB0  sin  cut) 


(»x  dx) 


.  w 

=  2  \  —  ooB0  sin  cut  sin  ot  h. 


Note  that  the  sides  23  and  41  do  not  contribute  to  and  that  the  contributions 
of  sides  12  and  34  are  of  equal  magnitude  and  in  the  same  direction.  If  a  =  0  at 
t  =  0,  then  a  =  cut,  and  we  can  write 


.  1/  'a  —  B0Sao  sin  tot  sin  cut.  (7-29) 

The  total  emf  induced  or  generated  in  the  rotating  loop  is  the  sum  of  ir  in 
Eq.  (7-28)  and  Va  in  Eq.  (7-29): 

Y\  =  -B0S<a( cos2  cut  -  sin2  cut)  =  -B0Soo  cos  loot,  (7-30) 
which  has  an  angular  frequency  ho. 

We  can  determine  the  total  induced  emf  tT;  by  applying  Eq.  (7-27)  directly. 
At  any  time  t,  the  magnetic  flux  linking  the  loop  is 

O(t)  =  B(t)  •  [a„(t)S]  =  BaS  sin  cut  cos  a 
=  B0S  sin  cut  cos  cut  =  \ B0S  sin  loot. 
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Hence 


I  •  ^;:r 


dd>  tf  (\ 


dt  dt  \2 


&0S  sin  2cot 


’■  —  —  B0Sa>  co&  lcot  , 


as  before. 


MAXWELL’S  EQUATIONS  *' 

The  fundamental  postulate  for  electromagnetic  induction  assures  us  that  a  time- 
varying  magnetic  fife'ld  gives  rise  to  an  electric  field.  This  assurance  has  been  amply 
verified  by  numerous  experiments.  Tire  V  x  E  =  0  equation  in  Table  7-1  must 
therefore  be  replaced  by  Eq.  (7-1)  in  the  time-Varying  case.  Following  are  the  revised 
set  of  two  curl  and  two  divergence  equations  from  Table  7-1. 


VxE  = 


(7— 31a) 


V  x  11  =  J 


V  •  D  =  p 

V  -  B  =  0. 


(7-3  lb) 
(7—3 1  c) 
(7-31d) 


In  addition,  we  know  that  the  principle  of  conservation  of  charge  must  be  satisfied 
at  all  times.  The  mathematical  expression  of  charge  conservation  is  the  equation  of 
continuity,  l;q.  (5  30),  which  is  repeated  below. 


V  •  J  =  - 


(7-32) 


The  crucial  question  here  is  whether  the  set  of  four  equations  in  (7-3la,  b,  c,  and  d) 
are  now  consistent  with  the  requirement  specified  by  Eq.  (7-32)  in  a  time-varying 
situation.  That  the  dnswer  is  in  the  negative  is  immediately  obvious  by  simply  taking 
the  divergence  of  EtJ.  (7-3 lb),  ■  ; 


•(V  x  H)  =  0:=  V  •  J, 


(7-33) 


which  follows  from  the  null  identity,  Eq.  (2-^137).  We  are  reminded  that  the  divergence 
of  the  ciiiTofiaity  Well-behaved  vector  field  is  zero.  Since  Eq.  (7-32)  asserts  V- J 
does  not  vanish  ijt  a  .lime- varying  situation,  Eq.  (7-33)  is,  in  genera),  not  true. 

How  should  Eqs.  (7— 31a,  b,  c,  and  d)  be  modified  so  that  they  are  consistent  with 
Eq.  (7-32)?  First  of  all,  a  term  dp/dt  must  be  added  to  the  right  side  of  Eq.  (7-33): 


v*(v  x  h)  =  o  =  v- j  +  : 


(7-34) 


280  TIME-VARYING  FIELDS  AND  MAXWELL’S  EQUATIONS  /  7 


Using  Eq.  (7-31c)  in  Eq.  (7-34),  we  have 

V.(VxH)  =  V-|j  +  ®J,  (7-35) 

which  implies 


(7-36) 

Equation  (7-36)  indicates  that  a  time-varying  electric  field  will  give  rise  to  a  magnetic 
field,  even  in  the  absence  of  a  current  flow.  The  additional  term  <3D /8t  is  necessary 
in  order  to  make  Eq.  (7-36)  consistent  with  the  principle  of  conservation  of  charge. 

It  is  easy  to  verify  that  8D/3t  has  the  dimension  of  a  current  density  (SI  unit:  A/m2). 
The  term  SD/dt  is  called  displacement  current  density,  and  its  introduction  in  the 
V  x  H  equation  was  one  of  the  major  contributions  of  James  Clerk  Maxwell 
(1831-1879).  In  order  to  be  consistent  with  the  equation  of  continuity  in  a  time- 
varying  situation,  both  of  the  curl  equations  in  Table  7—1  must'be  generalized.  The 
set  of  four  consistent  equations  to  replace  the  inconsistent  equations,  Eqs.  (7-3 la. 
b.  c,  and  d).  are 

(7 —37a) 

(7— 37b) 

(7-370) 
(7-37d) 

They  are  known  as  Maxwell’s  equations.  These  four  equations,  together  with  the 
equation  of  continuity  in  Eq,  (7-31)  and  Lorentz’s  force  equation  in  Eq.  (6-5), 
form  the  foundation  of  electromagnetic  theory.  These  equations  can  be  used  to 
explain  and  predict  all  macroscopic  electromagnetic  phenomena. 

Although  the  four  Maxwell’s  equations  in  Eqs.  (7-37a,  b,  c,  and  d)  are  consistent, 
they  are  not  all  independent.  As  a  matter  of  fact,  the  two  divergence  equations, 
Eqs.  (7-37c  and  d),  can  be  derived  from  the  two  curl  equations,  Eqs.  (7-37a  and  b), 
by  making  use  of  the  equation  of  continuity.  Eq.  (7-32)  (sec  Problem  P.7-7).  The 
four  fundamental  field  vectors  E,  D,  B,  H  (each  having  three  components)  represent 
twelve  unknowns.  Twelve  scalar  equations  are  required  for  the  determination  of  these 
twelve  unknowns.  The  required  equations  are  supplied  by  the  two  vector  curl 
equations  and  the  two  vector  constitutive  relations  D  =  eE  and  H  =  B/p,  each 
vector  equation  being  equivalent  to  three  scalar  equations. 


‘f 

n  &:tA\ 

5  :  f  n 
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Integral  Form  of. Maxwell’s  Equations  h 

j  ■  ji  •  ; 

The  four  Maxwell  s  equations  in  (7— 37a,  :b,  c,,and  d)  are  differential  equations  that 
,  are.  valid,  at  every  point;in  space.  In  explaining  electromagnetic  phenomena  in  a 
physical  envirotimeht,  we  must  deal  with  flhite  objects  of  specified  shapes  and 
boundaries.  It  is  bonvenieht  to  convert  the  differential  forms  into  their  integral-form 
equivalents.  We  take  the'  surface  integral  of  both  sides  of  the  curl  equations  in 
Eqs.  (7 -37a)  and  (7 -37b)  over  an  open  surface's  with  a  contour  C  and  apply  Stokes’s 
theorem  to  obtaiil  ’  ;  T  *' 


<£  E  ■  d€  ± 

Jc  Js  8t 


(7-38a) 


)  H  -d€=  f  fj  +  ^ 
c  Js\  dt 


(7— 38b) 


Taking  the  volume  ihtegral  of  both  sides  of  the  divergence  equations  in  Eqs.  (7— 37c) 
and  (7— 37d)  over  a  Volume  V  with  a  closed  surface  S  and  using  divergence  theorem, 
we  have 


C),  D  •  ds  =  f  p  dv 

JS  .Jr 


(7— 38c) 


B  •  c/s  =  0 . 


(7— 38d) 


*  r- . 

The  set  of /otfir  equations  in  (7— 38a,  b.  c,  and  d)  are  the  integral  form  of  Maxwell’s 
equations.  We  sea  that  Eq.  (7,— 38a)  is  the  same  as  Eq.  (7-2),  which  is  an  expression 
of  Faraday  s  lt^^)f  electromagnetic  induction.  Equation  (7— 38b)  is  a  generalization 
of  Ampere  sSiJraW.jaw  given  in  Eq.  (6-70),  the  latter  applying  only  to  static  magnetic 
fields.  Note  tfM®e’‘curreht  density  J  may  consist  of  a  convection  current  density 
pa  due  to.jthe  «Kqh  of  a  lrec-charge  distribution,  as  well  as  a  conduction  current 
density  c^eat^©  tjj  the  presence  of  an  electric  field  in  a  conducting  medium.  The 
surface  integral  of  Jljis  theicnrrent  /  flowing  through  the  open  surface  S. 

Equation!? -.38a)  camj^e  recognized  as  Gauss’s  law,  which  we  used  extensively 
in  electrostatics;  and'  Which  remains  the  same  in  the  time-varying  case.  The  volume 
ihtegral  of.p  equals  tile  total  charge  Q  that  is  enclosed  in  surface  S.  No  particular  law 
is  associated  with  Ec}.  (7-38d);  but,  in  comparing  it  with  Eq,  (7-38c),  we  conclude 
that  there  are  no  isdlatcd  magnetic  charges  and  that  the  total  outward  magnetic 
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Table  7-2  Maxwell’s  Equations  ...  s>  t.  •  r; 


Differential  Form 

Integral  Form 

Significance 

VxE=-^5 

dt 

<£  E  •</<?=  -~ 

Tc  dt 

Faraday's  law. 

VxH  =  J  +  ~ 
dt 

Ampere’s  circuital  law. 

II 

Q 

► 

Gauss’s  law. 

V  •  B  =  0 

{b'^o 

No  isolated  magnetic  charge. 

flux  through  any  closed  surface  is  zero.  Both  the  differential  and  the  integral  forms 
of  Maxwell  s  equations  are  collected  in  Table  7-2  for  easy  reference. 

Example  7—5  An  AC  voltage  source  of  amplitude  V0  arid' angular  frequency  u>, 
vc  =  V0  sin  cot,  is  connected  across  a  parallel-plate  capacitor  C,,  as  shown  in  Fig.  7-6! 
(a)  Verify  that  the  displacement  current  in  the  capacitor  is  the  same  as  the  conduction 
current  in  the  wires,  (b)  Determine  the  magnetic  (icld  intensity  at  a  distance  r  from 
the  wire. 

Solution 

a)  The  conduction  current  in  the  connecting  wire  is 

dvc  " 

!c  =  Cj —  =  Ci F0  a>  cos  cot  (A). 

For  a  parallel-plate  capacitor  with  an  area  A,  plate  separation  d,  and  a  dielectric 
medium  of  permittivity  e,  the  capacitance  is 


1 :  -  .  >■'.  i  : ! ; 

.Vfi-  fb 

,  t 


forms 


•ncy  co, 

in¬ 
duction 
r  from 


electric 
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...  .  ...  :  ,  .  j  ■■  \ 

With  a  voltage  tc  appearing  between  the  plates,  the  uniform  electric  field  intensity 
E  in  the  dielectric  is  equal  to  (neglecting  fringing  effects)  E  =  vjd,  whence 


D  —  zE  e  sin  cot , 


The  displacement  current  is  then 


/  fe*D.  ,  /  'a\  J 

=  C ,  K0co  cos  cot  =  ic 


e--  j  Kqco  cos  cot 


Q.E.D. 


b)  The  magnetic  field  ntensity  at  a  distance  r  from  the  conducting  wire  can  be 
found  by  applying  the  generalized  Ampere’scircuital  law,  Eq.  (7— 38b),  to  contour 
C  in  Fig.  7-6;  Two  typical  open  surfaces  -yVith  rim  C  may  be  chosen:  (1)  a  planar 
disk  surface  S,;  (2)  4  curved  surface  S2  passing  through  the  dielectric  medium. 
Symmetry  aroufid  ti  e  wire  ensures  a  constant  H $  along  the  contour  C.  The  line 
integral  on  the  left  s:de  of  Eq.  (7— 38b)  is 


H  •  d€  =  2 nrH.*. 


For  the  surface  Slt  c  nly  the  first  term  on  the  right  side  of  Eq.  (7— 38b)  is  nonzero 
because  no  chfitges  ire  deposited  along  the  wire  and,  consequently,  D  =  0. 

Js  J  •  ds  =  ic.=  Cj  V0a>  cos  cor. 

Since  the  surface  S2  lasses  through  the  dielectric  medium,  no  conduction  current 
flows  throtigh  S2.  If  the  second  surface  integral  were  not  there,  the  right  side  of 
Eq.  (7-38b)^votild  be  zero.  This  would  result  in  a  contradiction.  The  inclusion 
of  the  displacerhent  current  term  by  Maxwell  eliminates  this  contradiction.  As 
we  have  showrt  in  part  (a),  iD  —  ic ,  HenCe  we  obtain  the  same  result  whether 
surface  or  silt-face -S2  is  chosen.  Equating  the  two  previous  integrals,  we  find 

'  "  ’  it  CjK, s  ' 

.  H#  =  — —  cu  cos  cut  (A/m). 


7-4  POTENTIAL  FUNCTibNS  ' 

>T* 

In  Section  6— 3  the  concept  of  the  vector  magnetic  potential  A  was  introduced  because 
of  the  solenoidal  nature  of  B  (V  •  ft  =  0): 


B  =  V  x  A 


(T). 


(7-39) 
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If  Eq.  (7-39)  is  substituted  in  the  differential  form  of  Faraday’s  law,  Eq.  (7-1),  we  get 


V  x  E=  (V  x  A) 

at 


V*(E  +  f)  =  0. 


(7-40) 


Since  the  sum  of  the  two  vector  quantities  in  the  parentheses  of  Eq.  (7-40)  is  curl-free, 
it  can  be  expressed  as  the  gradient  of  a  scalar.  To  be  consistent  with  the  definition  of 
the  scalar  electric  potential  Fin  Eq.  (3-38)  for  electrostatics,  we  write 


.  E  +  ™  =  -VF, 

fir 


from  which  wc  obtain 


E  = -VF- 


(V/m). 


(7-41) 


In  the  static  case,  dA/dt  =  0,  and  Eq.  (7-41)  reduces  to  E  =  —  VF.  Hence  E  can 
be  determined  from  F  alone;  and  B.  from  A  by  Eq.  (7-39).  For  time-varying  fields, 
E  depends  on  both  F  and  A.  Inasmuch  as  B  also  depends  on  A,  E  and  B  are  coupled. 

The  electric  field  in  Eq.  (7-41)  can  be  viewed  as  composed  of  two  parts:  the  first 
part,  —  VF,  is  due  to  charge  distribution  p;  and  the  second  part,  —  3A/ct,  is  due  to 
time- varying  current  J.  We  are  tempted  to  find  F  from  p  by  Eq.  (3-56) 


(7-42) 


and  to  find  A  by  Eq.  (6-22) 


4tc  >'  R 


(7-43) 


However,  the  preceding  two  equations  were  obtained  under  static  conditions,  and 
F  and  A  as  given  were,  in  fact,  solutions  of  Poisson’s  equations,  Eqs.  (4-6)  and  (6-20) 
respectively.  These  solutions  may  themselves  be  time-dependent  because  p  and  J 
may  be  functions  of  time,  but  they  neglect  the  time-retardation  effects  associated  with 
the  finite  velocity  of  propagation  of  time-varying  electromagnetic  fields.  When  p  and 
J  vary  slowly  with  time  (at  a  very  low  frequency)  and  the  range  of  interest  R  is  small 
compared  with  the  wavelength,  it  is  allowable  to  use  Eqs.  (7-42)  and  (7-43)  in  Eqs. 
(7-39)  and  (7-41)  to  find  quasi-static  fields.  We  will  discuss  this  again  in  subsec¬ 
tion  7-7.2. 

Quasi-static  fields  are  approximations.  Their  consideration  leads  from  field 
theory  to  circuit  theory.  However,  when  the  source  frequency  is  high  and  the  range 


fvc  get 


(7-40) 
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of  interest  is  no  longer  sihall  in  comparison  to  the  wavelength,  quasi-static  solutions 
will  not  suffice.  Tirhe-rethrdation  effects  must  then  be  included,  as  in  the  case  of 
electromagnetic  radiation  from  antennas.These  points  will  be  discussed  more  fully 
when  we  study  solutions  to  wave  equations.  : 

Let  us  substitute  Eqs.  (7-39)  and  (7-41)  into  Eq.  (7— 37b)  and  make  use  of  the 
constitutive  relations  H  =  B/p  and  D  =  eE.  We  have 
1  -i 

,  o  f  dA\ 

V  X-  V  x  A  =  ^iJ  +  pc  ~  f  -  W  -  r—  j,  (7-44) 


where  a  homogeneous  mediutn  has  been’ assumed.  Recalling  the  vector  identity  for 
V  x  V  x  A  in  Eq.  (6- 16a);  we  can  write  Eq.  ft-44)  as 


or 


V(V  -  A)  -  V2A  =  pi  -  V  (pe  pe~ 

\  ot  J  at* 

V2A  -  pe  ■ =  —  ,uJ  +  ¥  •  A  4-  pe  ^-Y 


(7-45) 


Now,  the  definition  of  ,i  vector  requires  the  specification  of  both  its  curl  and  its 
divergence.  Although  the  curl  of  A  is  designated  li  in  Eq.  (7  -  39),  we  are  still  at  liberty 
to  choose  the  divergence  of  A.  We  let 

(7-46) 

which  makes  the  sebonu  term  on  the  right  side  of  Eq.  (7-45)  vanish,  so  we  obtain 

(7-47) 

Equation  (7-47)  is  the  nonhomogeneous. wave  eeptation  for  vector  potential  A.  It  is 
called  a  wave  equation  because  its  solutions  represent  waves  traveling  with  a  velocity 
equal  to  1  l^fpe..  This  will  become  dear  in  Section  7-6  when  the  solution  of  wave 
equations  is  discussed.  The  relation  between  A  and  V  in  Eq.  (7-46)  is  called  the  Lorentz 
condition  (or  Lorentz  gauge)  for  potentials.  It  reduces  to  the  condition  V  •  A  =  0  in 
Eq.  (6-19)-for_static  fields.  The  Lorentz  condition  can  be  shown  to  be  consistent  with 
the  equation  of  continuity  (Problem  P.7-8). 

A  corresponding  wave  equation  for  the  scalar  potential  V  can  be  obtained  by 
substituting  Eq.  (7-41)  in  Eq.  (7-37c).  We  have 


'  —  V  •  e 


>m  field 
re  range 


MSw  ••  ...  ,,  '  nmPM*&r*  *  ***-  *  ?- 

:-f  •  •* :  *  -./•  vV-:;y>vV^  '-  's'*  •'■.  •  '.•.•■• 
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which,  for  a  constant  e,  leads  to 


V2K  +  —(V  •  A)  =  -£. 
3t  e 


Using  Eq.  (7-46),  we  get 


(7-48) 


(7-49) 


which  is  the  nonhomogeneous  wave  equation  for  scalar  potential  V.  The  nonhomo- 
geneous  wave  equations  in  (7-47)  and  (7-49)  reduce  to  Poisson’s  equations  in  static 
cases.  Since  the  potential  functions  given  in  Eqs.  (7-42)  and  (7-43)  are  solutions  of 
Poisson's  equations,  they  cannot^be  expected  to  be  the  solutions  of  nonhomogeneous 
wave  equations  in  time-varying  situations  without  modification. 


7-5  ELECTROMAGNETIC  . 

BOUNDARY  CONDITIONS 

In  order  to  solve  electromagnetic  problems  involving  contiguous  regions  of  different 
constitutive  parameters,  it  is  necessary  to  know  the  boundary  conditions  that  the 
field  vectors  E,  D,  B,  and  H  must  satisfy  at  the  interfaces.  Boundary  conditions  are 
derived  by  applying  the  integral  form  of  Maxwell’s  equations  (7 —38a,  b,  c,  and  d)  to 
a  small  region  at  an  interface  of  two  media  in  manners  similar  to  those  used  in  obtain¬ 
ing  the  boundary  conditions  for  static  electric  and  magnetic  fields.  The  integral 
equations  are  assumed  to  hold  for  regions  containing  discontinuous  media.  The 
reader  should  review  the  procedures  followed  in  Sections  3-9  and  6-10.  In  general, 
the  application  of  the  integral  form  of  a  curl  equation  to  a  flat  closed  path  at  a  bound¬ 
ary  with  top  and  bottom  sides  in  the  two  touching  media  yields  the  boundary  con¬ 
dition  for  the  tangential  components;  and  the  application  of  the  integral  form  of  a 
divergence  equation  to  a  shallow  pillbox  at  an  interface  with  top  and  bottom  faces 
in  the  two  contiguous  media  gives  the  boundary  condition  for  the  normal  components. 

The  boundary  conditions  for  the  tangential  components  of  E  and  H  are  obtained 
from  Eqs.  (7~38a)  and  (7-38b)  respectively: 

(7 -50a) 
(7 -50b) 

We  note  that  Eqs.  (7-50a)  and  (7 -50b)  for  the  time-varying  case  are  exactly  the  same 
as,  respectively,  Eq.  (3-1 10)  for  static  electric  fields  and  Eq.  (6-99)  for  static  magnetic 
fields  in  spite  of  the  existence  of  the  time-varying  terms  in  Eqs.  (7-38a)  and  (7— 38b). 
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The  reason  is  that,  in'lettin^  the  height  of|the  fl^t  closed  path  (abcda  in  Figs.  3-22  and 
6-17)  approach  zero,  the,  (area  bounded' by  tile  path  approaches  zero,  causing  the 
surface  integrals  of  dB/dt  and  5D/8t  to  vanish/ 

Similarly,  the  boundary  conditions  fqf  the  normal  components  of  D  and  B  are 
obtained  from  Ec^s.  ^7 — 38jc)  and  (7-38d)‘V.  > 


Mn2*(Di  -D2T=plf  (C/m2); 


(7 -50c) 


sin  =  :  (T). 


(7 — 50d) 


These  are  the  same  as,  respectively,  Eq.  (3M'l 3aj  for  static  electric  fields  and  Eq.  ( 6-95)  . 
for  static  magnetic  fields  because  we  start  frortl  the  same  divergence  equations. 

We  can  make  the  following  general  statements  about  electromagnetic  boundary 
conditions:  (1)  The  tangential  component  of  an  E  field  is  continuous  across  an  inter¬ 
face;  (2)  The  tangential  component  of  an  H  field  is  discontinuous  across  an  interface 
where  a  surface  current  exists ,  the  amount  of  discontinuity  being  determined  by  Eq. 
(7-50b);  (3)  The  normal  component  of  a  D  field  is  discontinuous  across  an  interface 
where  a  surface  charge  exists ,  the  umouni  of  discontinuity  being  determined  by  Eq. 

( 7-50c );  and  (4)  Thd  normal  component  of  a  B  field  is  continuous  across  an  interface. 
As  we  have  noted  previously,  the  two  divergeiice  equations  can  be  derived  from  the 
two  curl  equations  and  the  equation  of  continuity ;  hence,  the  boundary  conditions 
in  Eqs.  (7  50c)  and  (7  50d).  which  are  obtained  from  the  divergence  equations, 
cannot  be  independent  from  those  in  Eqs.  (7-50a)  and  (7  -50b),  which  are  obtained 
from  the  curl  equatibns.  As  a  matter  of  fact,  in  the  time-varying  case  the  boundary 
condition  for  the  tangential  component  of.E  ill  Eq.  (7 -50a)  is  equivalent  to  that  for 
the  normal  compoiient  of  B  in  Eq.  (7-50d),  and  the  boundary  condition  for  the 
tangential  component  of  H  in  Eq.  (7— 50b)  is  equivalent  to  that  of  D  in  Eq.  (7— 50c). 
The  simultaneous  specification  of  the  tangential  component  of  E  and  the  normal 
component  of  B  at.  a  boundary  surface  in  a  time-varying  situation,  for  example, 
would  be  redundant,  and,  if  we  are  not  careful,  could  result  in  contradictions. 

We  now  examine  the  important  special  cases  of  (1)  a  boundary  between  two 
lossless  linear  media,  and  (2)  a  boundary  between  a  good  dielectric  and  a  good 
conductor. 


7-5.1  Interface  between  two  Lossless 
Linear  Media 


A  lossless  linear  medium  can  be  specified  by  a  permittivity  e  and  a  permeability  p, 
with  a  —  0.  There  are  usually  no  free  charges  and  no  surface  currents  at  the  interface 
between  two  lossless  media.  We  set  ps  =  0  and  Js  =  0  in  Eqs.  (7 -50a,  b,  c,  and  d)  and 
obtain  the  boundary  conditions  listed  in  Table  7-3. 
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Table  7-3  Boundary  Conditions 
between  Two  Lossless  Media 


(7— 51a) 

(7 -5  lb) 

(7-51c) 
(7— 5  Id) 


7-5.2  Interface  between  a  Dielectric  and  a 
Perfect  Conductor 

A  perfect  conductor  is  one  with  an  infinite  conductivity.  In  the  physical  world  we 
only  have  "good'’  conductors  such  as  silver,  copper,  gold,  ancTahtminium.  In  order 
to  simplify  the  analytical  solution  of  field  problems,  good  conductors  are  often  con¬ 
sidered  perfect  conductors  in  regard  to  boundary  conditions.  In  the  interior  of  a 
perfect  conductor,  the  electric  field  is  zero  (otherwise  it  would  produce  an  infinite 
current  density),  and  any  charges  the  conductor  will  have  will  reside  on  the  surface 
only.  The  interrelationship  between  (E,  D)  and  (B,  H)  through  Maxwell’s  equations 
ensures  that  B  and  H  are  also  zero  in  the  interior  of  a  conductor  in  a  time-varying 
situation ,+  Consider  an  interface  between  a  lossless  dielectric  (medium  1)  and  a  per¬ 
fect  conductor  (medium  2).  In  medium  2,  E2  =  0,  H2  =  0,  D2  =  0,  and  B2  =  0.  The 


(7-52a) 
(7 —52b) 
(7 —52c) 
(7-52d) 


Table  7-4  Boundary  Conditions  between  a  Dielectric  (Medium  1) 
and  a  Perfect  Conductor  (Medium  2)  (Time-Varying  Case) 


On  the  Side  of  Medium  1 

On  the  Side  of  Medium  2 

t 

o 

II 

a„2  x  Hj  —  J, 

o 

II 

ci 

* 

an  2  ‘  D  1  =  ps 

D2„  =  0 

Bla  =  0 

•»2.«0 

=  Ey 


£u 

Dy, 


HU  =  H 


it  ■ 


Bit  _  Mi 

•®2t  £*2 

n  =  n  el£ln  =  ^2^2 it 
n  =  ^2 ti  In  =  2n 


f  In  the  static  case,  a  steady  current  in  a  conductor  produces  a  static  magnetic  field  that  does  not  affect 
the  electric  field.  Hence,  E  and  D  within  a  good  conductor  may  be  zero,  but  B  and  H  may  not  be  zero. 
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general  boundary  conditions  in  Eqs.  (7-50a,b,  c,  and  d)  reduce  to  those  listed  in 
Table  7-4.  When  wq  apply  Eqs.  (7-52b)and  (*7-520),  it  is  important  to  note  that  the 
reference  unit  normdl  is  an  outward  normal  from  medium  2  in  order  to  avoid  an  error 
in  sign.  As  mentioned  in  Section  6-10,  currents  in  media  with  finite  conductivities 
are  expressed  in  tends  of  volume  current  densities,  and  surface  current  densities  de¬ 
fined  for  currents  fldtving  through  an  infinitesimal  thickness  is  zero.  In  this  case,  Eq. 
(7— 52b)  leads  to  the  condition  that  the:  tangential  component  of  H  is  continuous 
across  an  interface  With  a  conductor  having  a  finite  conductivity. 


Example  7-6  The  E  aid  H  field  of  a  certain  propagating  mode  (T£10)  in  a  cross 
section  of  an  a  by  b  rectangular  waveguide  are  E  =  a yEy  and  H  =  a XHX  +  a ZHZ,  where 


r  a  .  nx 

by  =  —jeofj.  -  H 0  sin  — 
u  a 


(7— 53a) 


n  oruer 


,,  ...  a  ir  .  nx 

Hx  =j(l-H0  sirt  — 
n  a 


(7 -53b) 


i or  oi  a 
infinite 
surface 
juaiions 


nx 

H _  =  H0  cos  — ■) 
a 


(7 -53c) 


where  H0,  a>,  /r,,  and  j8  are 'constants.  Assuming  the  inner  walls  of  the  waveguide  are 
perfectly  conducting,  determine  for  the  four  inner  walls  of  the  waveguide  (a)  the 
surface  charge  densities  and  (b)  the  surface  current  densities. 


Solution:  Figure  7-7  shows  a  cross  section  of  the  waveguide.  The  four  inner  walls 
are  specified  by  x  =  0,  x  =  a,  y  =  0,  and  y  —  b,  The  outward  normals  to  these  walls 
(medium  2)  are,  respfecth ely,  a*,  -a*,  ay)and  -ay. 


,'s  not  affect 
t  be  zero. 


Fig..  7-7  Cross  section  of  a  rectangular 
waveguide  (Example  7-6). 
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a)  Surface  charge  densities —  Use  Eq.  (7 -52c): 

Ps(x  =  0)  =  a,  •  e0E  =  0 
;  1  Ps(*  =  a)=  -a*  •  e0E  =  0 

ps(y  =  0)  =  ay  •  e0E  =  e0£,,  =  -jco/re0  -  sin  — 

n  a 

PAy  -  b)  —  -  a/  e0E  =  — €0£y  =  ycope0  -  Ef0  sin  — 

■7t  <2 

=  -ps(  v  =  0). 

b)  Surface  current  densities  — Use  Eq.  (7— 52b): 

Js(.x  =  0)  =  ax  x  (axtf  x  +  a Ms)  =  -  a,{HJxm0  =  -  a//0  . 

Js(x  =  a)  =  ay(H.)x-a  =  -a  ,H0  =  Js(x  =  0) 

J.(  V  =  0)  =  av  x  (av//x  +  a ZH.)  =  ax/U  - 

L7  ^  r,  ■  nX 

=  axH0  cos - a„y/J  -  Ef0  sin  — 

a  \  n  a 

=  b)  =  -  a,  x  (ax//x  +  a.//z)  =  -ax//2  +  a2tfx 

7tx  a  nx 

-  -zxH0  cos - f-  a .jP  -  H0  sin  — 

a  n  a 

=  -Js{y  =  0). 

In  this  section  we  have  discussed  the  relations  that  field  vectors  must  satisfy  at 
an  interface  between  different  media.  Boundary  conditions  are  of  basic  importance 
in  the  solution  of  electromagnetic  problems  because  general  solutions  of  Maxwell’s 
equations  carry  little  meaning  until  they  are  adapted  fo  physical  problems  each  with 
a  given  region  and  associated  boundary  conditions.  Maxwell’s  equations  are  partial 
differential  equations.  Their  solutions  will  contain  integration  constants  that  are 
determined  from  the  additional  information  supplied  by  boundary  conditions  so 
that  each  solution  will  be  unique  for  each  given  problem. 


7-6  WAVE  EQUATIONS  AND 
THEIR  SOLUTIONS 


At  this  point  we  are  in  possession  of  the  essentials  of  the  fundamental  structure  of 
electromagnetic  theory.  Maxwell’s  equations  give  a  complete  description  of  the 
v  v  relation  between  electromagnetic  fields  and  charge  and  current  distributions.  Their 
solutions  provide  the  answers  to  all  electromagnetic  problems,  albeit  in  some  cases 
the  solutions  are  difficult  to  obtain.  Special  analytical  and  numerical  techniques 
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may  be  devised  to  aid  in  the  solution  procedure;  but  they  do  not  add  to  or  refine 
the  fundamental  structure.  §uch  is  the  importance  of  Maxwell’s  equations. 

,  For  given  charge  ^nd  current  distributions,*  and  J,  we  first  solve  the  nonhomo- 
geneous  wave  equations,  Eqs.  (7-47)  and  (7-49),  for  potentials  A  and  V.  With  A 
and  V  determined,  E  and  Bican  be  found  frbmi  respectively,  Eqs.  (7-41)  and  (7-39) 
by  differentiation.  i 

7-6.1  Solution  of  Wave  EqUBtions 
for  Potentials  ,f| 

We  now  considcf  the  solution  of  the  nonhomogencous  wave  equation,  Eq.  (7-49), 
for  scalar  electric  potential  V.  We  can  do  this;. by  first  finding  the  solution  for  an 
elemental  point  charge  at  time  I,  />(/)  Ay',  located  at  the  origin  of  the  coordinates 
and  then  by  summing  the  effects  of  all  the  charge  elements  in  a  given  region.  For  a 
point  charge  at  tli,e  origin,  it  is  most  convenient  tb  use  spherical  coordinates.  Because 
of  spherical  symmetry,  V  depends  only  on  R  and  t  (not  on  0  or  <fi).  Except  at  the  origin. 
V  satisfies  the  following  homogeneous  equation: 


We  introduce  a  new  variable 


o  (n2dV\  <?2J/  * 

(1R  \  R  BRJ  ^  dr  ~  ° 

(7-54) 

V(R,  t)  =  1  U(R,  t ), 

(7-55) 

d2U  d2U 

3 

(7-56) 

which  converts  Eq.  (7-54)  to 


Equation  (7-56)  is  a  ohe-dimensional  homogeneous  wave  equation.  It  can  be  verified 
by  direct  substitution  (see  Problem  P.7-15)  that  any  twice-differentiable  function 
of  (r  —  or  of  ( t  -f  Ryjie)  is  a  solution  of'Eq.  (7-56).  Later  in  this  section  we 

will  see  that  a  function  o:  it  4-  Ryfjue)  does  not  correspond  to  a  physically  useful 
solution.  Hence  we  have  1 

-  U(R,t)  =  f(t~R Vpe).  (7-57) 

Equation  ( /  —57)  represents  a  wave  traveling  in  the  positive  R  direction  with  a  velocity 
W As  we  see,  the  Function  at  R  +  AR  at  a  later  time  t  +  Ar  is 

U(R  +  AR,  t  +  At)  =  f[t  +  At  -  [R  +  AR)yJJi€~\  =  f(t  -  Ry/Jie). 

Thus,  the  function  retains  its  form  if  Ar  =  A R<Jpie  =  A R/u,  where  u  -  l/yfpe  is  the 
velocity  of  propagation ,  a  characteristic  of  the  medium.  From  Eq.  (7-55),  we  get 


F(7?,r)  =  — /(r  —  R/u). 


(7-58) 
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To  determine  what  the  specific  function  f(t  -  R/u)  must  be,  we  note  that  for  a 
static  point  charge  p(t)  At/  at  the  origin, 


A  1/(7?)  = 


/9(f)  A v' 


(7-59) 


Comparison  of  Eqs.  (7-58)  and  (7-59)  enables  us  to  identify 

4ne 

The  potential,  due  to  a  charge  distribution  over  a  volume  V  is  then 


...  n  ,  1  r  p(t  —  R/u)  , 

V^t)-^lv-±-RLL*f  (V)‘ 


(7-60) 


Equation  (7-60)  indicates  that  the  scalar  potential  at  a  distance  R  from  the  source 
at  time  /  depends  on  the  value  of  the  charge  density  at  an  earlier  time  (f  -  R/u).  It 
takes  time  R/u  for  the  effect  of  p  to  be  felt  at  distance  R:  For. this  reason  V(R.  t )  in 
Eq.  (7-60)  is  called  the  retarded  scalar  potential.  It  is  now  clear  that  a  function  of 
(t  +  R/u)  cannot  be  a  physically  useful  solution,  since  it  would  lead  to  the  impossible 
situation  that  the  effect  of  p  would  be  felt  at  a  distant  point  before  it  occurs  at  the 
source. 

The  solution  of  the  nonhomogeneous  wave  equation,  Eq.  (7-47),  for  vector 
magnetic  potential  A  can  proceed  in  exactly  the  same  way  as  that  for  V.  The  vector 
equation,  Eq.  (7-47),  can  be  decomposed  into  three  scalar  equations,  each  similar 
to  Eq.  (7-49)  for  V.  The  retarded  vector  potential  is,  thus,  given  by 


(Wb/m). 


(7-61) 


The  electric  and  magnetic  fields  derived  from  A  and  V  by  differentiation  will 
obviously  also  be  functions  of  (t  —  R/u)  and,  therefore,  retarded  in  time.  It  takes  time 
for  electromagnetic  waves  to  travel  and  for  the  effects  of  time-varying  charges  and 
currents  to  be  felt  at  distant  points.  In  the  quasi-static  approximation,  we  ignore 
this  time-retardation  effect  and  assume  instant  response.  This  assumption  is  implicit 
in  dealing  with  circuit  problems. 


6.2  Source-Free  Wave  Equations 

In  problems  of  wave  propagation  we  are  concerned  with  the  behavior  of  an  electro¬ 
magnetic  wave  in  a  source-free  region  where  p  and  J  are  both  zero.  In  other  words, 
we  are  often  interested  not  so  much  in  how  an  electromagnetic  wave  is  originated, 
but  in  how  it  propagates.  If  the  wave  is  in  a  simple  (linear,  isotropic,  and  homogeneous) 
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nonconducting  mediiltn  characterized  by  e  and  p  (a  =  0),  Maxwell’s  equations 
(7 -37a,  b,  c,  and  d)  reduce  to: 


_  _  :  dH 

VXE=-^  ^ 

(7— 62a) 

...  -  ("E 

V  x  H  =  e — 
dt 

(7 —62b) 

V  •  E  =  ()  , 

(7 -62c) 

V  •  H  —  O’. 

(7— 62d) 

Equations  (7-62a,  b,  c,  and  d)  are  first-order  difTerential  equations  in  the  two  variables 
E  and  H.  They  can  bd  combined  to  give  a  second-order  equation  in  E  alone.  To  do 
this,  we  take  the  curl  of  Eq.  (7-62a)  and  use  Eq.  (7— 62b) : 

VxV'xE=-/tr(Vxk)  =  -tie—- r 

ui  .  or 

Now  VxVxE  =  V(V  ■  E)  -  V:E  =  -V2E  because  of  Eq.  (7-62c).  Hence,  we  have 

V2E-/ifU  =  0;  (7-63) 

.  ut~ 

or,  since  u  =  l/^jpe. 


OE-idS-o. 

u2  ct 2 

(7-64) 

In  an  entirely  similar  Way  we  also  obtain  an  equation  in  H: 

V 

oh.  v5;h-o. 

u2  dt2 

.  (7-65) 

Equations  (7-64)  and  (7-55)  are  homogeneous  vector  wave  equations. 

We  can  see  that  ih  Cartesian  coordinates  Eqs.  (7-64)  and  (7-65)  can  each  be 
decomposed  into  three  one-dimensional,  homogeneous,  scalar  wave  equations.  Each 
component  of  E  arid  of  H  will  satisfy  an  equation  exactly  like  Eq.  (7-56),  whose 
solutions  represent  waves.  We  will  extensively  discuss  wave  behavior  in  various 
environments  in. the  next  two  chapters! 

7-7  TIME-HARMONIC  FIELDS 

Maxwell’s  equations  and  all  the  equationsederived  from  them  so  far  in  this  chapter 
hold  lor  electromagnetic  quantities  with  an  arbitrary  time-dependence.  The  actual 
type  of  time  functions  that  the  field  quantities  assume  depends  on  the  source  func¬ 
tions  p  and  J.  In  engineering,  sinusoidal  time  functions  occupy  a  unique  position. 
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They  are  easy  to  generate;  arbitrary  periodic  time  functions  can  be  expanded  into 
Fourier  series  of  harmonic  sinusoidal  components;  and  transient  nonperiodic  func¬ 
tions  can  be  expressed  as  Fourier  integrals/  Since  Maxwell’s  equations  are  linear 
differential  equatibns,  sinusoidal  time  variations  of  source  functions  of  a  given  fre¬ 
quency  will  produce  sinusoidal  variations  of  E  and  H  with  the  same  frequency  in  the 
steady  state.  For  source  functions  with  an  arbitrary  time  dependence,  electrodynamic 
fields  can  be  determined  in  terms  of  those  caused  by  the  various  frequency  components 
of  the  source  functions.  The  application  of  the  principle  of  superposition  will  give 
us  the  total  fields.  In  this  section  we  examine  time-harmonic  (steady-state  sinusoidal) 
field  relationships.  ' 

7-7.1  The  Use  of  Phasors  —  A  Review 

For  time-harmonic  fields  it  is  convenient  to  use  a  phasor  notation.  At  this  time  we 
digress  briefly  to  review  the  use  of  phasors.  Conceptually  it  is  simpler  to  discuss  a 
scalar  phasor.  The  instantaneous  (time-dependent)  expression  of  a  sinusoidal  scalar 
quantity,  such  as  a  current  i,  can  be  written  as  either  a  cosine  or  a  sine  function.  If 
we  choose  a  cosine  function  as  the  reference  (which  is  usually"dictated  by  the  func¬ 
tional  form  of  the  excitation),  then  all  derived  results  will  refer  to  the  cosine  function. 
The  specification  of  a  sinusoidal  quantity  requires  the  knowledge  of  three  parameters: 
amplitude,  frequency,  and  phase.  For  example, 

/(f)  =  /  cos  (cot  4-  (f> ),  (7-66) 

where  /  is  the  amplitude;  co  is  the  angular  frequency  (rad/s)  —  to  is  always  equal  to 
2nf,  f  being  the  frequency  in  hertz;  and  r/>  is  the  phase  referred  to  the  cosine  function. 
We  could  write  i(t)  in  Eq.  (7-66)  as  a  sine  function  if  we  wish:  t(f)  =  /  sin  (cot  +  <//), 
with  cf>'  =  cj>  +  njl.  Thus  it  is  important  to  decide  at  the  outset  whether  our  reference 
is  a  cosine  or  a  sine  function,  then  to  stick  to  that  decision  throughout  a  problem. 

To  work  directly  with  an  instantaneous  expression  such  as  the  cosine  function 
is  inconvenient  when  differentiations  or  integrations  rof  i{t)  are  involved  because  they 
lead  to  both  sine  (first-order  differentiation  or  integration)  and  cosine  (second-order 
differentiation  or  integration)  functions  and  because  it  is  tedious  to  combine  sine 
and  cosine  functions.  For  instance,  the  loop  equation  for  a  series  RLC  circuit  with 
an  applied  voltage  e(f)  =  E  cos  cot  is: 

L  —  +  Ri  +  ~  ft c/t  —  e(l).  (7-67) 

at 

If  we  write  i(t)  as  in  Eq.  (7-66),  Eq.  (7-67)  yields 

I  —  coL  sin  (oot  +  4>)  + R  cos  (cot +  sin  (cot +  </>)"]=£  cos  cot.  (7—68) 


f  D.  K.  Cheng,  Analysis  of  Linear  Systems;  Addison-Wesiey  Publishing  Company,  Chapter  5,  1959. 
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Complicated  matheirtdtical.Jmanipulations:  dre  required  in  order  to  determine  the 
unknown  I  and  <p.  .  *  r 

It  is  much  simpler1  ta  use  exponential  functidns  by  writing  the  applied  voltage  as 

'  F  i; 

e{t)  =  E  cos  cur  =;  ^  [(£ej0)ey"'] 

I  :  ~  %4Esejco‘).  i  (7-69) 

and  i(r)  in  £q.  (7-66)  as  ;  H 

<•  •  :■!;  i'  f  i{t)  = 

\  :  J|  =  ^(4(f°').  (7-70) 

where  means  “the  real  part  of.”  In  Eqs.  (7— 69)  and  (7-70), 

:■  £,  =  EeJ0  =  £  (7—7  la) 

'  ■  ?  I,-  =  (7-7  lb) 

are  (scalar)  phasors  that  contain  amplitude  and  phase  information  but  are  independent 
of  r.  The  phasor  Es  in  Eq.  (7—71  a)  with  zero  phase  angle  is  the  reference  phasor.  Now, 

t 

di 

^  =  *(MO  (7-72a) 

j  idt  =  Me(J±eJt0,j.  '  (7— 72b) 

Substitution  of  Eqs.  (7-69)  through  (7  72b)  in  Eq.  (7-67)  yields 

E+j(cn L~~j  /,  =  £„  (7-73) 

from  which  the  current  phasor  /,  can  be  solved  clisily.  Note  that  the  time-dependent 
factor  eJ“'  disappears  from  Eq.  (7—73)  because  it  is  present  in  every  term  in  Eq.  (7-67) 
after  the  substitution  and. is  thereto  re  canceled,  'fhis  is  the  essence  of  the  usefulness 
of  phasors  iq  the  analysis  oi  .linear  systems  with  time-harmonic  excitations.  After  Js 
has  been  determined,  the  instantaneous  current  response  i(t)  can  be  found  from 
Eq.  (7-70)  by  (1)  multiplying  Is  by  eJo1',  and  (2)  taking  the  real  part  of  the  product. 

II  the  applied  voltage  had  been  given  as  a  sine  function  such  as  e(t)  =  E  sin  on, 
the  series  RLC-circuit  problem  would  be  solved  in  terms  of  phasors  in  exactly  the 
same  way;, only  the  iristantaneous  expressions  would  be  obtained  by  taking  the 
imaginary  part  of  the  product  of  the  phasors  with  ejM.  The  complex  phasors  represent 
the  magnitudes  and  the  phase  shifts  of  the  quantities  in  the  solution  of  time-harmonic 
problems. 

* 

Example  7-7  Express,  3  cos  cut  -  4  sin  cut  as  first  (a)  A ,  cos  (cut  +  Of),  and  then  (b) 
A2  sin  (cut  4-  02).  Detenhine  Au  0U  42,  and  02. 


7-7.2 
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Solution:  We  can  conveniently  use  phasors  to  solve  this  problem. 

a)  To  express  3  cos  cut  —  4  sin  cot  as  At  cos  (cot  +  0,),  we  use  cos  cot  as  the  reference 
and  consider  the  sum  of  the  two  phasors  3  and  —  4e~Jnl2[—j4),  since  sin  cot  = 
cos  (cot  —  n/2)  lags  behind  cos  cot  by  n/2  rad. 

3  +  j4  =  5ejtan  ' (4/3)  =  5eiS3A\ 

Taking  the  real  part  of  the  product  of  this  phasor  and  ejwt,  we  have 

3  cos  cot  —  4  sin  cot  =  @£[(5eJ53A°)eJa>,~\ 

=  5  cos  (cot +  53.1°).  (7-74a) 

So,  =  5,  and  =  53.1°  =  0.927  (rad). 

b)  To  express  3  cos  cot  —  4  sin  cot'as  A1  sin  (cor  +  02),  we  use  sin  cot  as  the  reference 
and  consider  the  sum  of  the  two  phasors  3eJ*12  ( =  j3)  and  —  4. 

j3  -  4  =  5ej'an  '  3/(~4)  =  5eJ'143-l°. 

(The  reader  should  note  that  the  angle  above  is  143. V'-noJ^-  36.9°.)  Now  we 
take  the  imaginary  part  of  the  product  of  the  phasor  above  and  eJut  to  obtain 
the  desired  answer: 

3  cos  cot  —  4  sin  cor  =  Jm[{5ejl*'3A“)ej,a'] 

=  5  sin  (cot  +  143.1°).  (7-74b) 

Hence,  A2  =  5  and  02  =  143.1°  =  2.50  (rad). 

The  reader  should  recognize  that  the  results  in  Eqs.  (7-74a)  and  (7— 74b)  are 
identical. 

Time-Harmonic  Electromagnetics 

Field  vectors  that  vary  with  space  coordinates  and  are  sinusoidal  functions  of  time 
can  similarly  be  represented  by  vector  phasors  that  depend  on  space  coordinates 
but  not  on  time.  As  an  exam’ple,  we  can  write  a  time-harmonic  E  field  referring  to 
cos  c of  as 

E(x,  y,  z,  t)  =  [E(x,  y,  z)eJa,t] ,  (7-75) 

where  E(x,  y,  z)  is  a  vector  phasor  that  contains  information  on  direction,  magnitude, 
and  phase.  Phasors  are,  in  general,  complex  quantities.  From  Eqs.  (7-75),  (7-70), 
(7-72a),  and  (7-72b),  we  see  that,  if  E(x,  y,  z,  t)  is  to  be  represented  by  the  vector 
phasor  E(x,  y,  z),  then  <5E(x,  y,  z,  t)/dt  and  j  E(x,  y,  z,  t)  dt  would  be  represented  by, 
respectively,  vector  phasors  jwE(x,  y,  z)  and  E(x,  y,  z)/ja>.  Higher-order  differentia¬ 
tions  and  integrations  with  respect  to  t  would  be  represented,  respectively,  by  multi-, 
plications  and  divisions  of  the  phasor  E(x,  y,  z)  by  higher  powers  of  jco. 


’  If  the  time  reference  is  not  explicitly  specified,  it  is  customarily  taken  as  cos  tor. 
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Wc  now,#itc  tiibo-lmrmonic  Maxwells  equations  (7-37a,  b,  c,  and  d)  in  terms 
of  vector  fieldfphasors  (E,;H)  and  source  phasors  (p,  J)  in  a  simple  (linear,  isotropic, 
and  homogeneous)  medium  as  follows. 


V  x  E  =  -joift  H 

V  x  H  =  J  +  JcoeE 

V  '  E  -  p/t 

V  •  H  =  6. 


(7— 76a) 
(7— 76b) 
(7  -76c) 
(7~76d) 


The  spacc-coordinatd  arg aments  have  been  omitted  for  simplicity.  The  fact  that  the 
same  notations  are  used  .or  the  phasors  as  are  used  for  their  corresponding  time- 
dependent  quantities  she u,ld  create  little  conflision,  because  we  will  deal  almost 
exclusively  with  time-harmonic  fields  (and  therefore  with  phasors)  in  the  rest  of  this 
book.  When  there  is  a  need  to  distinguish  an  instantaneous  quantity  from  a  phasor, 
the  time  dependence  of  the  instantaneous  quantity  will  be  indicated  explicitly  by  the 
inclusion  of  a.f  in  its  argument.  Phasor  quantities  are  not  functions  off.  It  is  useful 
to  note  that  any  quantity  containing)  must  necessarily  be  a  phasor. 

The  time-harmonic  wave  equations  for  scalar  potential  V  and  vector  potential 
^  Eqs.  (7-49)  and  (7-47)  —  become,  respectively, 


and 

where 


V2K+  k2V= 

e 

VZA  -t-  /(‘A  =  - pj , 


(7-77) 

(7-78) 

(7-79) 


is  called  the  wavenumber.  Equations  (7-77)  and  (7-78)  are  referred  to  as  nonhomo - 
geneous  H elmholtz's  equations.  The  Lorentz  condition  for  potentials,  Eq.  (7-46),  is  now 

V  ■  A  4-  jeope V  =  0.  (7-80) 

The  phasor  solutjbns  ol  Eqs.  (7 —77)  and  (7—78)  are  obtained  from  Eqs.  (7-60) 
and  (7-61)  respectively: 


pe 


-jkR 


R 


■  dvr  (V) 


Je~jk,R 


R 


■ddf  (Wb/m). 


(7-81) 


(7-82) 
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These  are  the  expressions  for  the  retarded  scalar  and  vector  potentials  due  to  time- 
harmonic  sources.  Now  the  Taylor-series  expansion  for  the  exponential  factor  e~JkR 


e~jkR  =  1  -  jkR  +  —  +  •  • 

where  k,  defined  in  Eq.  (7-79),  can  be  expressed  in  terms  of  the  wavelength  A  =  u/f 
in  the  medium.  We  have 


Thus,  if 


_  2rc/  27i 
u  A 


kR  =  2n  —  «  1 , 


(7-83) 


(7-84) 


or  if  the  distance  R  is  small  compared  to  the  wavelength  A,  e~JkR  can  be  approximated 
by  1.  Equations  (7-81)  and  (7-82)  then  simplify  to  the  static  expressions  in  Eqs. 
(7-42)  and  (7-43),  which  are  used  in  Eqs.  (7-39)  and  (7-41  )jo  find  quasi-static  fields. 

The  formal  procedure  for  determining  the  electric  and 'magnetic  fields  due  to 
time-harmonic  charge  and  current  distributions  is  as  follows: 

1.  Find  phasors  F(/?)  and  A(/?)  from  Eqs.  (7-81)  and  (7-82). 

2.  Find  phasors  E  (R)  =  -  \V  -  ja>  A  and  B(A)  =  VxA. 

3.  Find  instantaneous  E{R.  f)  =  .^<[E(/?)  e-'"']  and  B(/?,  tj =  3?<:[B(R)eJa']  for  a 
cosine  reference. 

The  degree  of  difficulty  of  a  problem  depends  on  how  difficult  it  is  to  perform  the 
integrations  in  Step  1. 


7-7.3  Source-Free  Fields  in  Simple  Media  ) 

In  a  simple,  nonconducting  source-free  medium  characterized  by  p  =  0,  J  =  0,  <r  =  0, 
the  time-harmonic  Maxwell’s  equations  (7-76a,  b,  c,  and  d)  become 


V  x  E  =  —jwn H  (7-85a) 

V  x  II  =  jo>cE  (7 —85b) 

V  •  E  =  0  ’  (7-85c) 

V  •  H  =  0.  (7-85d) 

Equations  (7 -85a,  b,  c,  and  d)  can  be  combined  to  yield  second-order  partial  differ¬ 
ential  equations  in  E  and  H.  From  Eqs.  (7-64)  and  (7-65),  we  obtain 


V2E  +  k2  E  =  0 
V2  II  +  k2U  =  0, 


(7-86) 

(7-87) 
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which  arc  homotjeneous  factor  Helmholtz's  equations.  Solutions  of  homogeneous 
Helmholtz  s  equatiohs  with  various  botiqdary  conditions  is  the  main  concern  of 
Chapters  8  and  10. 


Example  7-8  Show*  that  if  (E,  H)  are  solutions  of  source-free  Maxwell’s  equations 
in  a  simple  medium  characterized  by  e  and  ft,  then  so  also  are  (E\  B'),  where 

:  E'  =  E  cos  a  17H  Sin  a  (7 -88a) 


E 


H'  =  —  -  )  sin  a  +.H  cos  a. , 


(7— 88  b) 


In  Eqs.  (7 -88a)  and  (7 -88b),  a  is  an  arbitrary  angle,  and  tj  =  fa p/e  is  called  the 
intrinsic  impedance  of  the  medium. 


I 


Solution.  We  prove,  the  statement  by  taking  the  curl  and  the  divergence  of  E'  and 
H'  and  using  Eqs.  (7— 85a,  b,  c,  and  d): 

V  x  E'  =  (V  X  E)  cos  a.  4-  >j(V  x  H)  sin  a 
=  ( -jcouH)  cos  a  +  q(JcoeE)  sin  a 


1 


=  -jojfi  (  H  cos  a  -  -  E  sin  a  )  =  - jwfiH'- 


(7 -89a) 


1  1 

V  x  H'  (V  x  E)  sin  a  +  J[V  x  H)  cos  a 


1 


—  —  -  ( -joifiH)  sin  a  +  (jcoe E)  cos  x 


=  sin  a  +:E  cos  a)  =  ja>e E'; 

V  •  E'  =  (V  •  E)  cos  a  +  rj(Y  •  H)  sin  a  =  0; 


(7— 89b) 
(7— 89c) 


vk' 


-  (V  •  E)  sin  a  4  (V  •  H)  cos  a  =  0. 
1? 


(7— 89d) 


Equations  (7 -89a,  b,  c,  and-;d|  are  source-free  Maxwell’s  equations  in  E'  and  H'. 


This  example  shpvys  tr,at  source-free  Maxwell’s  equations  for  free  space  are 
invariant  under  the  linear  transformation  specified  by  Eqs.  (7— 88a)  and  (7— 88b). 
An  interesting  special  case  is  for  *  =  k/2.  Equations  (7-88a)  and  (7 -88b)  become 


'  F/..=  ,,H; 
H'  = 


m- 


(7  -90a) 
(7 -90b) 

Equations  (7— 90a)  and  (7— 90b)  show  that  if  (E,  H)  are  solutions  of  source-free  Max¬ 
well's  equations  then  so  also  are  (E'  =  =  -E/tj).  This  is  a  statement  of  the 

principle  of  duality.  This  principle  is  a  consequence  of  the  symmetry  of  source-free 
Maxwell’s  equations. 
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If  the  simple  medium  is  conducting  (a  ^  0),  a  current  J  =  oE  will  flow,  and  Eq. 
(7— 85b)  should  be  changed  to 


V  x  H  —  (a  +  jcoe) E  =  jo>  +  —  J  E 
=mcE 


(7-91) 


^  =  e  +  — =  e'-;e"  (F/m), 

jca 


(7-92) 


where  e'  =  e  and  e"  =  a/co.  The  other  three  equations,  Eqs.  (7-85a,  c,  and  d),  are 
unchanged.  Hence,  all  the  previous  equations  for  nonconducting  media  will  apply 
to  conducting  media  if  e  is  replaced  by  the  complex  permittivity  ec.  The  real  wave¬ 
number  k  in  the  Helmholtz’s  equations,  Eqs.  (7-86)  and  (7-87),  will  have  to  be 
changed  to  a  complex  wavenumber  kc  =  c 

The  ratio  e"/e'  measures  the  magnitude  of  the  conduction  current  relative  to  that 
of  the  displacement  current.  It  is  called  a  loss  tangent  because  it  is  a  measure  of  the 
ohmic  loss  in  the  medium-. 


*  x  e  a 

tan  dc  =  —  =  — 
e'  -,co€ 


(7-93) 


The  quantity  Sc  in  Eq.  (7-93)  may  be  called  the  loss  angle.  A  medium  is  said  to  be  a 
good  conductor  if  a  »  cue,  and  a  good  insulator  if  cue  »  a.  Thus,  a  material  may  be  a 
good  conductor  at  low  frequencies,  but  may  have  the  properties  of  a  lossy  dielectric 
at  very  high  frequencies.  For  example,  a  moist  ground  has  a  dielectric  constant  er 
and  a  conductivity  a  that  are,  respectively,  in  the  neighborhood  of  10  and  10“ 2  (S/m). 
The  loss  tangent  a/ox  of  the  moist  ground  then  equals  1 .8  x  104  at  1  (kHz),  making 
it  a  relatively  good  conductor.  At  10  (GHz),  a /cue  becomes  1.8  x  10“ 3,  and  the  moist 
ground  behaves  more  like  an  insulator/ 

Example  7-9  A  sinusoidal  electric  intensity  of  amplitude  50  (V/m)  and  frequency 
1  (GHz)  exists  in  a  lossy  dielectric  medium  that  has  a  relative  permittivity  of  2.5  and 
a  loss  tangent  of  0.001.  Find  the  average  power  dissipated  in  the  medium  per  cubic 
meter. 

Solution :  First  we  must  find  the  effective  conductivity  of  the  lossy  medium : 


tan  <5C  =  0.001  =  - - 

cue0er 

<7  =  O.OOl(27ilO9)0^(2.5) 
=  1.389  x  10“4  (S/m). 


f  Actually  the  loss  mechanism  of  a  dielectric  material  is  a  very  complicated  process,  and  the  assumption 
of  a  constant  conductivity  is  only  a  rough  approximation. 
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i '  ■  K  .  ■’  - 

-  ti.  .!•  '■  ■ 

The  average  power  dissipated  per  unit  volimle  is 
p  =r  iJF £•=  \ffE2  ',S:  V 

x  (1.389  x  10"4)  x  502  =  0.174 (W/m3). 


REVIEW  QUESTIONS 

R.7-1  What  constitute*  an  electromagnetostatic.field?  In  what  ways  are  E  and  B  related  in  a 
conducting  medium  undat  static  conditions? 

R.7-2  Write  the  fundamental  postulate  for  electromagnetic  induction,  and  explain  how  it 
leads  to  Faraday’s  law. 

R.7-3  State  Lena’s  law. 

R.7-4  Write  the  expression  for  transformer  emf. 
lt.7-5  Write' the  expression  for  llux-cutting  emf. 

R.7-6  Write  the  expression  for  the  induced  emf  in  a  closed  circuit  that  moves  in  a  changing 
magnetic  field. 

R.7-7  What  is  a  Faraday  disk  generator? 

R.7-8  Write  the  differential  form  of  Maxwell’s  equations. 

R.7-9  Are  all  four  Maxwell’s  equations  independent?  Explain. 

R.7-10  Write  the  integral  form  of  Maxwell’s  equatiohs,  and  identify  each  equation  with  the 
proper  experimental  law. 

R.7-1 1  Explain  the  significance  of  displacement  current. 

R.7-12  Why  are  potential  functions  used  in  electromaghetics? 

R.7-13  Express  E  and  B  jn  terms  of  potential  functions  V  and  A. 

R.7-14  What  do  we  mean  by  quasi-scat  in  fie  ids'!  Are  they  exact  solutions  of  Maxwell’s  equa¬ 
tions?  Explain. 

R.7-15  What  is  the  Loretltz  condition  for  potentials?  What  is  its  physical  significance? 

R.7-16  Write  the  nonhoinogencous  w aye  equation  for  Scalar  potential  V  and  for  vector  poten¬ 
tial  A.  »* 

R.7-17  State  tit  e-boundary  conditions  for  the  tangential  component  of  E  and  for  the  normal 
component  of  B.  . 

R.7-18  Write  the  boundary  conditions  for  the  tangential  component  of  H  and  for  the  normal 
component  of  D. 

R.7-19  Can  a  static  magnetic  field  exist  in  the  interior  of  a  perfect  conductor?  Explain.  Can  a 
time-varying  magnetic  field?  Explain. 

R.7-20  What  do  we  meatl  by  a  retarded  potential'! 
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R.7-21  In  what  ways  do  the  retardation  time  and  the  velocity  of  wave  propagation  depend  on 
the. constitutive  parameters  of  the  medium? 


R.7-22  Write  the  source-free  wave  equation  for  E  and  H  in  free  space. 

R.7-23  What  is  a  phasorl  Is  a  phasor  a  function  of  r?  A  function  of  w? 

R.7-24  What  is  the  difference  between  a  phasor  and  a  vector? 

^■7-25  Discuss  the  advantages  of  using  phasors  in  electromagnetics. 

R.7-26  Write  in  terms  of  phasors  the  time-harmonic  Maxwell’s  equations  for  a  simple  medium. 
R.7-27  Define  wavenumber. 


R.7-28  Write  the  expressions  for  time-harmonic  retarded  scalar  and  vector  potentials  in  terms 
of  charge  and  current  distributions. 

R.7-29  Write  the  homogeneous  vector  Helmholtz’s  equation  for  E  in  a  simple,  nonconducting, 
source-free  medium. 


R.7-30  What  is  meant  by  the  loss  tangent  of  a  medium? 

R.7-31  In  a  time-varying  situation  how  do  we  define  a  good  conductor?" A  lossy  dielectric ? 
R.7-32  Are  conduction  and  displacement  currents  in  phase  for  time-harmonic  fields?  Explain. 

PROBLEMS 


Express  the  transformer  emf  induced  in  a  stationary  loop  in  terms  of  time-varying  vector 
potential  A. 


P-7-2  The  circuit  in  Fig.  7-8  is  situated  in  a  magnetic  field 

B  =  a.  3  cos  (5re!07£  —  jux)  (/ iT ). 

Assuming  R  =  15  (Q),  find  the  current  i. 


Fig.  7-8  A  circuit  in  a  time- varying 
magnetic  field  (Problem  P.7-2). 


P.7  3  A  conducting  equilateral  triangular  loop  is  placed  near  a  very  long  straight  wire,  shown 
in  Fig.  6-37,  with  d  =  b/ 2.  A  current  /(f)  =  I  sin  cot  flows  in  the  straight  wire. 

a)  Determine  the  voltage  registered  by  a  high-impedance  rms  voltmeter  inserted  in  the  loop. 

b)  Determine  the  voltmeter  reading  when  the  triangular  loop  is  rotated  by  60°  about  a 
perpendicular  axis  through  its  center. 
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P.7-4  A  conducting  Circular  loop  of  a  radius  , 0.1  (til)  is  situated  in  the  neighborhood  of  a  very 
long  power  line  carrying  a  60-(Hz)  current,  as-shown  in  Fig.  6-38,  with  d  =  0.15  (m).  An  AC 
milliammeter  inserted  Ih  the  loop  reads  0.3  (mA).  Assume  the  total  impedance  of  the  loop  including 
'  the  milliammeter  to  brf  jlOl  (fi).  '  '  - 

a)  Find  the  magnitude  of  the  current  in  the  power  line. 

b)  To  what  angle  about  the  horizontal  axis  should  the  circular  loop  be  rotated  in  order  to 
reduce  the  milliammeter  heading  to  0.2  (mA)? 

>.  .  \) 

P.7-5  A  conducting  sliding'bar  oscillates  over  twd  parallel  conducting  rails  in  a  sinusoidally 
varying  magnetic  field 

\  B  =  a.  5  cqs  fot  (mT), 

as  shown  in  Fig.  7-9.  The  position  of  the  sliding  bar  is  given  by  ,x  =  0.35(1  -  cos  c or)  (m),  and 
the  rails  are  terminated  in  a  resistance  R  —  0.2  (fl).  Find  i. 
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Fig.  7-9  A  conducting  bar  sliding  over 
parallel  rails  in  a  time*varying  magnetic 
field  (Problem  P.7-5). 


P.7-6  Assuming  that  a  resistance  R  is  connected  across  the  slip  rings  of  the  rectangular  con¬ 
ducting  loop  that  rotates  in  a  constant  magnetic  field  B  =  a^Bo,  shown  in  Fig.  7-5,  prove  that 
the  power  dissipated  lh  R  is  equal  to  the  power  required  to  rotate  the  loop  at  an  angular  fre¬ 
quency  to. 

i 

P-7-7  Derive  the  two  divergence  equations,  Eqs.  (7— 37c)  and  (7— 37d),  from,  the  two  curl 
equations,  Eqs.  (7— 37a)  and  i  7— 37b),  and  the  equation  of  continuity,  Eq.  (7-32). 

'-4 

P.7-8  Prove  that  the  Lorentz  condition  for  potentials  as  expressed  in  Eq.  (7-46)  is  consistent 
with  the  equation  of  cdhtinuity. 

P-7-9  Substitute  Eqs.  (7-39)  and  (7-41)  in  Maxwell’s  equations  to  obtain  wave  equations  for 
scalar  potential  V  and  vector  potential  A  for  a  linear,  isotropic  but  inhomogeneous  medium. 

P-7-10  Write  the  set  of  four  Maxwell’s  equations,  Eqs.  (7-37a,  b,  c,  and  d),  as  eight  scalar 
equations 

a'  in  Cartesian  cdordi.iates, 
b)  in  cylindrical  coordinates, 

■  c)  in  spherical  coordinates. 

P.7-11  Supply  the  detailed  steps  for  the  derivation  of  the  electromagnetic  boundary  conditions, 
Eqs.  (7 -50a,  b,  c,  and  d). 
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P.7-12  Discuss  the  relations 

a)  between  the  boundary  conditions  for  the  tangential  components  of  E  and  those  for  the 
normal  components  of  B, 

b)  between  the  boundary  conditions  for  the  normal  components  of  D  and  those  for  the 
tangential  components  of  H. 

P.7-13  Write  the  boundary  conditions  that  exist  at  the  interface  of  free  space  and  a  magnetic 
material  of  infinite  (an  approximation)  permeability. 

P.7-14  The  electric  field  of  an  electromagnetic  wave 


E  =  exE0  cos 


is  the  sum  of 


and 


10M  t 


+  0 


E,  =  ex  0.03  sin  1087e(  t  — 


108?t  t-“  - 


E2  =  ex  0.04  cos 

Find  E0  and  9. 

P.7-15  Prove  by  direct  substitution  that  any  twice  differentiable  function  of  (t  —  RyfJH)  or  of 
(t  +  RyJJte)  is  a  solution  of  the  homogeneous  wave  equation,  Eq.  (7-56). 

P.7-16  Prove  that  the  retarded  potential  in  Eq.  (7-60)  satisfies  the  nonhomogeneous  wave 
equation,  Eq.  (7-49). 

P.7-17  Write  the  general  wave  equations  for  E  and  H  in  a  nonconducting  simple  medium 
where  a  charge  distribution  p  and  a  current  distribution  J  exist.  Convert  the  wave  equations 
to  Helmholtz’s  equations  for  sinusoidal  time  dependence. 

P.7-18  Given  that 


E  =  ay0.1  sin  (10rtx)  cos  (6rel0'7  -  jlz)  (V/m) 


in  air,  find  H  and  /i, 

P.7-19  Given  that 

H  =  ay  2  cos  (1 5zrx)  sin  (6rrl09t  —  f}:)  (A/m) 

in  air,  find  E  and  /?. 

P.7-20  It  is  known  that  the  electric  field  intensity  of  a  spherical  wave  in  free  space  is 

E 

E  =  a9  —  sin  9  cos  (cot  —  kR). 

R 

Determine  the  magnetic  field  intensity  H. 

P.7-21  In  Section  7-4  we  indicated  that  E  and  B  can  be  determined  from  the  potentials  V  and 
A.  which  are  related  by  the  Lorentz  condition,  Eq.  (7-80),  in  the  time-harmonic  case.  The  vector 
potential  A  was  introduced  through  the  relation  ^  =  V  x  A  because  of  the  solenoidal  nature 
of  B.  In  a  source-free  region,  V  •  E  =  0,  we  can  define  another  type  of  vector  potential  A„  such 


"VUi'* 


those  for  the 


those  for  the 


id  a  magnetic 


R  v  /it )  or  of 


aeneous  wave 


mple  medium 
ave  equations 


oteniials  V  and 
ase.  The  vector 
enoidal  nature 
ential  Ac,  such 


*  )  \J 


•  f? 


PROBLEMS 


that  E  =  V  x  A,.  Assuming  harmohic  time  dependence: 

a)  Express  H  in  terins  of!^e.  :  ■> : 

1  b)  Show  that  Ac  is  A  solution  of  a  homogeneous  Helmholtz’s  equation. 


P.7  22  For  a  source-tide  medium  where  p  =  0,  J  **  0,  p  =  p0,  but  where  there  is  a  volume 
density  of  polarization  P;  a  single  vector  potential  7tt.  fflay  be  defined  such  that 


i  •  H  =jox‘0  y  x  ne. 

a)  Express  electric  Afield  intensity  E  in  terms  of  nt  and  P. 

b)  Show  that  it,  satisfies  the  nonhomogeneous  Helmholtz  equation 


V2;re  +  kin '  = - 


The  quantity  it,,  is  knowh  as  the  electric  Hertz  potent itil. 


P.7  23  Calculations  concerning  the  clectromagnctid  effect  of  currents  in  a  good  conductor 
usually  neglect  the  displtleeincnt  current  even  at  microwave  frequencies,  (a)  Assuming  tr  -  1  and 
a  =  5.70  x  107  (S/m)  for  copper,  compare  the  magnitude  of  the  displacement  current  density 
with  that  of  the  conduction  current  density  at  100  (GHz),  (b)  Write  the  governing  differential 
equation  for  magnetic  field  intensity  H  in  a  source-free  good  conductor. 


-.U:  .v-U-v-  ' 


8  /  Plane  Electromagnetic  Wa^es 


8-1  INTRODUCTION 

In  Chapter  7  we  showed  that  in  a  source-free  simple  medium  Maxwell's  equations, 
Eqs.  (7-62a,  b,  c,  and  d)  can  be  combined  to  yield  homogeneous  vector  wave  equa¬ 
tions  in  E  and  in  H.  These  two  equations,  Eqs.  (7-64)  and  (7—65),  have  exactly  the 
same  form.  In  free  space,  the  source-free  wave  equation  for  E  is 

where 

c  =  — ==  =  3  x  108  (m/s)  =  300  (Mm/s)  (8-2) 

\  M oeo 

is  the  velocity  of  wave  propagation  (the  speed  of  light)  in  free  space.  The  solutions  of 
Eq.  (8-1)  represent  waves.  The  study  of  the  behavior  of  waves  which  have  a  one¬ 
dimensional  spatial  dependence  ( plane  waves)  is  the  main  concern  of  this  chapter. 

We  begin  the  chapter  with  a  study  of  the  propagation  of  time-harmonic  plane- 
wave  fields  in  an  unbounded  homogeneous  medium.  Medium  parameters  such  as 
intrinsic  impedance,  attenuation  constant,  and  phase  constant  will  be  introduced.  The 
meaning  of  skin  cleplh,  the  depth  of  wave  penetration  into  a  good  conductor,  will  be 
explained.  Electromagnetic  waves  carry  with  them  electromagnetic  power.  The 
concept  of  Poynting  vector,  a  power  flux  density,  will  be  discussed. 

We  will  examine  the  behavior  of  a  plane  wave  incident  normally  on  a  plane 
boundary.  The  laws  governing  the  reflection  and  refraction  of  plane  waves  incident 
obliquely  on  a  plane  boundary  will  then  be  discussed,  and  the  conditions  for  no 
reflection  and  for  total  reflection  will  be  examined. 

A  uniform  plane  wave  is  a  particular  solution  of  Maxwell’s  equations  with  E  (and 
also  H),  assuming  the  same  direction,  same  magnitude,  and  same  phase  in  infinite 
planes  perpendicular  to  the  direction  of  propagation.  Strictly  speaking,  a  uniform 
plane  wave  does  not  exist  in  practice,  because  a  source  infinite  in  extent  would  be 
, .  :  required  to  create  it,  and  practical  wave  sources  are  always  finite  in  extent.  But,  if 

we  are  far  enough  away  from  a  source,  the  wavefront  (surface  of  constant  phase) 
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t.  But,  if 
t  phase) 


becomes  almost  spherical;  ahd  a  very  small  portion  of  the  surface  qf  a  giant  sphere 
■  is  very  nearly  a  jilarl’e.  The  characteristic*  of  Uniform  plane  waves  are  particularly, 

simple  and  their  study  is  of  fundamental  theoretical,  as  well  as  practical,  importance. 


8-2  PLANE  WAVES  IN  LOSSLESS  MEDIA  j  { 

In  this  and  future  chapters  we  focus  our  attention  on  wave  behavior  in  the  sinusoidal 
steady  state,  using  phasors  to  great  advantage.  The  source-free  wave  equation,  Eq. 
(8-1),  for  free  space  becomes  a  homogeneous  (Vector  Helmholtz’s  equation  (see  Eq. 

:  ;  7-86):  VT  .A  ~  '  . 

r:  /  _ i  "v-i  " 

V2E  +  AqE  =  0,  (8-3) 

where  k0  is  the  free-Hpace  wavenumber 

•  jio  —  uV^ofo  —  ~  (rad/m).  (8-4) 

In  Cartesian  coordinates,  Eq.  (8—3)  is  equivalent  to  three  scalar  Helmholtz’s 
equations,  one  each  ih  the  components  Ex,  Ey,  and  Ez.  Writing  it  for  the  component 
Ex,  we  have  ’  . 

( d2  cl2  a2  \  A 

+  TT  +  +  k20  )£x  =  0.  (8-5) 


Consider  a  uniform  plane  wave  characterized  by  a  uniform  Ex  (uniform  magnitude 
and  constant  phase)  Over  plane  surfaces  perpenducular  to  z\  that  is, 

;  d-EJdx2  =  0  and  d2Ex/8y2  =  0. 

Equation  (8-5)  simplifies  to 

d2E. 

■  +  koEx  =  0,  (8—6) 

which  is  an  ordinary  differential  equation  becaiise  Ex,  a  phasor,  depends  only  on  z. 
The  solution  of  Eq.  (8-6)  is  readily  seen  to  be 

£,(c)  =  £;(_-)  +  E~x[z) 

/  - — ^  /'  ■  «  Ete-**  +  Eoe^,  (8-7) 

where  Eo  and  £0  aft  arbitrary  (and,  in  general,  complex)  constants  that  must  be 
determined  by  boundary  conditions.  Note  that  since  Eq.  (8—6)  is  a  second-order 
equation,  its  general  sblution  in  Eq.  (8-7)  contains  two  integration  constants. 

Now  let  us  examine  what  the  first  phasor  term  on  the  right  side  of  Eq.  (8-7) 
represents  in  real  time.  Using  cos  cot  as  the  reference  and  assuming  Eq  to  be  a  real 


r;; 
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Ei(z), 


Xq  =  2ir/ko 


(  =  0  t  = 


Fig.  8-1  Wave  traveling  in  positive  z 
direction  £*(;,  t)  =  ££  cos  (cot  —  k0:), 
for  several  values  of  t. 


constant  (zero  reference  phase  at  z  =  0),  we  have 

E?{z,t)  =  0le[Ex(z)ejm'~\ 

=  «<[£0+ejl"-M] 

=  cos  (tot  - /c0c)  (V/iti)?  (8-8) 

Equation  (8-8)  has  been  plotted  in  Fig.  8  ^,1  for  several  values  oft.  At  t  =  0,£x+(z,0)  = 
Eq  cos  fc0z  is  a  cosine  curve  with  an  amplitude  £j .  At  successive  times,  the  curve 
effectively  travels  in  the  positive  z  direction.  We  have,  then,  a  traveling  wave.  If  we 
fix  our  attention  on  a  particular  point  (a  point  of  a  particular  phase)  on  the  wave, 
we  set  cos  (tot  -  k0z)  =  a  constant  or 


from  which  we  obtain 


tot  -  k0z  =  A  constant  phase, 


dz  to 
dt  k0  C' 


Equation  (8-9)  assures  us  that  the  velocity  of  propagation  of  an  cquiphase  front  (the 
phase  velocity)  in  free  space  is  equal  to  the  velocity  of  light,  which  is  approximately 
3  x  108  (m/s)  in  free  space. 

The  quantity  k0  bears  a  definite  relation  to  the  wavelength.  From  Eq.  (8-4), 
k0  =  2 nf/c  or 


(rad/m). 


(8-10) 


which  measures  the  number  of  wavelengths  in  a  complete  cycle,  hence  its  name.  An 
inverse  relation  of  Eq.  (8-10)  is  •  ! 


(8-11) 


i  r 
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Equations  (8-10)  arijf  (8— 11)  are  valid  without  the  subscript  0  if  the  medium  is  a 
lossless  material  sucn  as  a.- perfect  dielectric.  ; 

t  E  *s  obvious  Without  replotting  that  the  sefcond  phasor  term  on  the  right  side  of 
Ecl-  (8-7),  E 0V*o!|  presents  a  cosinusoidal  wive  traveling  in  the  -z  direction  with 
the  same  velocity  c.  Ih  an  unbounded  region  wd  are  concerned  only  with  the  outgoing 
wave;  hence,  if  the  source  is  on  the  lcll,  the /negatively  going  wave  does  not  exist,  and 
E0  —  0.  However,  if  there  are  discontinuities  in^the  medium,  reflected  waves  traveling 
in  the  opposite  direction  must  also  be  considered,  as  we  will  see  later  in  this  chapter. 
The  associated  magnetic  field  H  can  be  fotfnd  from  Eq.  (7-85a) 

i(,  a,,  a.  : 

V  x  E  =  0  0  —  =  -jwp0(axHf  +  a yHf  +  a.H.+). 


EUz)  o  o 


which  leads  to 


IK  =  0 


3E:(z) 


— 700/i  o  oz 

H „+  =0. 


Thus,  Hy  is  the  only  ilon  tero  component  of  Hj  and  since 


(8  — 12a) 
(S  —  1 2b) 
(8— 12c) 


Eq.  (8- 12b)  yields 


dlK(z)  d  , 

e:u)  ■  r  «*»  ww. 

>lo 


We  have  introduced  a  new  quantity,  >/0,  in  Eq.  (8-13): 


n  o=  P=120n  =  377 

.  V  fo 


(8-13) 


(8-14) 


which  is  called  the  intrinsic  impedance  of  the  free  space.  Because  ;j0  is  a  real  number, 
Hy  (z)  is  in  phase  with  Ef(z);  and  we  can  write  tile  instantaneous  expression  for  H  as 

H(z,,)  =  a,n;(r,  ()  =  a,ii[«,+(2)ei«] 


-  a,,  -----  cos  (tor  -  k0z)  (A/m). 
,  '/o  > 


(8-15) 


Hence,  for  a  uniform  plane  wave,  the  ratio  ofthe  magnitudes  of  E  and  H  is  the  intrinsic 
impedance  ofthe  medium.  We  also  note  that  H  is  perpendicular  to  E  and  that  both 
are  normal  to  the  direction  of  propagation.  THe  fact  that  we  specified  E  =  a XEX 
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is  not  as  restrictive  as  it  appears,  inasmuch  as  we  are  free  to  designate  the  direction 
of  E  as  the  +x  direction,  which  is  normal  to  the  direction  of  propagation  a*. 

Example  8-1  A  uniform  plane  wave  with  E  =  a XEX  propagates  in  a  lossless  simple 
medium  (er  =  4,  /rr  =  1,  a  =  0)  in  the  4-  z  direction.  Assume  that  Ex  is  sinusoidal  with 
a  frequency  100  (MHz)  and  has  a  maximum  value  of  + 10~4  (V/m)  at  t  =  0  and 
r  =  i  (m). 

a)  Write  the  instantaneous  expression  for  E  for  any  t  and  z. 

b)  Write  the  instantaneous  expression  for  H. 

c)  Determine  the  locations  where  Ex  is  a  positive  maximum  when  t  =  10“ 8  (s). 


Solution:  First  we  find  k. 


k  =  (ojjte  =  — 
c 

2rt  10s  r-  4k 

“Ttno5'4“  T(rad/m)' 


a)  Using  cos  cot  as  the  reference,  we  find  the  instantaneous  expression  for  E  to  be 

E(r,  t)  —  a XEX  =  a^lO"4,  cos  (2n  108t  -  kz  +  t p). 

Since  Ex  equals  + 10"4  when  the  argument  of  the  cosine  function  equals  zero — 
that  is,  when 

2n  108f  -k:  +  ip  =  0, 
we  have,  at  t  =  0  and  z  =  -g, 


Thus, 


i jj  =  kz 


E(z,  t)  —  a,.10  4  cos 


(in  108f 


'=  ar10' 


cos 


2n  108r  - 


471 


(V/m). 


This  expression  shows  a  shift  of  a  mere  in  the  4 -z  direction  and  could  have 
been  written  down  directly  from  the  statement  of  the  problem. 

b)  The  instantaneous  expression  for  H  is 


where 


j;  P 


tirectiori 


s  simple 
dal  with 
=  0  and 
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Hence, 


H(z,  t)  =  ay  cos  2n  108£  -  y  ^z  -  ^  (A/m) . 


c)  At  t  =  10  “  8,  we  equate  the  argument  of  the  cosine  function  to  +  Inn  in  order  to 
make  Ey  a  positive  maximum': 


from  which  we  i^et 


27il08(10  - )  )=±2nn. 


13  3 

Y  ±  2  n  n  =  0,  1,  2, . 


Examining  this  result  more  closely,  we  note  that  the  wavelength  in  the  given 
medium  is 

•  271  3  /  X 


E '  e 


Hence,  the  positive  maximum  value  of  Ex  occurs  at 


iuld  have 


zm  =  y±h2(m).i 

The  E  and  H  fields  are  shown  in  Fig.  8-2  as  functions  of  z  for  the  reference 
time  t  =  0. 


X  =  2(m)- 


14  h 


y  ~~  K  vvv777t^ 

y  H(z,  0)  =  a yEx(z,  0)/ij 

E!(z,  0)  =  a^lO-4  cosy^Z  - 


Fig.  8-2  E  and  H  fields  of  a. uniform  plane  wave  at  t  =  0  (Example  8-1). 
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8-2.1  Transverse  Electromagnetic  Waves 

We  have  seen  that  a  uniform  plane  wave. characterized  by  E  =  axEx  propagating  in 
the  +  z  direction  has  associated  with  it  a  magnetic  .field  H  =  a yHy.  Thus  E  and  H 
are  perpendicular  to  each  other,  and  both  are  transverse  to  the  direction  of  propaga¬ 
tion.  It  is  a  particular  case  of  a  transverse  electromagnetic  (TEM)  wave.  The  phasor 
field  quantities  are  functions  of  only  the  distance  z  along  a  single  coordinate  axis. 
We  now  consider  the  propagation  of  a  uniform  plane  wave  along  an  arbitrary 
.  direction  that  does  not  necessarily  coincide  with  a  coordinate  axis. 

The  phasor  electric  field  intensity  for  a  uniform  plane  wave  propagating  in  the 
+  z  direction  is 

E(z)  =  EQe~jkz,  (8-16) 


where  E0  is  a  constant  vector.  A  more  general  form  of  Eq.  (8-1.6)  is 

E(x,  y,  z)  =  E0e~'jkxX~Jky>'~  jk-:. 


■  (8-17) 


It  can  be  easily  proved  by  direct  substitution  that  this  expression  satisfies  the  homo¬ 
geneous  Helmholtz's  equation,  provided  that  _ 


kx  -r  ky  -f*  kz  —  co~jue. 

If  we  define  a  wavenumber  vector  as 

k  =  axkx  +  a  yky  +  a,k,  =  /<a„ 
and  a  radius  vector  from  the  origin 

R  =  ape  +  a^y  +  a.z, 

then  Eq.  (8-17)  can  be  written  compactly  as 


(8-18) 


(8-19) 


(8-20) 


E(R)  =  E0<T ’ R  =  E0e~Jk!'n ' R  (V/m), 


(8-21) 


where  a„  is  a  unit  vector  in  the  direction  of  propagation.  From  Eq.  (8-19)  it  is  clear 
that 

kx  —  k  •'  ax.  =  ka„  •  ax  (8 -22a) 

ky  =  k  ‘'ay  =  kan  ■  ay  (8 -22b) 

kz  =  k  •  az  =  ka„  ■  az,  (8— 22c) 


and  that  a„  •  ax ,  a„  -'ay  and  a„  •  a.  are  direction  cosines  of  a„. 

The  geometrical  relations  of  a„  and  Ft  are  illustrated  in  Fig.  8-3,  from  which 
we  see  that 

a„  ;‘R  =  Length  OF  (a  constant) 

is  the  equation  of  a  plane  normal  to  a„,  the  direction  of  propagation.  Just  as  z  = 
Constant  denotes  a  planeof  constant  phase  and  .uniform  amplitude  for  the  wave  in 


t 

t 


'  * *?'{•'■ 


Mi^iiypjp  yn  II,.  ii^'«-» liw  <• 


iix&&'i?**$l. 
?^)r  ;!v:  i---  .■»£•  • 

e?h  ;  vV 


'^0im 

1 '  1  .%  J,‘  l  .':  ‘  S( 


>  "V1  .  t  ‘  '  '■‘tf 

>  ■-  1  v  -  ..  !*■  -T ,.  ;.;\  * .:  ,hi\j, , ., 

:".!  ;■-  '.,y";--.‘  ' '.'  '-  ■  *  '  ’  ■  -V” 


r  3  f  . 

8-2  /■  PLANE  WAVES  IN  LOSSLESS  MEDIA  313 


'  .  -"  ■  i  : 


agating 

in  f  ■'  : 

;  E  and 

H 

f  propaga-  ..  / 

"he  pha 

'or 

inate  a 

;is. 

:  arbitr 

try 

ting  in 

the ,  •:/  ,  q 

(8- 

16)  ;v:  ;j 

(8-17)  . 
the  homo- 

/^18) 

(8-19) 

(8-20) 

(8-21) 

9)  it  is  dear 

'  (8 -22a) 
(8— 22b) 
(8 -22c) 


Plane  of  constant 
phase  (phase  front) 


Fig.  8-3  Radius  vector  and  wave  normal 

to. a  phaSfe  front 

of  a  uniform  plane  wave. 


Eq.  (8  16),  a„  •  R  =  Constant  is  a  plane  of  constant  phase  and  uniform  amplitude 
for  the  wave  in  Eq.  (8-21).  In  a  charge-free  region,  V  •  E  =  0.  As  a  result, 


E0  •  V(e~Jk*n  '  8)  =  0. 


(8-23a)t 


V(e~Jk‘n  '  R)  =  (  tix  S-  +  a,,  ~  +  az  ^  e-Hkxx+k,y  +  kzz) 

\  ox  y  8y  •  dzj 

=  —j(axkx  +  a yky  +  azk.)  e~Jik*x  +  k*y+k*z) 

—  —jka„e~Jka','K . 

Hence  Eq.  (8-23a)  can  be  written  as 

~jk(E0  •  aje--'"1*"' R  =  0, 

which  requires 

a„-Eo  =  0.  (8— 23b> 

Thus  the  plane-waVe  solution  in  Eq.  (8-17)  implies  that  E0  is  transverse  to  the  direc¬ 
tion  of  propagation. 

The  magnetic  field  associated  with  E(R)  in  Eq.  (8-21)  may  be  obtained  from 
Eq.  (7 -85a)  as 

H(R)  =  — -Vx  E(R) 


H(R)  =  -a„  x  E(R)  (A/m), 


(8-24) 


from.  ich 
t 


Just  as  2  = 
the  wave  in 


This  is  a  consequence  Of  the  fact  that  V  -'Eo  =  0,  where  E0  is  a  constant  vector  (see  problem  P.2-18). 
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is  the  intrinsic  impedance  of  the  medium.  Substitution  of  Eq.  (8-21)  in  Eq.  (8-24) 
yields  -  . 


(8-26) 


It  is  now  clear  that  a  uniform  plane  wave  propagating  in  an  arbitrary  direction,  a„, 
is  a  TEM  wave  with  E  JL  H  and  that  both  E  and  H  arc  normal  to  a„. 


8-2.2  Polarization  of  Plane  Waves 

The  polarization  of  a  uniform  plane -wave  describes  the  time-varying  behavior  of  the 
electric  field  intensity  vector  at  a  given  point  in  space.  Since  the  E  vector  of  the  plane 
wave  in  Example  8-1  is  fixed  in  the  x  direction  (E  =  a XEX,  where  Ex  may  be  positive 
or  negative),  the  wave  is  said  to  be  linearly  polarized  in  the  x  direction.  A  separate 
description  of  magnetic-field  behavior  is  not  necessary,  inasmuch  as  the  direction  of 
H  is  definitely  related  to  that  of  E. 

In  some  cases  the  direction  of  E  of  a  plane  wave  at  a  given  point  may  change 
with  time.  Consider  the  superposition  of  two  linearly  polarized  waves:  one  polarized 
in  the  x  direction;  the  other  polarized  in  the  y  direction  and  lagging  90°  (or  n/2  rad) 
in  time  phase.  In  phasor  notation  we  have 

E(z)  =  a  xEt{z)  +  a  },£2(z) 

=  zxE10e-**-ayjEwe-jkz,  (8-27) 

where  E10  and  E20  are  real  numbers  denoting  the  amplitudes  of  the  two  linearly 
polarized  waves. 

The  instantaneous  expression  for  E  is 

E(z.  t)  =  ^{[a^z)  +  a,,£2(z)y™} 

(  K 

=  axE10  cos  (cot  -  fez)  +  a yE20  cos  I  cot  —  fez  —  - 

In  examining  the  direction  change  of  E  at  a  given  point  as  t  changes,  it  is  convenient 
to  set  z  =  0.  We  have 

E(0,  t)  =  ax£i(0,  t)  +  ayE2(0,f) 

=  a^£10  cos  cot  +  'a yE 2o  sin  cot .  (8-28) 

As  cot  increases  from  0  through  n/2 ,  n,  and  2n/2  —  Completing  the  cycle  at  2n  —  the 
tip  of  the  vector  E(0,  t)  will  traverse  an  elliptical  locus  in  the  counterclockwise  direc- 
..iv.  tion.  Analytically,  we  have 


cot 


E,( 0,  t) 


-.1  "“"5^ 


:ction,  a„, 
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dU,>Md> 


f  !  If' 

• '  l 

I  ' 

■  v  -■  t  ■ 


'=  %/T—  cos2  Tot  =  /  1  — 


~£i(0,  t)~ 


V  l_  “10  J 

which  leads  to  the  following  equation  for  an  ellipse: 

■  |X(0,  t)T  ,  fWT  , 

~E~  ~T~  =L  (8-29) 

L  “ 20  J  L'f“io. 

Hence  E,  which  is  tfje  sum  of  two  linearly  polarized  waves  in  both  space  and  time 
quadrature,  is  ellipticully  polarized  if  £20  ^  £ ,  g,  and  in  circularly  polarized  if  £\0  — 

£io- A  typical  polarization  circle  is  shown  in  Fig.  8-4(a). 

When  £20  =  £1( j,)  the  instantaneous  angle  a  which  E  makes  with  the  .v-axis  at 
2  =  0  is  , 


_ ,  E,(0,  t) 

a=tan 


(8-30) 


which  indicates  that  E  lotates  at  a  uniform  rate  with  an  angular  velocity  to  in  a 
counterclockwise  direction.  When  the  fingers  of  the  right  hand  follow  the  direction 


onvenieiit 


fig.  8  4  .Polarization  diagrams  for  sum  of  two  linearly 
polarized  waves  in  space  quadrature  at  z  =  0:  (a)  circular 
polarization,  £(0,  t)  =  E20(zx  cos  on  ±  ay  sin  cor); 

(b)  linear  polarization,  E(0,  t)  =  (a,£10  +  a (£20)  COS  OJt. 
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of  the  rotation  of  E,  the  thumb  points  to  the  direction  of  propagation  of  the  wave. 
This  is  a  right-hand  or  positive  circularly  polarized  wave. 

If  we  start  with  an  £2(z),  which  leads  Et(z)  by  90°  (n/2  rad)  in  time  phase,  Eqs. 
(8-27)  and  (8-28)  will  be,  respectively, 

E(z)  =  axEl0e~Jkz  +  ayjE20e~Jk?  (8-31) 

and 

E(0,  r)  =  ax£10  cos  cot  —  ayE20  sin  cot.  (8-32) 

Comparing  Eq.  (8-32)  with  Eq.  (8-28),  we  see  that  E  will  stil}:be  elliptically  polarized. 
If  E20  =  E10,  E  will  be  circularly  polarized  and  its  angle  measured  from  the  x-axis 
at  z  =  0  will  now  be  —cot,  indicating  that  E  will  rotate  with  an  angular  velocity  co 
in  a  clockwise  direction ;  this  is  a  left-hand  or  negative  circularly  polarized  wave. 

If  E2(z)  and  E^z)  are  in  space  quadrature  but  in  time  phase,  their  sum  E  will  be 
linearly  polarized  along  a  line  that  makes  an  angle  tan-1  ( E20/E10 )  with  the  x-axis, 
as  depicted  in  Fig.  8-4(b).  The  instantaneous  expression  for  E  at  z  =  0  is 

E(0,  t)  =  (av£10  +  av£,0)  cos  cot.  (8-33) 

The  tip  of  the  E(0,  t)  will  be  at  the  point  P j  when  cot  =  0.  Its  magnitude  will  decrease 
toward  zero  as  cot  increases  toward  n/2.  After  that,  E(0,  r)  starts  to  increase  again, 
in  the  opposite  direction,  toward  the  point  P2  where  c ot'=  n. 

In  the  general  case,  E2(z)  and  £  j(-),  which  are  in  space  quadrature,  can  have 
unequal  amplitudes  (£20  ¥=  E10)  and  can  differ  in  phase  by  an  arbitrary  amount  (not 
zero  or  an  integral  multiple  of  n/2).  Their  sum  E  will  be  elliptically  polarized  and  the 
principal  axes  of  the  polarization  ellipse  will  not  coincide  with  the  axes  of  the  co¬ 
ordinates  (see  Problem  P.8-4). 

Example  8-2  Prove  that  a  linearly  polarized  plane  wave  can  be  resolved  into  a 
right-hand  circularly  polarized  wave  and  a  left-hand  circularly  polarized  wave  of 
equal  amplitude. 

Solution :  Consider  a  linearly  polarized  plane  wave  propagating  in  the  -f  z  direction. 
We  can  assume,  with  no  loss,  of  generality,  that  E  is  polarized  in  the  x  direction.  In 
phasor  notation  we  have 

E(z)  =  axE0e~Jk: . 

But  this  can  be  written  as 

E(z)  =  EJz)  +  E(l(z), 

where 

Erc(c)  =  -y(a*  -jaT)e~Jkz  (8-34a) 

and 

E/C(z)  =  -y-  (ax  +  jay)e~jkz. 


(8  -34b) 


• 


"■■ V'-:", . :..  sr-v'-!;  »;  r  ■  ■'. 

•: '  ‘k  .  H 


i;'*‘ ? ::*4»,r‘*5~' ; VjPe. =* •  ■ ' ■ 'isw _ ,;: '■:  :.■  Y 


8-3  /  plane  Waves  in  conducting  media  317 


of  the  wave. 


phase.  Eqs. 


(8-31) 

(8-32) 
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From  previous  discussions  we  recognize  thtit  E,c(z)  in  Eq.  (8-34a)  and  Eic(r)  in 
Eq.  (8-34b)  represent,  respectively,  right-hdhd  and  left-hand  circularly  polarized 
waves,  each  having,  an  amplitude  £0/2 •  Thedtatement  of  this  problem  is  therefore 
,  proved.  The  converse  statement  that  the  sum  of  two  oppositely  rotating  circularly 
polarized  waves  of  equal  amplitude  is  a:  linearly  polarized  wave  is,  of  course,  also 
true. 


8-3  PLANE  WAVES  IN  . 

CONDUCTING  MEDIA  ’  H 

In  a  source-free  conducting  medium,  the  homogeneous  vector  Helmholtz’s  equation 
to  be  solve  is 

V2E  +  fc2E  =  0,  (8-35) 

where  the  wavenumber  kc  —  co^fjte,.  is  a  complex  number  because  ef  =  e'  —  je."  is 
complex,  as  defined  in  Eq.  (7-92).  The  derivations  and  discussions  pertaining  to 
plane  waves  in  a  lossless  medium  in  Section  8-2  can  be  modified  to  apply  to -wave 
propagation  in  a  conducting  medium  by  simply  replacing  k  with  kt.  However,  in  an 
effort  to  conform  with  t  re  conventional  notation  used  in  transmission-line  theory,  it 
is  customary  to  define  a  propagation  constant  y,  such  that 


V  =  A-  (m*  '). 

, .  I 

bince  y  is  complex,  we  wiritc,  with  the  help  of-Eq  (7-92) 


y  =  a  +  j  ft  =  jo>sjy<l  [  1  + 

\  jene 


(8-36) 


(8-37) 


where  a  and  )3  are,  respectively,  the  real  and  imaginary  parts  of  y.  Their  physical 
significance  will  be  explained  presently.  For  a  lossless  medium,  a  =  0,  x  =  0,  and 
P  =  k  =  a>V/,e- 

The  Helmholtz's  equation,  Eq.  (8-35),  becomes 

V2E  —  y2E  =  0.  (8-38) 

The  solution  of  Eq.  (8-38),  which  corresponds  to  a  uniform  plane  wave  propagating 
in  the  +  z  direction,  is 

^  E  =  a  XEX  =  axE0e~yx,  (8-39) 

where  we  have  asshmed  that  the  wave  is  linearly  polarized  in  the  x  direction.  The 
propagation  factor  e~y:  can  be  written  as  a  product  of  two  factors: 

Ex=  E'9e-°“e-JI,z. 

As  we  shall  see,  both  a  and  Jl  are  positive  quantities.  The  first  factor,  e~*:,  decreases 
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■ .  as  z  increases  and,  thus,  is  an  attenuation  factor,  and  a  is  called  an  attenuation  con- 
■  i :  stant.  The  SI  unit  of  the  attenuation  constant  is  neper  per  meter  (Np/m)/  The  second 
factor,  e~Jllz,  is  a’  phase  factor;  /J  is  called  a  phase  constant  and  is  expressed  in  radians 
per  meter  (rad/m).  The  phase  constant  expresses  the  amount  of  phase  shift  that 
occurs  as  the  wave  travels  one  meter. 

General  expressions  of  a  and  ft  in  terms  of  c o  and  the  constitutive  parameters  —  e, 
p,  and  a — of  the  medium  are  rather  involved  (see  Problem  P.8-6).  In  the  following 
paragraphs  we  examine  the  approximate  expressions  for  a  low-loss  dielectric  and  a 
good  conductor. 

8-3.1  Low-Loss  Dielectric 

A  low-loss  dielectric  is  a  good  but  imperfect  insulator  with  a  nonzero  conductivity, 
such  that  e"  «  e'  or  tr/coe  «  1.  Under  this  condition  y  in  Eq.  (8-37)  can  be-approxi- 
mated  by  using  the  binomial  expansion. 

f — [”  a  1/cr  Y__ 

;-x+jlJ2Jo,^  +  )  Jr~ 


from  which  we  obtain  the  attenuation  constant 


~ a 


(Np/m) 


and  the  phase  constant 


^  (rad/m). 

|_  8  \(JJ€  ) 


(8-40) 


(8-41) 


It  is  seen  from  Eq.  (8-40)  that  the  attenuation  constant  of  a  low-loss  dielectric  is  a 
positive  constant  and  is  approximately  directly  proportional  to  the  conductivity  a. 
The  phase  constant  in  Eq.  (8-41)  deviates  only  very  slightly  from  the  value  co^fjle 
for  a  perfect  (lossless)  dielectric.  • 

The  intrinsic  impedance  of  a  low-loss  dielectric  is  a  complex  quantity. 


1  +  A 

]W€ 


■J;  Hk 


(8-42) 


Since  the  intrinsic  impedance  is  the  ratio  of  Ex  and  Hy  for  a  uniform  plane  wave,  the 
electric  and  magnetic  field  intensities  in  a  lossy  dielectric  are,  thus,  not  in  time  phase, 
as  they  would  be  in  a  lossless  medium. 


'  Neper  is  a  dimensionless  quantity.  If  a  =  1  (Np/m),  then  a  unit  wave  amplitude  decreases  to  a  magnitude 
e" 1  (  =  0.368)  as  it  travels  a  distance  of  1  (m).  In  terms  of'field  intensities  1  (Np/m)  equals  20  log,0e  = 
8.69  (dB/m). 
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i  a  magnitude 
20  log10e  = 


The  phase  velocity  up;  is;  obtained  from  the  ratio  _co//?  in  a  manner  similar  to  that 
'K  in  Eq.  (8-9).  Usingiiq.  (8—41),  we  have 

. •,  ..  .  ...  $1  ■  ;  to  1  f  H  /  ff  VI 

8-3.2  Good  Conductor 

\  j  .  ,  ■ 

A  good  conductor  is  a  medium  for  which  e"  >&•  e'  or  o/coe  »  1.  Under  this  condition 
we  can  neglect  1  in  fcomparison  with  the  terni  a/jcoe  in  Eq.  (8-37)  and  write 

y  =  jCOyfjie  =  y/j  =  ~J-  yjoifio 


i  —  «  +jP  =  (1  +j)Jnffio, 
where  we  have  used  the  relations 


(8-44) 


yfj  =  (ejKl1)112  =  eJ*>*  =  (1  +  j)/J 2 


and  cd  —  2nf.  Equation  (8-44)  indicates  that  a  and  for  a  good  conductor  are 
approximately  equal  and  both  increase  as  Jf  and  Jo.  For  a  good  conductor, 

a  =  fi  =  Jnfow.  '  (8—45) 

The  intrinsic  impedance  of  a  good  conductor  is 

which  has  a  phase  angle  of  45°.  Hence  the  magnetic  field  intensity  lags  behind  the 
electric  field  intensity  by  45°. 

The  phase  velocity  in  a  good  conductor  is 


co  /  2co 

“-“J -4m  (m/s)’ 


(8-47) 


which  is  proportional  to  JJ  and  1  /Jo.  Consider  copper  as  an  example: 

a  =  5.80  x  107  (S/m), 
n  =  4k  x  10-7  (H/m), 
nr  ~  720  (m/s)  at  3  (MM/.), 

which  is  about  twice  the  velocity  ot  sound  in  uir  and  is  many  orders  of  magnitude 
slower  than  the  velocity  of  light  in  air.  The  Wavelength  of  a  plane  wave  in  a  good 
conductor  is  ' 


, ,  •  2 n  up 

J7J =2 


(8-48) 
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For  copper  at  3  (MHz),  X  =  0.24  (mm).  As  a  comparison,  a  3-(MHz)  electromagnetic 
wave  in  air  has  a  wavelength  of  100  (m). 

At  very  high  frequencies  the  attenuation  constant  a  for  a  good  conductor,  as 
given  by  Eq.  (8-45),  tends  to  be  very  large.  For  copper  at  3  (MHz), 

a  =  V«( 3  x  106)(4tt  x  10~7)(5.80  x  107)  =  2.62  x  104  (Np/m). 

Since  the  attenuation  factor  is  e~az\  the  amplitude  of  a  wave  will  be  attenuated  by  a 
factor  of  e~ 1  =  0.368  when  it  travels  a  distance  <5  =  1/a.  For  copper  at  3  (MHz),  this 
distance  is  (1/2.62)  x  10-4  (m),  or  0.038  (mm).  At  10  (GHz)  it  is  only  0.66  (/an) — a 
very  small  distance  indeed.  Thus,  a  high-frequency  electromagnetic  wave  is  attenuated 
very  rapidly  as  it  propagates  in  a  good  conductor.  The  distance  5  through  which  the 
amplitude  of  a  traveling  plane  wave  decreases  by  a  factor  of  e~ 1  or  0.368  is  called  the 
skin  depth  or  the  depth  of  penetration  of  a  conductor: 


_  1  _  1 
a  V  nfj.i<7 


(8 -49a) 


Since  a  =  ft  for  a  good  conductor,  6  can  also  be  written  as 


1  A 

6  ~f~2n 

(in). 

(S-49b) 


At  microwave  frequencies,  the  skin  depth  or  depth  of  penetration  of  a  good  conductor 
is  so  small  that  fields  and  currents  can  be  considered  as.  for  all  practical  purposes, 
confined  in  a  very  thin  layer  (that  is,  in  the  skin)  of  the  conductor  surface. 

Example  8-3  The  electric  field  intensity  of  a  linearly  polarized  uniform  plane  wave 
propagating  in  the  +  z  direction  in  sea  water  is  E  =  ax100  cos  (1077rt)  (V/m)  at  z  = 
0.  The  constitutive  parameters  of  sea  water  are  er  =  80,  \xr  =  1,  and  a  =  4  (S/m), 
(a)  Determine  the  attenuation  constant,  phase  constant,  intrinsic  impedance,  phase 
velocity,  wavelength,  and  skin  depth,  (b)  Find  the  distance  at  which  the  amplitude  of 
E  is  1%  of  its  value -at  z  =  0.  (c)  Write  the  expressions  for  E(z,  l )  and  H(z,  t)  at  z  = 
0.8  (m)  as  functions  of  t. 
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Hence  we  cart  Use  the;  formulas  for  good  conductors: 
a)  Attenuation  constant, 

a  4  yjnfoo  =  V5^l0^107)4  =  8.89  (Np/m). 
Phase  constant, 

/?  =  -Jnffia  -  8.89  (rad/m). 

Intrinsic  impedatice, 

-•  Jv,  n  Wv- 


Vc  =  0  +.7) 


/jt(5VTo6j(4jnnFT) 

-(1+9)  /- - ^ - '  =  7re^4(Q). 


Phase  velocity, 


CO  1077I 


Wavelength, 


“p  =  /?  =  "8~89"  =  3'53  X  10°  *m/s)’ 


Skin  depth, 


2rc  27i 


b)  Distance  zl  at  which  the  amplitude  of  wavd  decreases  to  1%  of  its  value  at  z  =  0: 


e  aZl  =  0.01  or  e**'  = - =  100 

0.01 


1  ,  4.605 

-!=-!"  10°  =  — =  0.518  (m). 


c)  In  phasor  notation, 

E(z)  =  ax100e"**e“^. 

The  instantaneous  expression  for  E  is  • 

E(z,  t)  =  3?,[E(z)ejco‘] 

^  -  ^[ax100e~c‘zejioj‘~/i:>]  =  a,100e^2  cos  (cot  -  fiz). 

At  z  =  0.8  (m),  we  have 

E(0.8,  t)  =  av100cr°’8“  cos  (1077rr  —  0,8/i) 

=  a^O.082  cos  (107«  -  7.11)  (V/m). 

* 

We  know  that  a  uniform  plane  wave  is  a  TEM  wave  with  E  1  H  and  that  both 
are  normal  to  the  direction  of  wave  propagation  a..  Thus  H  =  a  Jf  To  find 
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H(z,  t),  the  instantaneous  expression  of  H  as  a  function  of  t,  we  must  not  make 
the  mistake  of  writing  Hy(z,  t)  =  EJz,  t)/rjc,  because  this  would  be  mixing  real 
time  functions  Ex(z,  t )  and  H,(z,  t)  with  a  complex  quantity  rjc.  Phasor  quantities 
Ex(z)  and  Hy(z)  must  be  used.  That  is, 


Hy(z)  = 


Ex(z) 
n  c 


from  which  we  obtain  the  relation  between  instantaneous  quantities 


HJz,  t)  = 


Ex(z) 


,jat 


For  the  present  problem  we  have,  in  phasors, 

* 

lQ0e~08xe~J0'8li-  0.0i2e~J7'n 


Hv(  0.8)  = 


Tie 


inli¬ 


ne 


jn/l 


=  0.026e 


-  j  1 . 6 1 


Note  that  both  angles  must  be  in  radians  before  combining.  The  instantaneous 
expression  for  H  at  z  =  0.8  (m)  is  then 

H(0.8,  t)  =  ay0.026  cos  (1077it  —  1.61)  (A/m). 

We  can  see  that  a  5-(MHz)  plane  wave  attenuates  very  rapidly  in  sea  water 
and  becomes  negligibly  weak  a  very  short  distance  from  the  source.  This  phe¬ 
nomenon  is  accentuated  at  higher  frequencies.  Even  at  very  low  frequencies, 
long-distance  radio  communication  with  a  submerged  submarine  is  extremely 
difficult. 


8-3.3  Group  Velocity 

In  Section  8-2  we  defined  the  phase  velocity,  up,  of  a  single-frequency  plane  wave 
as  the  velocity  of  propagation  of  an  equiphase  front.  The  relation  between  up  and 
the  phase  constant,  /3,  is 

(8-50) 

For  plane  waves  in  a  lossless  medium,  /?  =_ft)^//^e  is  a  linear  function  of  oj.  As  a 
consequence,  the  phase  velocity  up—  1A //te  is  a  constant  that  is  independent  of 
frequency.  However,  in  some  cases  (such  as  wave  propagation  in  a  lossy  dielectric, 
as  discussed  previously,  or  along  a  transmission  line,  or  in  a  waveguide  to  be  dis¬ 
cussed  in  later  chapters)  the  phase  constant  is  not  a  linear  function  of  cu;  waves  of 
different  frequencies  will  propagate  with  different  phase  velocities.  Inasmuch  as  all 
information-bearing  signals  consist  of  a  band  of  frequencies,  waves  of  the  component 


not  make 
lixing  real 
quantities 


itar 


■ous 


n  sea  water 
a.  This  phe- 
frequencies, 
is  extremely 


plane  wave 
,veen  up  and 


(8-50) 

l  of;  \s  a 

icpcn< _ it  of 

sy  dielectric, 
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(u^waves  of 
srnuch  as  all 
e  component 
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frequencies  travel  wit{i  different  phase  velocities,  causing  a  distortion  in  the  signal 
wave  shape.  The  signal  “disperses.”  The  phenomenon  of  signal  distortion  caused  by 
a  dependence  of  the  phase  velocity  on  frequency  is  called  dispersion.  Given  Eq.  (8-43), 
we  conclude  that  a  lossy  dielectric  is  obviously  k  dispersive  medium. 

An  information-bearing  signal  normally  has  a  small  spread  of  frequencies 
(sidebands)  around  a  (high  carrier  frequency.  Such  a  signal  comprises  a  “group”  of 
frequencies  and  forms^  wave  packet.  A  group  velocity  is  the  velocity  of  propagation 
of  the  wave-packet  ertvelope. 

Consider  the  simplest  case  of  a  wave  packet  that  consists  of  two  traveling  waves 
having  equal  amplitude  and  slightly  different  angular  frequencies  cu0  +  Am  and 
co0  —  Am  (Aw  «  w0).  The  phase  constants,  being  functions  of  frequency,  will  also  be 
slightly  different.  Let  the  phase  constants  corresponding  to  the  two  frequencies 
be  P0  +  A P  and  P0  —  A p.  We  have 

£(?,  £)  ==  E0  cos  [(oj0  -  A m)t  -  (j?0  +  A p)z] 

+  E„  cos  [K  -  Am )t  -  (p0  -  Ap)z] 

--  2£0  cos  (/  Aw  —  c  Ap)  cos  (m0t  —  p0z).  (8-51) 

Since  Aco  « co0,  the  expression  in  Eq.  (8-51)  represents  a  rapidly  oscillating  wave 
having  an  angular  frequency  m„  and  an  amplitude  that  varies  slowly  with  an  angular 
frequency  Am.  This  is  depicted  in  Fig.  8-  5. 

The  wave  inside  the  envelope  propagates  with  a  phase  velocity  found  by  setting 
m0t  —  P0z  =  Constant: 

-  <h  - 

Up  dt  p0  ' 

The  velocity  of  the  envelope  (the  group  velocity  ug)  can  be  determined  by  setting 
the  argument  of  the  first  cosine  factor  in  Eq.  (8—51)  equal  to  a  constant: 

t  Aw  —  z  Ap  —  Constant, 


E(z,  t) 


Fig.  8-5  Sum  of  two  time-harmonic  traveling  waves  of  equal  amplitude 
and  slightly  different  frequencies  at  a  given  t. 


"  1  I'll 
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from  which  we  obtain 


_  dz  _  Aco  1 
~  ~dt~  ~  Afi/Aco  ’ 


In  the  limit  that  Aco  — ►  0,  we  have  the  formula  for  computing  the  group  velocity  in 
a  dispersive  medium. 


dfi/dco 


(8-52) 


This  is  the  velocity  of  a  point  on  the  envelope  of  the  wave  packet,  as  shown  in  Fig.  8-5, 
and  is  identified  as  the  velocity  of  the  narrow-band  signal. 

A  relation  between  the  group  and  phase  velocities  may  be  obtained  by  combining 
Eqs.  (8-50)  and  (8-52).  From  Eq.  (8-50),  we  have 

dp  d  fcj\  1  co  du„ 


(8-53) 


dco  dco  \uj  up  up  dco 


Substitution  of  the  above  in  Eq.  (8-52)  yields 


From  Eq.  (8-53)  we  see  three  possible  cases: 

a)  No  dispersion: 


^  =  0  ( up  independent  of  co,  ft  linear  function  of  co). 


b)  Normal  dispersion: 


<  0  ( up  decreasing  with  co), 


c)  Anomalous  dispersion: 


«„  <  'V 


>  0  (up  increasing  with  co), 


ug  >  Up. 


Example  8-4  A  narrow-band  signal  propagates  in  a  lossy  dielectric  medium  which 
has  a  loss  tangent  0.2  at  550  (kHz),  the  carrier  frequency  of  the  signal.  The  dielectric 
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constant  of  the  meditim  is  2.5.  (a)  Determine  a  End  /?.  (b)  Determine  up  and  ug.  Is  the 
medium  dispersive?  ’■  ‘  ’  ;■  ■}  i  p  =  ■■: 

Solution  ‘  ’.v  ’;i  *  ■  ? 

a)  Since  the  loss  tarlfeent  cr/coe  =  0.2  and  <x2/8(cl*r)2  «  1,  Eqs.  (8-40)  and  (8-41)  can 
be  used  to  determine  a  and  fi  respectively.  But  first  we  find  a  from  the  loss  tangent: 


=  0.2  = 


Thus, 


“€  '  2?r(550  x  lb3) (2.5  x  ~  x  10~9 

l.  .  \  3o7T 

a  —  1.53  x  10-5 (S/m). 

a  i]i  a  377  . 

1  -  =  1.82  x  10-3(Np/m); 


°'/e  2vT5 


,  if  o'2' 
1  +  - 

toe 


P  =  cO\/jue 
=  2ti(550  x  103) 


3\  v2.5 


1  + 1  (0.2)2 


3  x  108 

=  0.0182  x  1.005  =  0.0183  (rad/m). 


b)  Phase  velocity: 


to 


“«=r 


i 


V/«e 

3  x  108 


1  +  ?(s;); 


8  V  coe 


V23  L 

From  Eq.  (8-41)  we  have 

dp 
'  dw „ 


1  -  ^  (0.2)2 


vh^L 


=  1.888  x  108  (m/s). 


= 


1  f  o 


me 


c)  Group  velocity: 


“9  =  - 


(d/i/dco)  -  ^ 


1  (  a 

. +  *  W  j 


1.907  x  10s  (m/s). 


Since  u9  i=  up,  the  medium,  is  dispersive.  As  We  can  see,  the  computed  values  of 
ug  and  up  do  not  differ  much  because  of  the  Small  value  of  the  loss  tangent. 


:-v'V  '  • 
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8-4  FLOW  OF  ELECTROMAGNETIC 
POWER  AND  THE  POYNTING  VECTOR 


Electromagnetic  waves  carry  with  them  electromagnetic  power.  Energy  is  transported 
through  space  to  distant  receiving  points  by  electromagnetic  waves.  We  will  now 
derive  a  relation  between  the  rate  of  such  energy  transfer  and  the  electric  and  magnetic 
field  intensities  associated  with  a  traveling  electromagnetic  wave. 

We  begin  with  the  curl  equations 


V  x  E  =  - 


<3B 


dt 


(7-37a)  (8-54) 


V  x  H  -  J  + - 

vt 


(7— 37b)  (8-55) 


The  verification  of  the  following  identity  of  vector  operations  (see  Problem  P.  2-23) 
is  straightforward: 


.  V  •  (E  x  H)  =  H  •  (V  x  E)  -  E  •  (V  x  H). 
Substitution  of  Eqs.  (8-54)  and  (8-55)  in  Eq.  (8-56)  yields 


(8-56) 


V  •  (E  x  H)  =  -H  •  (f-  -  E  •  -  E  •  J 

vt  dt 


(8-57) 


In  a  simple  medium,  whose  constitutive  parameters  e,  ju,  and  a  do  not  change  with 
time,  we  have 


5B  __  d{vH)  _  1  c(n H  •  H)  5(1  rrl 


H  —  =  H 

dt 


dt 


dt 


at  \  2 


-uH 


_  d(tli)  _  1  fi(eK-  E)  Of  I 
5t  '  5t  2  "a  "  ~  5t  1 2  €!‘ 


E  •  J  =  E  ■  (crE)  =  oE2 . 
Equation  (8—57)  can  then  be  written  as 


V ••  (E  x  H)  =  eE2  +  1  txH2  )  -  aE2 


(8-58) 


which  is  a  point-function  relationship.  An  integral  form  of  Eq.  (8-58)  is  obtained 
by  integrating  both  sides  over  the  volume  of  concern. 

£  (E  *  H)  ’  'ds  =  ~Jt  Sr  ('2  €£Z  +  1  /i//2)  dv  ~  Sv  aEZ  dv'  f8-59) 


where  the  divergence  theorem  has  been  applied  to  convert  the  volume  integral  of 
V  -  (E  x  H)  to  the  closed  surface  integral  of  (E  x  H). 


-I—  r  1  j-'-  ^  .■*  ».  V..A  ■  .. .  -  .i'  -W 
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•ansported  ■ 
i  will  now  " 
i  magnetic, 


a)  (8-54)  ■ 


h)  (8-55) 
n  P.  2-23) 


(8-56) 


hange  with 


(8-58) 


is  obtained 


integral  of 


We  recognize  that  the  first  and  second  terms  on  the  right  side  of  Eq.  (8-59) 
represent  the  time-rite  of  change  of  the  energy  stored,  respectively,  in  the  electric 
and  magnetic  fields.  .[Compare  with  Eqs.  (3-i46b)  and  (6— 151c).]  The  last  term  is 
the  ohmic  power  dissipated  in  the  volume  as  a  result  of  the  flow  of  conduction  current 
density  a E  in  the  presence  of  the  electric  field  E.  Hence  we  may  interpret  the  right 
side  of  Eq.  (8-59)  as  tlie  rate  of  decrease  of  the  electric  and  magnetic  energies  stored, 
subtracted  by  the  ohmic  power  dissipated  as  Heat  in  the  volume  V.  In  order  to  be 
consistent  with  the  law  of  conservation  of  energy,  this  must  equal  the  power  (rate 
of  energy)  leaving  the  volume  through  its  surface.  Thus  the  quantity  (E  x  H)  is  a 
vector  representing  tie  power  flow  per  unit  area.  Define 


:i/>  =  E  x  1 1 


.( W/ni2). 


(8-60) 


Quantity  P/*  is  known  as  the  Poyniing  vector,  which  is  a  power  density  vector  asso¬ 
ciated  with  an  electromagnetic  field.  The  assertion  that  the  surface  integral  of  -iP 
over  a  closed  surface,  as  given  by  the  left  side  of  Eq.  (8-59),  equals  the  power  leaving 
the  enclosed  volume  is  referred  to  as  Poyming's  theorem. 

Equation  (8-59)  may  be  written  in  another  form 


-(j)s  ■  ds  =  ^  J(/  (vvc  +  wm)  dv  +  -Jk  p a  dv, 


where 


we  =  ]e£2  =  Electric  energy  density, 
wm  —  =  Magnetic  energy  density, 

pa  =  gE2  =  J2/a  ?=  Ohmic  power  density. 


(8-61) 


(8 -62a) 
(8 -62b) 
(8 -62c) 


In  words,  Eq.  (8-61)  states  that  the  total  power  flowing  into  a  closed  surface  at  any 
instant  equals  the  sum  of  the  rates  of  increase  of  the  stored  electric  and  magnetic 
energies  and  the  ohmic  power  dissipated  within  the  enclosed  volume. 

Two  points  concerning  the  Povnting  vector  are  worthy  of  note.  First,  the  power 
relations  given  in  Eqs.  (8-59)  and  (8-61)  pertain  to  the  total  power  flow  across  a 
closed  surface  obtained  by  the  surface  integral  of  (E  x  H).  The  definition  of  the 
Poynting  vector  in  Eq.  (8-60)  as  the  power  density  vector  at  every  point  on  the  surface 
is  an  arbitrary,  albeit  useful,  .concept.  Second,  the  Poynting  vector  ??  is  in  a  direction 
normal  to  bofhJE  and  H. 

If  the  region  of  concern  is  lossless  (a  ^  0),  then  the  last  term  in  Eq.  (8-61)  vanishes, 
and  the  total  power  flowing  into  a  closed  surface  is  equal  to  the  rate  of  increase  of 
the.stored  electric  and  magnetic  energies  in  the  enclosed  volume.  In  a  static  situation, 
the  first  two  terms  on  tie  right  side  of  Eq.  (8^61)  Vanish,  and  the  total  power  flowing 
into  a  closed  surface  is  equal  to  the  ohmic  power  dissipated  in  the  enclosed  volume. 
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Example  8-5  Find  the  Poynting  vector  on  the  surface  of  a  long,  straight  conducting 
wire  (of  radius  b  and  conductivity  cr)  that  carries  a  direct  current  I.  Verify  Poynting’s 
theorem. 

Solution:  Since  we  have  a  DC  situation,  the  current  in  the  wire  is  uniformly  dis¬ 
tributed  over  its  cross-sectional  area.  Let  us  assume  that  the  axis  of  the  wire  coincides 
with  the  z  axis.  Figure  8-6  shows  a  segment  of  length  i  of  the  long  wire.  We  have 


and 


On  the  surface  of  the  wire, 


J  = 


H  =  a 


I 

*2kS' 


Thus  the  Poynting  vector  on  the  surface  of  the  wire  is 


0>  =  E  x  H  =  (a.  x  a*) 


I2 

2on2b3 


I2 


=  —  a 


r  2(TK2b 


e/,3’ 


which  is  directed  everywhere  into  the  wire  surface. 
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In  order  to  verify  Poynting’s  theorem,  we  Integrate  over  the  wall  of  the  wire 
segment  in  Fig.  8-6.  ’1  :  '  -‘  t  * 


-d> 

Js 


8P  f  ds  —  —  m  *’ar  ds.=-  , 

Js  \2an 2b3 


2nbt 


where  the  formula  for  the  resistance  of  a  straight  wire  in  Eq.  (5-13),  R  =  t/oS,  has 
been  used.  The  abovefiesult:  affirms  that  the  negative  surface  integral  of  the  Poynting 
vector  is  exactly  equal  to  the  I2R  ohmic  power  loss  in  the  conducting  wire.  Hencb 
Poynting’s  theorem  is  verified.  '  •< 


i  \  8-4.1  Instantaneous  and  Average 

Power  Densities 

In  dealing  with  time-harmonic  electromagnetic  waves,  we  have  found  it  convenient 
to  use  phasor  notations.  The  instantaneous  value  of  a  quantity  is  then  the  real  part  of 
the  product  of  the  phdsor  quantity  and  ejoit  wheh  cos  cot  is  used  as  the  reference.  For 
^  .  example,  for  the  phasor 

E(r)  =  a  xEx(z)  =  axEoe-{a+JI>)/,  (8-63a) 

the  instantaneous  expression  is 

E(z,  t)  =  'a*«[E(  *)«*"]  -  ax£0e-«^[e^1-"--i] 

,  =  cos  (cut  -  ftz).  (8 -63b) 

For  a  uniform  plane  wave  propagating  in  a  lossy  medium  in  the  +  r  direction,  the 
associated  magnetic  field  intensity  phasor  is 

H(r)  =  zyHy(:)  =  ay  j—-  (8 -64a) 

where  0n  is  the  phase  angle  of  the  intrinsic  impedance  r\  =  \rj\ei9”  of  the  medium.  The 
corresponding  instantaneous  expression  for  H(z)  is 

H(z,  t)  -  ^[H(2)eJ“']  =  ay  ~  cos  ( cot  -  fiz  -  0n)-  (8 -64b) 


This  proccdurc.is  permissible  as  long  as  the  operations  and/or  the  equations  involving 
the  quantities  with  sinhsoidal  time  dependence  are  linear.  Erroneous  results  will  be 
obtained  if  this  procedure  is  applied  to  such  nonlinear  operations  as  a  product  of 
two  sinusoidal  quantities.  (A  Poynting  vector,  being  the  cross  product  of  E  and  H, 
falls  in  this  category.)  The  reason  is  that 

‘%4E(2)eJa‘l  x^[H(z)e^']#  £«[E (z)  x  H(z)eJ“']. 
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The  instantaneous  expression  for  the  Pointing  vector  or  power  density  vector 
is  on  the  one  hand,  from  Eqs.  (8-63a)  and  (8-64a),  ; 

^(z,  t)  =  E(z,  r)  x  H(,z,  r)  =  gu\JL (z)eJ'°"]  x  @£[H(z)eJml] 

E 2 

=  a-  e~2“z  cos  (cot  -  (lz)  cos  (cot  —  fiz  —  9n) 

E2 

=  a=2]^[  e-2“z  [cos  0n  +  cos(2cut  -  2/fz  —  0,)].  ^  (8-65)f 

On  the  other  hand,  ' 

p2 

3te{E{z)  x  H(z)eJ<0']  =  a,  -y-j-  e~2xz  cos  (cot  —  2 pz  —  0V)> 

which  is  obviously  not  the  same  as  the  expression  in  Eq.  (8-65). 

As  far  as  the  power  transmitted  by  an  electromagnetic  wave  is  concerned,  its 
average  value  is  a  more  significant  quantity  than  its  instantaneous  value,  From 
Eq.  (8-65),  we  obtain  the  time-average  Povnling  vector,  :>®av(r), 

(8-67P 

where  T  =  2n/a>  is  the  time  period  of  the  wave.  The  second  term  on  the  right  side  of 

*  Consider  two  general  complex  vectors  A  and  B.  We  know  that 

3tc(  A)  =  i(A  +  A*)  and  »<■.(  B)  =  i(B  +  B*), 
where  the  asterisk  denotes  “the  complex  conjugate  of."  Thus, 

5MA)  x  PM B)  =  )(A  +  A*}  x  )|B  +  B*) 

=  i[(A  x  B*  +  A*  x  B)  +  (A  x  B  +  A*  x  B*)] 

=  \3f4A  x  B*  +  A  x  B).  (8-66) 

This  relation  holds  also  for  dot  products  of  vector  functions  and  for  products  of  two  complex  scalar 
functions.  It  is  a  straightforward  exercise  to  obtain  the  result  in  Eq.  (8—65)  by  identifying  the  vectors 
A  and  B  in  Eq.  (8-66)  with  E(r)ej“'  and  H(r)e-'<”'  respectively. 

1  Equation  (8  -67)  is  quite  similar  to  the  formula  for  computing  the  power  dissipated  in  an  impedance 
Z  —  |/K'-  when  a  sinusoidal  .voltage  i>(t)  =  tj,  cos  in!  appears  across  its  terminals.  The  instantaneous 
expression  for  the  current  /(/)  through  the  impedance  is 

i(t)  =  ~  cos  (o)t  -  l)z). 

From  the  theory  of  AC  circuits,  we  know  that  the  average  power  dissipated  in  Z  is 

A,  =  Y  J7  V(t)i(t)  dt  =  cos  Q,,  ■ 

where  cos  0.  is  the  power  factor  of  the  load  impedance.  The  cos  0,  factor  in  Eq.  (8-67)  can  be  considered 
the  power  factor  of  the  intrinsic  impedance  of  the  medium. 


(8-65) 


ncerned,  its 
alue.  From 
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*'v '  "*•  T- ;  ‘  y 


bc|,  (8  65)  is  a  cosins  (unction  ol  a  double  frequency  whose  average  is  zero  over  a 
fundamental  period,  j  ;;  .  .  }■  ,  ....  ,  . 

Using  Eq.  (8-66),jwe  can  express  the  instantaneous  Poynting  vector  in  Eq.  (8-65) 
as  the  real  part  of  the  sum;  of  two  terms,  instekd  of  the  product  of  the  real  parts  of 
two  complex  vectors.  V 

P&  t)  =J^[E(z)eJ'"‘]  x  3?e[k(;)eJt0'] 

=i^[E (r)  x  H*(z)  +  E(r)  x  H(z)^'3“'].  (8-68) 

The  average  power  Hensity,  ^av(z),  can  be  obtained  by  integrating  0>(z,  t)  over  a 
fundamental  period|!r.  Since  the  average  of  the  last  (second-harmonic)  term  in 
Eq.  (8-68)  vanishes,  We  have 

^v(-)  =  [E(r)  x  H *(.-)]. 

In  the  general  case,  wfe  may  not  be  dealing  with  a  wave  propagating  in  the  z  direction. 
We  write 


:^,v  =  U,(E  x  ||*)  (W/rrr), 


(8-69) 


/•'-  -67): 


which  is  a  general  fortnul.i  tor  computing  the  average  power  density  in  a  propagating 
wave. 


right  side  of 


Example  8-6  The  far  field  of  a  short  vertical  current  element  I  tU  located  at  the 
origin  of  a  spherical  coordinate  system  in  free  space  is 

E (R,  0)  -  a ,En(R,  9 )  =  a0  sin  0  V^R  (V/m) 


complex  scalar 
ng  the  vectors 

an  impedance 
instantaneous 


i  be  considered 


H(«,  0 )  -  a,,  .  a,  (Lti  sin  0~j  ,-**  (A/m), 

where  a  =  2rc//f  is  thd  Wavelength. 

a)  W  rite  the  expression  lor  instantaneous  Poynting  vector. 

b)  b  ind  the  total  average  power  radiated  by  the  current  element. 

Solution 

a)  We  note  that  £o/k0  —  >j0  =  1207t  (Q).  The  instantaneous  Poynting  vector  j 
*^(£>U)  =  «-[E(*,  0)eJu>']  x  &i[H (R,  0)<?>r] 

=  (“o  X  3^)3071  ^^0  S‘fi2  ^  Cos2  (&>/  -  /•>'£) 

■r  1  "  .  ..  1 1  MV  .  ,  ... 


=  ih'Snlj^l  sin2  0  [1  +  cos  2 (to/  -/)£)]  (W/m2). 


■  -  .-fm  fVA'r‘.-  ■':' 
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1  b)  The  average  power  density  vector  is,  from  Eq.  (8  -69), 

^av(.R,  0)  =  aR157l(^ 

which  is  seen  to  equal  the  time-average  value  of  0>{R,  0;  t)  given  in  the  first 
equation  of  this  solution.  The  total  average  power  radiated  is  obtained  by  in¬ 
tegrating  0)  over  the  surface  of  the  sphere  of  radius  R. 

,  „  Total  Pav  =  (j).  0>JR,  0)-ds  =  Jo2*  J** 

=  40n2(j-Jl2  (W), 

where  I  is  the  amplitude  (^[l  times  the  effective  value)  of  the  sinusoidal  current 
in  dt. 


15a:  — —  sm  0 
XR 


R2  sin  0  dO  d(j> 


8-5  NORMAL  INCIDENCE  AT  A  PLANE 
CONDUCTING  BOUNDARY 

Up  to  this  point  we  have  discussed  the  propagation  of  uniform  plane  waves  in  an 
unbounded  homogeneous  medium.  In  practice,  waves  often  propagate  in  bounded 
regions  where  several  media  with  different  constitutive  parameters  are  present. 
When  an  electromagnetic  wave  traveling  in  one  medium  impinges  on  another 
medium  with  a  different  intrinsic  impedance,  it  experiences  a  reflection.  In  Sections 
8-5  and  8-6  we  examine  the  behavior  of  a  plane  wave  when  it  is  incident  upon  a 
plane  conducting  boundary.  Wave  behavior  at  an  interface  between  two  dielectric 
media  will  be  discussed  in  Sections  8-7  and  8-8. 

For  simplicity  we  shall  assume  that  the  incident  wave  (Ef,  Hf)  travels  in  a  lossless 
medium  (medium  1  ictj  =0)  and  that  the  boundary  is  an  interface  with  a  perfect 
conductor  (medium  l:a2  =  oo).  Two  cases  will  be  considered:  normal  incidence  and 
oblique  incidence.  In  this  section  we  study  the  field  behavior  of  a  uniform  plane 
wave  incident  normally  on  a  plane  conducting  boundary. 

Consider  the ’situation  in  Fig.  8-7  where  the  incident  wave  travels  in  the  +  z 
direction,  and  the  boundary  surface  is  the  plane  z  =  0.  The  incident  electric  and 
magnetic  field  intensity  phasors  are: 


e,(z)  =  a 

(8 -70a) 

H;(z)  =  ay  e~JIUs, 

*1 1 

(8 -70b) 

where  £i0  is  the  magnitude  of  Ej  at  z  =  0,  and  and  are,  respectively,  the  phase 
constant  and  the  intrinsic  impedance  of  medium  1.  It  is  noted  that  the  Poynting 
vector  of  incident  waves,  .^(z)  =  E;(z)  x  H,(z),  is  in  the  az  direction,  which  is  the 
direction  of  energy  propagation.  The  variable  z  is  negative  in  medium  1. 
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Fig.  8-7  Plane  wave  incident  normally  on  a 
plane  conducting  boundary. 
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Inside  medium  2  (a  perfect  conductor)  both  electric  and  magnetic  fields  vanish. 
E2  =  0,  H2  =  0;  henct  no  wave  is  transmitted  across  the  boundary  into  the  r  >  0 
region.  The  incident  wave  is  reflected,  giving  rise  to  a  reflected  wave  (Er,  Hf).  The 
reflected  electric  field  intensity  can  be  written  as 

Er(c)  =  axEr0e+JII':,  (8-71) 

where  the  positive  sign  in  the  exponent  signifies  that  the  reflected  wave  travels  in 
the  —  z  direction,  as  discussed  in  Section  8-2.  The  total  electric  field  intensity  in 
medium  1  is  the  sum  of  E  and  Er. 

Ej(z)  -  E,-(z)  +  Er(z)  =  ax(£i0<T^“  +  Er0e'jp':).  (8-72) 

Continuity  of  the  tangential  component  of  the  E-field  at  the  boundary  z  —  0  demands 
that 

E,(0)  =  ax(£j0  +  £r0)  =  E2(0)  =  0, 

which  yields  Er0  =  —  Ei0.  Thus,  Eq.  (8-72)  becomes 

E,(z)  T  a xEi0(e~lftS  *  e+P'*) 

=  -aJ2£i0  sin/i,r.  (8-73a) 

The  magnetic  field  intensity  Hr  of  the  reflected  wave  is  related  to  E  by  Eq. 
(8-24). 

h,(z)  =  —  a„r  x  Er(z)  =  —  (  -  a.)  x  Er(z) 

n  i 

#  . 

-  -  a,  —  E,#**"  =  ay  e+ip'z. 

7i  7i 
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Combining  Hr(z)  with  H,(z)  in  Eq.  (8 -70b),  we  obtain  the  total  magnetic  field  inten¬ 
sity  in  medium  1  : 

Hi(r)  =  H,(z)  +  Hr(z)  =  a  2  —  cos  pxz.  (8  -73b) 

It  is  clear  from  Eqs.  (8-73a),  (8-73b),  and  (8-69)  that  no  average  power  is  associated 
with  the  total  electromagnetic  wave  in  medium  1,  since  E t(z)  and  H^z)  are  in  phase 
quadrature. 

In  order  to  examine  the  space-time  behavior  of  the  total  field  in  medium  1,  we 
first  write  the  instantaneous  expressions  corresponding  to  the  electric  and  magnetic 
field  intensity  phasors  obtained  in  Eqs.  (8-73a)  and  (8— 73b): 


Ej(z,  t )  =  g#e[El(z)eJm‘~\  =  ax2 Ein  sin  /?,z  sin  <ot. 
Hj(z,  t )  =  J?c[tt1(-)eJ"']  =  av2  —  cos  Plz  cos  cat. 


(8 -74a) 
(8 -74b) 


Both  Ej(z,  t)  and  Ht(z,  t)  possess  zeros  and  maxima  at  fixed  distances  from  the 
conducting  boundary  for  all  f,  as  follows: 

Zeros  of  E[(z,  r)l 


Maxima  of  H,(z,  t)  j 
Maxima  of  Ej(z,  f)  1 


j>  occur  at  /l , z  —  — nit ,  or  r  =  —  n 

n  =  0,  1,  2, .  . . 


>  occur  at  /?jz  = 


■(2n  +  1)  or  z  =  —  (2n  +  1)^, 


Zeros  of  H,(z,  t)J 


n  =  0,  1,  2. . . . 


The  total  wave  in  medium  1  is  not  a  traveling  wave.  It  is  a  standing  wave,  resulting 
from  the  superposition  of  two  waves  traveling  in  opposite  directions.  For  a  given  t. 
both  Ej  and  Hj  vary  sinusoidally  with  the  distance  measured  from  the  boundary 
plane.  The  standing  waves  of  Et  =  and  =  a yH{  are  shown  in  Fig.  8-8  for 
several  values  of  tot.  Note  the  following  three  points:  (1)  E[  vanishes  on  the  con¬ 
ducting  boundary  (Er0  =  -£i0);  (2)  H(  is  a  maximum  on  the  conducting  boundary 
( Hro  —  Hi0  =  Efo/f/j);  (3)  the  standing  waves  of  E,  and  Hj  are  in  time  quadrature 
(90  phase  difference)  and  are  shifted  in  space  by  a  quarter  wavelength. 


Example  8-7  A  >-polarized  uniform  plane  wave-fE,-,  H,)  with  a  frequency  100 
(MHz)  propagates  in  air  and  impinges  normally  on  a  perfectly  conducting  plane  at 
x  =  0.  Assuming  the  amplitude  of  E(  to  be  6  (mV/m),  write  the  phasor  and  instan¬ 
taneous  expressions  for:  (a)  E;  and  Hf  of  the  incident  wave;  (b)  Er  and  Hr  of  the 
reflected  wave;  and  (c)  E,  and  of  the  total  wave  in  air.  (d)  Determine  the  location 
nearest  to  the  conducting  plane  where  Ex  is'zero. 
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b)  For  the  reflected  wave  (a  traveling  wave):  . 

i)  Phasor  expressions  : 

Er(x)  =  -ay6  x  icr-V2«/3.  (V/m),  '  .  ■ 

1  lO-4 

Hr W  =  —  ( -  »*)  x  Er(x)  =  az  — —  ej2nxl 3  (A/m) . 

’7  i  Lit 

ii)  Instantaneous  expressions 

Er(x,  r)  =  ^[Er(x)eJ<0‘]  =  — av6  x  10" 3  cos  ^271  x  108t  +  —  x\  (V/m). 


Hr(x,  t)  =  a.  -y—  cos  x  108t  +  —  xj  (A/m). 

c)  For  the  total  wave  (a  standing  wave): 

i)  Phasor  expressions 

Ei(x)  =  E,(x)  +  Er(x)  =  —  ayj'12  x  10“ 3  sin  ^y  x) 

H t(x)  =  Ht(x)  +  Hr(x)  =  a.  ^  cos  (y  x\  (A/m). 

ii)  Instantaneous  expressions 

Ej(x,  f)  =  ^[E1(x)e-M]  =  ay12  x  10“3  sin  ^y'x^jsin  (2n  x  10st)  (V/m). 

10-4  ^2^  \ 

H^x,  t)  =  az - cos  f  y  x  j  cos  (27:  x  108t)  (A/m). 

d)  The  electric  field  vanishes  at  the  surface  of  the  conducting  plane  at  x  =  0.  In 
medium  1,  the  first  null  occurs  at 

Ai  n  3 
x  = - =  ~~x~  —  (m). 


8-6  OBLIQUE  INCIDENCE  AT  A  PLANE 
CONDUCTING  BOUNDARY 

When  a  uniform  plane  wave  is  incident  on  a  plane  conducting  surface  obliquely, 
the  behavior  of  the  reflected  wave  depends  on  the  polarization  of  the  incident  wave. 
In  order  to  be  specific  about  the  direction  of  E;,  we  define  a  plane  of  incidence  as 
the  plane  containing  the  vector  indicating  the  direction  of  propagation  of  the  incident 
wave  and  the  normal  to  the  boundary  surface.  Since  an  E,  polarized  in  an  arbitrary 
direction  can  always  be  decomposed  into  two  components — one  perpendicular  and 
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Fig.  8-9  Plane  wave  incident 
obliquely  oil  a  plane  conducting 
boundary  (perpendicular  polarization). 


the  other  parallel  to  the  plane  of  incidence — we  consider  these  two  cases  separately. 
The  general  case  is  obtained  by  superposing  the  results  of  the  two  component  cases. 


(V/m), 


,t  .x  =  0.  In 


■  nhirNy, 

ulciii  wave. 
ik'K..  .<?  as 
the  incident 
in  arbitrary 
dicular  and 


8-6.1  Perpendicular  Polariiation1' 

In  the  case  of  perpendicular  polarization ,  E;  is  perpendicular  to  the  plane  of  incidence, 
as  illustrated  in  Fig.  8-9.  Noting  that 


a =  av  sin  0t  +  a.  cos  0h 


(8-75) 


where  0,  is  the  angle  of  incidence  measured  from  the  normal  to  the  boundary  surface, 
we  obtain,  using  Eqs.  (8-17)  and  (8-24), 

E,(x,  z)'~  ayEi0e~JfiUxsin  °i+:  005  6i)  (8 -76a) 

H,(-v,  -)  =  -J-  [a,,  x  Et(x,  r)] 

Ml 

E-  >’ 

■=  —  (-a,  cos  0;  -Fa.  sin  9})e~Jfi (8 -76b) 
Vi  _  y 

For  the  reflected  wave,  : 

1  »«r  a.v  sin  Of  ~  a,  cos  (),.,  (8-77) 

where  0r  is  the  angle  of  relied  ion,  vve  htive 

Er(x,r)  =  a  yEr0e-^xsln0--:™»’-K  (8-78) 

* 

T  Also  referred  to  as  horizontal  polarization  or  E-polarizatioii. 


At  the  boundary  surface,  z  =  0,  the  total  electric  field  intensity  must  vanish. 
Thus, 

Ej(x,  0)  =  E,(x,  0)  +  Er(A\  0) 

=  ay(Eioe~J,llX*in0i  +  Er0e~JII'xsin0r)  =  0. 

In  order  for  this  relation  to  hold  for  all  values  of  x,  we  must  have  £r0  =  —  Ei0  and 
6r  =  0{.  The  latter  relation,  asserting  that  the  angle  of  reflection  equals  the  angle  of 
incidence,  is  referred  to  as  Snell's  law  of  reflection.  Thus,  Eq.  (8-78)  becomes 

Er(x,z)  =  -&yEi0e-Jf^xiinBl-2cosei).  .  (8-79a) 


The  corresponding  Hr(x,  z)  is 


Hr(x,  z)  =  —  [a„r  x  Er(.x,  z)] 
di 


E,-p 

h 


(  — av  cos  0;  —  a.  sin  oi)e'JI!l{xs'n0i~zcos0i) . 


(8 —79b) 


The  total  field  is  obtained  by  adding  the  incident  and  reflected  fields.  From  Eqs. 
(8— 76a)  and  (8— 79a)  we  have 

Ei(x,  z)  =  E,(.x,  z)  +  Er(.x,  z) 

=  a  E  0(e~ QOsS'  —  e^p'zcosPi)e^p,xsin0‘ 

=  —  nyj2Ei0  sin  (ftz  cos  Qi)e~}l>lXsmSl .  (8-80a) 

Adding  the  results  in  Eqs.(8-76b)  and  (8 -79b),  we  get 

£. 

H  ;(x,  z)  =  —  2  —  [a^  cos  0t  cos  (ffz  cos  Q;)e~-'fl,xsin 
tJi 

+  a ,j  sin  0i  sin  cos  0i)e~JPlxz'nO,'\.  (8— 80b) 

Equations  (8-80a)  and  (8-80b)  are  rather  complicated  expressions,  but  we  can 
make  the  following  observations  about  the  oblique  incidence  of  a  uniform  plane 
wave  with  perpendicular  polarization  on  a  plane  conducting  boundary. 

1.  In  the  direction  (z  direction)  normal  to  the  boundary,  Ely  and  Hlx  maintain 
standing-wave  patterns  according  to  sin  /?lzz  and  cos  /?lzz,  respectively,  where 

=  ft i  cos  Of.  No  average  power  is  propagated  in  this  direction  since  Ely  and 
H ix  are  90"  out  of  time  phase. 

2.  In  the  direction  (,x  direction)  parallel  to  the  boundary,  E[y  and  // , _  arc  in  both 
lime  and  space  phase  and  propagate  with  a  phase  velocity 

(!)  (!)  u ! 

Ulx  Pix  /?i  sin  0t  sin  0j 
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st  vanish. 


The  wavelength  |n  this  direction  is 


■  ■'  i:  j8„  slH' 

3.  The  propagating  wave  in  the  x  direction  is  a  nonuniform  plane  wave  because  its 
amplitude  varies  with  z. 

4.  Since  Ej  =  0  for  all  x  when  sin  (jSjZ  cos  oj  =  0  Or  when 


*  ’•  271 

f  Pii  cds  0t  ==  — -  z  cos  0;  =  —nut, 

•  m  . 

a  conducting  pldte  can  be  inserted  at 


m  =  1,  2,  3, ... , 


namtain 
y.  where 
E,„  and 


2  COS  0: 


m  =  1,  2,  3 . 


without  changing  the  field  pattern  that  exists  between  the  conducting  plate  and 
the  conducting  boundary  at  z-  0.  A  transverse  electric  (TE)  wave  (Elx  =  0)  will 
bounce  back  arid  forth  between  the  conducting  planes  and  propagate  in  the  x 
direction.  We  have,  in  effect,  a  parallel-plate  waveguide. 

Example  8-8  A  uniform  plane  wave  (E;-,  H;)  of  an  angular  frequency  o>  is  incident 
from  air  on  a  very  ldrge.  perfectly  conducting  wall  ar  an  angle  of  incidence  (?,  with 
perpendicular  polarisation.  Find  (a)  the  current  induced  on  the  wall  surface,  and 
(b)  the  time-average  Poynting  vector  in  medium  1. 

Solut  ion 

a)  The  conditions  df  this' problem  are  exactly  those  we  have  just  discussed;  hence 
we  could  use  the  formulas  directly.  Let  z  =  0  be  the  plane  representing  the  surface 
of  the  perfectly  cbnducting  wall,  and  let  E;  be  polarized  in  the  y  direction,  as  was 
shown  in  Fig.  8-9.  At  z  —  0,  E^x,  0)  =  0,  and  H,(x,  0)  can  be  obtained  from 
Lq.  (8— 80b) : 


H  |(.v,  0)  =  — —  (av2  cos  0i)e~JI>aX  si" 1,1 . 
'/ o 


(8-81) 


Inside  the  perfectly  conducting  wall,  both  E,  and  H2  must  vanish.  There  is  then 
a  discontinuity  in  the  magnetic  field.  The  amount  of  discontinuity  is  equal  to 
the  surface  currclu.  from  Lq.  (7 -52b),  we  have 

js(x)  =  a„:  x  Hfx,  0) 


(-a.)  x  (  —  a*)  —  2  cos  0e-r/>o*sin9, 
Vo 


ay  (cos  ei)e-jial')xtia°l. 

.  6071 
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The  instantaneous  expression  for  the  surface  current  is  | 

Js(x,  t)  =  a„  — p  cos  0t  cos  cy  ( t  —  —  sin  0; )  (A/m).  (8-82)  \ 

6071  \  C  J  j 

It  is  this  induced  current  on  the  wall  surface  that  gives  rise  to  the  reflected  wave 
in  medium  1  and  cancels  the  incident  wave  in  the  conducting  wall, 
b)  The  time-average  Poynting  vector  in  medium  1  is  found  by  using  Eqs.  (8 -80a)  ! 

and  (8 —80b)  in  Eq.  (8-69).  Since  Ely  and  Hlx  are  in  time  quadrature.  SP^  will 
have  a  nonvanishing  x  component.  j 

^v,  =  ^[E,(x.  z)  x  H*(x,  r)]  < 

E?  ! 

=  a.v2—  sin  0,.  sin2  /?, (8-83)  I 

*  'I  i 

where  cos  0,.  The  time-average  Poynting  vector  in  medium  2  (a’pcrfcct 

conductor)  is,  of  course,  zero.  S 


8-6.2  Parallel  Polarization1 

We  now  consider  the  case  of  Ef  lying  in  the  plane  of  incidence  while  a  uniform  plane 
wave  impinges  obliquely  on  a  perfectly  conducting  plane  boundary,  as  depicted  in 
Fig.  8-10.  The  unit  vectors  am-  and  a„r,  representing,  respectively,  the  directions  of 
propagation  of  the  incident  and  reflected  waves,  remain  the  same  as  those  given  in 


Fig.  8-10  Plane  wave  incident 
obliquely  on  a  plane  conducting 
boundary  (parallel  polarization). 


1 

l 


+  Also  referred  to  as  vertical  polarization  or  H-polarization. 


•  r  ?!  '  -  -  y  i  : 
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Eqs.  (8-75)  and  ($— t^).  Both  E;  and  Er  now  hive  components  in  x  and  z  directions, 
:  whereas  H,  and  Hr  hdve  only  a  y  component.  We  have,  for  the  incident  wave, 


E,(x,  z)  =;fii0(ax  cos  --aj  sin  0<)e"#1<**,nO'+*c**®i>, 
H,(x,  z)  =  »!+**«  O,)^ 


(8 -84a) 
(8 -84b) 


The  reflected  wave  (Er,  H;)  have  the  following  phasor  expressions: 

Er(x, h)  =  £r0(ax  cos  0r  +  a.  sin  0r)e~JpaxiinO'~zc os0r),  (8-85a) 

s*  ,  . 

Hr(x,  z)  =  —  a,,  —  (8-85b) 

1: 

At  the  surlaco  of' the  perfect  conductor,  z  =  0,  the  tangential  component  (the  x 
component)  of  the  total  electric  field  intensity,  must  vanish  for  all  x,  or  Eix(x.  0)  - 
ErJx,  0)  =  0.  From  Eqs.  (8- 84a)  and  (8 -85a),  wc  have 

(£,o  cos  Oi)e~jll'x’iin0‘  +  {Er0  cos  0r)e~jllixsinli'  =  0, 

which  requires  Er0  ==  —  i.i0  and  0r  —  (),.  The  total  electric  field  intensity  in  medium  1 
is  the  sum  of  Eqs.  (8~84a)  and' (8 -85a): 

Ej(x,  z)  =  Ej(x,  z)  +  Er(x,  z)  .  • 

=  a x£i0  cos  Q.(e-Jll'z'0*e‘  -  g^i^cose.-jg-j/j.xsios,- 

—  a.£i0  sin  ().(e~jlhlcm01  + 


E:(x,  2)  =  -2£i0[axj  cos  0;  sin  (/)lz  cos  0;) 

4-  a.  sin  0{  cos  (/i,z  cos  d,)]?-^1*5’"8'. 


(8 -86a) 


Adding  Eqs.  (8-84b)  and  (8— 85b),  we  obtain  the  total  magnetic  field  intensity  in 
medium  1. 


H,(x.  z)  =  H;(x,  z)  +  Hr(x,  z) 


£. 

a,, 2  —  cos  f/fjZ  cos  0i)e~jl‘,x*inOi 


(8— 86b) 


The  interpretation  of  Eqs.  (8 -86a)  and  (8 -86b)  is  similar  to  that  of  Eqs.  (8 -80a) 
and  (8-80b)  for  the  berpendicular-polarization  case,  except  that  E,(.v,  z),  instead  of 
H,(.v.  now  has  hoi h  an  v  ami  a  z  component.  We  conclude,  therefore: 

,1.  In  the  direction  (z  direction)  normal  to  the  boundary,  £lx  and  Hly  maintain 
standing-wave  patterns  according  tocsin  filzz  and  cos  /? , _z,  respectively,  where 
Piz  =  Pi  cos  0;.  No  average  power  is  propagated  in  this  direction,  since  £lx  and 
Hly  are  90°  out  of  tijne  phase. 
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(8-S7a) 
(8— 87b) 

These  are  the  same  expressions  as  those  given  in  Eqs.  (8-70a)  and  (8— 70b).  Note  that 
-  is  negative  in  medium  1. 

Because  of  the  riiedium  discontinuity  at  z  =*  0,  the  incident  wave  is  partly  reflected 
back  into  medium  b'and  partly  transmitted  into  medium  2.  We  have 

a)  For  the  reflected  wave  (E„  Hr): 

E,(r)  =  a  -,Er0ejP':, 


Hr(c)  =  (  —  a.)  x  -  E ,(*)  =  -a,  e*". 


hi 

b)  For  the  transmitted  wave  (E„  H,) : 

E,(e)  =  a  xEl0e-»*, 

;  H,(c)  =  a.  x  —  E,(z)  =  a 


hi 


hi  P~j(hz 


(8 -88a)' 
(8  —88b) 

(8 -89a) 
(8  —89b) 


hi  '  hi 

where  £,0  is  the  inagnitude  of  E,  at  z  —  0,  and  p2  and  h2  are  die  phase  constant 
and  the  intrinsic!  impedance  of  medium  2  respectively. 


in  the  +  z 
jctric  and 


Note  that  the  directions  of  the  arrows  for  E,  and  E,  in  Fig.'8  —  1 1  are  arbitrarily  drawn, 
because  £r0  and  £,0  may,  themselves,  be  positive  or  negative,  depending  on  the 
relative  magnitudes  pf  the  constitutive  parameters  of  the  two  media; 

Two  equations  ire  needed  for  determining  the  two  unknown  magnitudes  Er0 
and  El0.  These  equations  are  supplied  by  the  boundary  conditions  that  must  be 
satisfied  by  the  electric  and  magnetic  fields.  At  the  dielectric  interface  z  —  0,  the 
tangential  components  (the  *  components)  of  the  electric  and  magnetic  field  intensities 
must  be  continuous.  We  have 

E,(b)  +  Er(0)  =  E,(0)  or  Ei0  +  Er0  =  £,0  (8-90a) 

and 

H;(0)  4-  Hr(0)  =  H,(0)  or  -  (£i0  -  £r0)  =  hi.  (8-90b) 

hi  hi 

Solving  Eqs.  (8'f 90a)  and  (S-90b),  we  ohiain 
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(8-92) 
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(8-S7a) 
(8— 87b) 

These  are  the  same  expressions  as  those  given  in  Eqs.  (8-70a)  and  (8— 70b).  Note  that 
-  is  negative  in  medium  1. 

Because  of  the  riiedium  discontinuity  at  z  =*  0,  the  incident  wave  is  partly  reflected 
back  into  medium  b'and  partly  transmitted  into  medium  2.  We  have 

a)  For  the  reflected  wave  (E„  Hr): 

E,(r)  =  a  -,Er0ejP':, 


Hr(c)  =  (  —  a.)  x  -  E ,(*)  =  -a,  e*". 


hi 

b)  For  the  transmitted  wave  (E„  H,) : 

E,(e)  =  a  xEl0e-»*, 

;  H,(c)  =  a.  x  —  E,(z)  =  a 


hi 


hi  P~j(hz 


(8 -88a)' 
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hi  '  hi 

where  £,0  is  the  inagnitude  of  E,  at  z  —  0,  and  p2  and  h2  are  die  phase  constant 
and  the  intrinsic!  impedance  of  medium  2  respectively. 


in  the  +  z 
jctric  and 


Note  that  the  directions  of  the  arrows  for  E,  and  E,  in  Fig.'8  —  1 1  are  arbitrarily  drawn, 
because  £r0  and  £,0  may,  themselves,  be  positive  or  negative,  depending  on  the 
relative  magnitudes  pf  the  constitutive  parameters  of  the  two  media; 

Two  equations  ire  needed  for  determining  the  two  unknown  magnitudes  Er0 
and  El0.  These  equations  are  supplied  by  the  boundary  conditions  that  must  be 
satisfied  by  the  electric  and  magnetic  fields.  At  the  dielectric  interface  z  —  0,  the 
tangential  components  (the  *  components)  of  the  electric  and  magnetic  field  intensities 
must  be  continuous.  We  have 

E,(b)  +  Er(0)  =  E,(0)  or  Ei0  +  Er0  =  £,0  (8-90a) 

and 

H;(0)  4-  Hr(0)  =  H,(0)  or  -  (£i0  -  £r0)  =  hi.  (8-90b) 

hi  hi 

Solving  Eqs.  (8'f 90a)  and  (S-90b),  we  ohiain 


dent 

ric 


v  _  hi  -  hi  ,, 
cr0  —  “■ — ; - £;o, 

>h  +  h  i 

£to  —  ; - £;o  • 
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(8-91) 
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The  ratios  Er0/Ei0  and  Et0/Ei0  are  called,  respectively,  reflection  coefficient  and 
transmission  coefficient.  In  terms  of  the  intrinsic  impedances,  they  are 

(8-93) 
and 


(8-94) 

Note  that  the  reflection  coefficient  T  in  Eq.  (8—93)  can  be  positive  or  negative,  de¬ 
pending  on  whether  rj2  is  greater  or  less  than  rj:.  The  transmission  coefficient  t, 
however,  is  always  positive.  The  definitions  for  f  and  t  in  Eqs.  (8-93)  and  (8-94) 
apply  even  when  the  media  are  dissipative:  that  is.  even  when  ij,  and/or  are  com¬ 
plex.  Thus  T  and  x  may  themselves  he  complex  in  the  general  case.  A  complex  T 
(or  r)  simply  means  that  a  phase  shill  is  introduced  at  the  interface  upon  reflection 
(or  transmission).  Reflection  and  transmission  coeflicienls  are  related  by  the  following 
equation: 

(8-95) 

If  medium  2  is  a  perfect  conductor,  rf2  =  0,  Eqs.  (8-93)  and  (8-94)  yield  T  =  - 1 
and  t  =  0.  Consequently,  £r0  =  —  Ei0,  and  £,0  =  0.  The  incident  wave  will  be  totally 
reflected,  and  a  standing  wave  will  be  produced  in  medium  1.  The  standing  wave 
will  have  zero  and  maximum  points,  as  discussed  in  Section  8-5, 

If  medium  2  is  not  a  perfect  conductor,  partial  reflection  will  result.  The  total 
electric  field  in  medium  1  can  be  written  as 

E,(z)  =  Ej(r)  +  Er(z)  =  a,Ei0(e-^  +  Ye^:) 

=  a,£i0[(l  +  Y)e~il> >*  +  Y(eJI>'z  -  «-■»**)] 

•  =  a*£.o[(l  +  r)e-"'s  +  Y(j2  sin  j8t z )] 

or,  in  view  of  Eq.  (8-95), 

Ei(z)  =  axEi0[xe~jl>'2  +  Y(j2  sin  /^z)].  (8—96) 

We  see  in  Eq.  (8-96)  that  Et(z)  is  composed  of  two  parts:  a  traveling  wave  with  an 
amplitude  rEi0,  and  a  standing  wave  with  an  amplitude  2rEi0.  Because  of  the  exis¬ 
tence  of  the  traveling  wave,  E^z)  does  not  go  to  zero  at  fixed  distances  from  the 
interface;  it  merely  has  locations  of  maximum  and  minimum  values. 

The  locations  of  maximum  and  minimum  |Ei(z:)|  are  conveniently  found  by 
rewriting  Et(z)  as 


E,(z)  =  axEi0e-Jir':({  +  Yej2lhz). 


(8-97) 


. 


■-•-/?•••••.•  -/"^v  .  l  R 
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For  dissipationless  media,  rj1  and  tj2  are  real,  making  both  F  and  r  also  real.  However, 
T  can  be  positive  or  negative.  Consider  the  following  two  cases. 

,  i.  r  >  o  (tj2  >  f/j).  : 

The  maximum  value  of  lE^z)!  is  £i0(l  +  F),  which  occurs  when  = 

—  2nn  (n  =  0,  1,  2, . . .),  or  at 

nn  n2,  - 

Zmax  —  ~  2~’-  n~  0,  1, 2, .  . .  (8-98) 

f:  ' 

The  minimum  Value  of  |Ei(z)|  is  £j0(l  -  T),  which  occurs  when  2j3,rmin  = 
—(2 n  +  l)7r,  or  ttt 

(2  n  +  l)7r  (2  n  +  1)2, 

“min  = - ru - = - --1,  n  =  0,  1,  2, . . .  (8-99). 

-Pi  4 

2.  r  <  0  (y/2  <  //,). 

rite  maximum  value  of  |Et(z)|  is  £,0(1  —  f),  which  occurs  at  zmin  given  m 
Eq.  (8-99);  and  the  minimum  value  of  |Ex(r)|  is  £,0(1  +  F),  which  occurs  at 
“max  given  in  Eq,  (8  —98).  In  other  words,  the  locations  for  j£!(r)|max  and  jc^z)!,,,^ 
when  T  >  0  and  when  F  <  0  are  interchanged. 

The  ratio  of  the  maximum  value  to  the  minimum  value  of  the  electric  field 
intensity  of  a  stanaihg  wave  is  called  the  standing-wave  ratio,  S. 


n  —  0,  1,  2, . . . 


(8-98) 


(8-99). 


1  +  lrl 

1  -  IF! 


(Dimensionless)- 


(8-100) 


An  inverse  relation  of  Eq.  (8-100)  is 


(Dimensionless)- 


(8-101) 


(8-96) 

:  without 
the  e1 
fro ,  .re 


bund  by 
(8-97) 


While  the  value  ol  T  ranges  from  —  1  to  ~t~  1,  the  value  of  8’  ranges  from  1  to  x.  It  is 
customary  to  express  S  on. a  logarithmic  scale.  The  standing-wave  ratio  in  decibels  is 
20  log10  S.  Thus,  S  —  2  corresponds  tp  t|  stanclng-wave  ratio  of  20  log10  2  =  6.02  dB 
and  |F|  =  (2  —  l)/(2  +  1)  =  -j.  A  standing-wave  ratio  of  2  dB  is  equivalent  to  S  = 
1.26  and  jF)  =  0.1 1 5. 

The  magnetic  field  intensity  in  medium  1  is  obtained  by  combining  H,-(z)  and 
Hr(z)  in  Eqs.  (8— 87b)  and  (8— 88b),  respectively: 


Hj(z)  =  a  —  {e~i9'z  —  reJP,:) 

>h 

■  =  av  —  —  rej2^‘‘)- 


(8-102) 
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This  should  be  compared  with  E,(z)  in  Eq.  (8-97).  In  a  dissipationless  medium,  T  is 
real;  and  |H1(z)|  will  be  a  minimum  at  locations  where  jE[(z)|  is  a  maximum,  and 
vice  versa. 

In  medium  2,  (E,,  H,)  constitute  the  transmitted  wave  propagating  in  -t-z  direc¬ 
tion.  From  Eqs.  (8 -89a)  and  (8-94),  we  have 

E,(z)  =  axTEi0e~jfi2Z .  (8-103a) 

And,  from  Eqs.  (8— 89b)  and  (8-94), 

* 

H,(z)  =  ay  —  Eioe~jezz-  (8-103b) 

42 

Example  8-9  A  uniform  plane  wave  in  a  lossless  medium  with  intrinsic  impedance 
4 i  'S  incident  normally  onto  another  lossless  medium  with  intrinsic  impedance  rj2 
through  a  plane  boundary.  Obtain  the  expressions  for  the  time-average  power 
densities  in  both  media. 

Solution:  Equation  (8-69)  provides  the  formula  for  computing  the  time-average 
power  density,  or  time-average  Poynting  vector: 

•^av  =  i#«(E  x  H*). 

In  medium  1,  we  use  Eqs.  (8-97)  and  (8-102), 

E2 

(^av)r  =  a=  ^  *«[(1  +  reJ2*'s){  1  - 

E 2 

=  a.  -£®  #«[(1  -  r2)  +  r(eJ2^  -  e~J20':)] 

2yf1 

E2 

■  =  a,  -i£  0te[(X  -  r2)  +  j2r  sin  2/ijz] 

l 

=  a^(1-r2)’  .  (8-104) 

where  T  is  a  real  number  because  both  media  are  lossless. 

In  medium  2,  we  use  Eqs.  (8— 103a)  and  (8-103b)  to  obtain 

(•^av)2  =  ar  ~  x1  ■  "  (8-105) 

2^7  2 

Since  we  are  dealing  with  lossless  media,  the  power  flow  in  medium  1  must 
equal  that  in  medium  2;  that  is, 
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(8-106) 


(8— 103a) 


That  Eq.  (8-106)  is  true  can  be  readily  verified  by  using  Eqs.  (8-93)  and  (8-94). 


(8 -103b) 
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ge  power 
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8-8  NORMAL  INCIDENCE  AY 

MULTIPLE  DIELECTRIC. l^tERFACES  1 

r->  • 

In  certain  practical  situations  a  wave  may  be  incident  on  several  layers  of  dielectric, 
media  with  different  constitutive  parameters.  One  such  situation  is  the  use  of  a 
dielectric  coating  dn  glass  in  order  to  reduce  glare  from  sunlight.  Another  is  a 
radomc,  which  is  a  dome-shaped  enclosure  designed  not  only  to  protect  radar 
installations  from  inclement  weather  but  to  permit  the  propagation  of  electromag¬ 
netic  waves  through  the  enclosure  with  as  little  reflection  as  possible.  In  both  situa¬ 
tions.  determining  the  proper  dielectric  material  and  its  thickness  is  an  important 
design  problem. 

We  now  consider  the  three-region  situation  depicted  in  Fig.  8-12.  A  uniform 
plane  wave  traveling  in  the  +r  direction  in  medium.l  (e„  /q)  impinges  normally  at 
a  plane  boundary  with  medium  2  (e2,  pL2),  at.  r  =  0.  Medium  2  has  a  finite  thickness 
and  interfaces  with  medium  3  (e3,  jx3)  at  z  -  d.  Reflection  occurs  at  both  r  =  0  and 
-  =  d.  Assuming  ah  x-polarized  incident  field,  the  total  electric  field  intensity  in 
medium  1  can  always  be  written  as  the  sum  of  the  incident  component  a  xEi0e~jll':  and 


.(8-104) 


(8^5) 
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Fig.  8-12  Normal  incidence 
at  multiple  dielectric  interfaces. 


a  reflected  component  a ixEr0eil>lz:  j 

Et  =  a x{Ei0e~^  +  Er0e^)-  ■  (8-107a)  f/ ;  j y  '  t":?';- 

However,  owing1  to  the  existence  of  a  second  discontinuity  at  z  —  d,  Er0  is  no  longer 

related  to  Ei0  by  Eq.  (8-91)  or  Eq.  (8-93).  Within  medium  2  parts  of\vaves  bounce  ! 

back  and  forth  between  the  two.  bounding  surfaces,  some  penetrating  into  media  1 

and  3.  The  reflected  field  in  medium  1  is  the  sum  of  (a)  the  field  reflected  from  the 

interface  at  z  =  0  as  the  incident  wave  impinges  on  it;  (b)  the  field  transmitted  back  > 

into  medium  1  from  medium  2  after  a  first  reflection  from  the  interface  at  z  =  d;  [  ; ” 

(c)  the  field  transmitted  back  into  medium  1  from  medium  2  after  a  second  reflection 

at  z  =  d;  and  so  on.  The  total  reflected  wave  is,  in  fact,  the  resultant  of  the  initial  J  8-8.1 

reflected  component  and  an  infinite  sequence  of  multiply  reflected  contributions  ; 

within  medium  2  that  are  transmitted  back  into  medium  1.  Since  all  of  the  contribu¬ 
tions  propagate  in  the  —  z  direction  in  medium  1  and  contain  the  propagation  factor  ; 

ejP'z,  they  can  be  combined  into  a  single  term  with  a  coefficient  £r0.  But  how  do  we 
determine  the  relation  between  Er0  and  E„,  mnv? 

One  way  to  find  £r0  is  to  write  down  the  electric  and  magnetic  field  intensity 
vectors  in  all  three  regions  and  apply  the  boundary  conditions.  The  H,  in  region  1 
that  corresponds  to  the  Et  in  Eq.  (8-107a)  is,  from  Eqs.  (8-87b)  and  (8-88b), 

Ht  =  ay  —  (Ei0e-il!'z  -  Er0eJI>'2)-  (8-107b) 

! 

The  electric  and  magnetic  fields  in  region  2  can  also  be  represented  by  combinations 
of  forward  and  backward  waves: 

E2  =  a  X(EU~JP2Z  +  (8 -108a)  j 

H2  =  a,  —  (EU~jl>'-z  -  £2-ejfe).  (8-108b)  • 

'?2 

In  region  3  only  a  forward  wave  traveling  in  4-  z  direction  exists.  Thus. 

•  E3  =  ax£^-^=,  (8 -109a) 

£+  >  I 

H3  =  ?iy  —  e~JI>,z.  (8 — 109b) 


On  the  right  side  of  Eqs.  (8-107a)  through  (8-109b),  there  are  a  total  of  four 
unknown  amplitudes:  Er0,  £3 ,  E2 ,  and  £3 .  They  can  be  determined  by  solving  the 
four  boundary-condition  equations  required  by  the  continuity  of  die  tangential 
components  of  the  electric  and  magnetic  fields. 


At  z  =  0: 


E,(0)  =  E2(0), 

11,(0)  =  1 12(0). 


(8-1 10a) 
(8-1 1  Ob) 
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At  z  =  d: 


\  : e ^=^1,  (8-noc) 

H2(d)  =  H3(d).  (8-110d) 

The  procedure  is; straightforward  and  is  purely  algebraic  (see  Problem  P.8-23).  In 
the  following  subsections' we  introduce  the  Concept  of  wave  impedance  and  use  it 
in  an  alternative  approach  for  studying  the  prdblem  of  multiple  reflections  at  normal 
incidence. 


Wave  Impedance  dl  Total  Field  7 

We  define  the  wave  impedance  uj  the  total  field  at  any  plane  parallel  to  the  plane¬ 
boundary  as  the  ratio  of  the  total  electric  field  intensity  to  the  total  magnetic  field 
intensity.  With  a  z-dependent  uniform  plane  wave  as  was  shown  in  Fig.  8-12,  we 
write,  in  general, 

Total  EJs) 

C)  =  Tot tiHfz)  (Q)'  (8-111) 

For  a  single  wave  propagating  in  the  +:  direction  in  an  unbounded  medium,  the 
wave  impedance  eqUals  the  intrinsic  impedance,  17,  of  the  medium;  for  a  single  wave 
traveling  in  the  —  z  direction,  it  is  -17  for  all  z. 

In  the  case  of  a  uniform  plane  wave  incident  from  medium  1  normally  on  a 
plane  boundary  with  an  infinite  medium  2,  such  as  that  illustrated  in  Fig.  8-11  and 
discussed  in  Section  8-7,  the  magnitudes  of  the  total  electric  and  magnetic  field 
intensities  in  medium  1  are,  from  Eqs.  (8-97)  and  (8-102), 


£lA(.)  =  Ei0(e-i»'*  + 

Hly(z)  =  —  (e~Jpl2  —  Fe^i:). 
>h 


(8-1 11a) 
.(8-1  lib) 


Their  ratio  defines  the  wave  impedance  of  the  total  field  in  medium  1  at  a  distance  r 
from  the  boundary  plane 

g-tft-  +  F eJ0i: 


Z  !<--)  = 


11  g-it hz  _  rejfi:z' 


(8-112) 


which  is  obviously  d  function  of  r. 

At  a  distance  r  =  —  £  to  the  left  of  the  boundary  plane,  • 

^  ,  ' .  „  '  EXx{-t)  e*'1  +  re-*'* 

7  Hly(-t)  I' 

Using  the  definition  of  V  =  (t]2  -  ni)/(fh  +  Vi)  in  Eq.  (8-113),  we  obtain 

* 

*  „  172  cos  /?/  +  jrj2  sin  /?/ 


Zf—t)  =  17 1 


17 1  cos-)?/  +  jr\ 2  sin ■/?/■’ 


(8-113) 


(8-114) 


.  ...  ^  '  ■■;•••• 
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which  correctly  reduces  to  when  rj2  =  t]x.  In  that  case,  there  is  no  discontinuity 
at  z  =  0;  hence  there  is  no  reflected  wave  and  the  total-field  wave  impedance  is  the 
same  as  the  intrinsic  impedance  of  the  medium. 

When  we  study  transmission  lines  in  the  next  chapter,  we  will  find  that  Eqs. 
(8-113)  and  (8-114)  are  similar  to  the  formulas  for  the  input  impedance  of  a  trans¬ 
mission  line  of  length  £  that  has  a  characteristic  impedance  tj3  and  terminates  in  an 
impedance  r\2.  There  is  a  close  similarity  between  the  behavior  of  the  propagation 
of  uniform  plane  waves  at  normal  incidence  and  the  behavior  of  transmission  lines. 

If  the  plane  boundary  is  perfectly  conducting,  ??2  =  0  and  T  =  —  1,  and  Eq. 
(8-114)  becomes  ' 

=jru  tan  )V,  (8-115) 

which  is  the  same  as  the  input  impedance  of  a  transmission  line  of  length  £  that  has 
a  characteristic  impedance  tj^  and  ferminates  in  a  short  circuit. 


8-8.2  Impedance  Transformation  with 
Multiple  Dielectrics 

The  concept  of  total-field  wave  impedance  is  very  useful  in  solving  problems  with 
multiple  dielectric  interfaces  such  as  the  situation  shown  in  Fig.  8-12.  The  total 
field  in  medium  2  is  the  result  of  multiple  reflections  of  the  two  boundary  planes 
-  =  0  and  -  =  d;  but  it  can  be  grouped  into  a  wave  traveling  in  the  +  z  direction  and 
another  traveling  in  the  —  z  direction.  The  wave  impedance  of  the  total  field  in 
medium  2  at  the  left-hand  interface  z  =  0  can  be  found  from  the  right  side  of  Eq. 
(8-114)  by  replacing  r\2  by  >/3,  n\  by  r\2,  pl  by  /J2,  and  £  by  d.  Thus, 


Z2(0)  —  t]  2 


rj3  cos  fi2d  +  jr\2  sin  fi2d 
r]2  cos  P2d  +  jrj3  sin  fi2d 


(8-116) 


As  far  as  the  wave  in  medium  1  is  concerned,  it  encounters  a  discontinuity  at 
z  =  0  and  the  discontinuity  can  be  characterized  by  an  infinite  medium  with  an 
intrinsic  impedance  Z2(0)  as  given  in  Eq.  (8-116).  The  effective  reflection  coefficient 
at  z  =  0  for  the  incident  wave  in  medium  1  is 


ErO  _  __  ff_rO  _  Z2(0)  —  )/  ! 

Fiu  / 1 m  z,m  +  ij  i 


(8-117) 


We  note  that  Tq  differs  from  T  only  in  that  ;?2  has  been  replaced  by  Z2(0).  Hence 
the  insertion  of  a  dielectric  layer  of  thickness  d  and  intrinsic  impedance  t]2  in  front 
of  medium  3,  which  has  intrinsic  impedance  rj3,  has  the  effect  of  transforming  rj2  to 
Z2(0).  Given  and  r\3,  T0  can  be  adjusted  by  suitable  choices  of  rj2  and  d. 

Once  T0  has  been  found  from  Eq.  (8-117),  Er0  of  the  reflected  wave  in  medium 
1  can  be  calculated:  Er0  =  T0Ei0.  In  many  applications  T0  and  Er0  are  the  only 
quantities  of  interest;  hence  this  impedance-transformation  approach  is  conceptually 
simple  and  yields  the  desired  answers  in  a  direct  manner.  If  the  fields  E2,  E2  and 


r ...v  : 
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ice  is  the 
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that  has 


:tion  and 
1  field  in 
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'.Mill  ill) 

oellicient 


(8-117) 


J).  Hence 


E,  in  media  2  and  3  are  also  desired,  they  C&n  be  determined  from  the  boundary 
conditions  at  z  =  0. and  z  —  d  (see  Problem  P.8-23). 

\  .  \  ' 

Example  8-10  A  dielectric  layer  of  thickness  d  and  intrinsic  impedance  q2  is  placed 
between  media  1  and  3  having  intrinsic  impedances  rji  and  173  respectively.  Determine 
d  and  rj2  such  that  no  reflection  occurs  wheh  a  uniform  plane  wave  in  medium  1 
impinges  normally  on  the  interface  with  medium  2. 

Solution :  With  the  dielectric  layer  interposed  between  media  1  and  3  as  shown  in 
Fig.  8—12,  thd  condition  of  no  reflection  at  interface  z  =  0  requires  T0  =  0,  or  Z2(0)  = 
»7i.  From  Eq.  (8-llfe)  we  have  ;-  i  . 

3  cos  fi2d  4-  jrj 2  sin  p2d)  ~  rh[t]2  cos  Pid  +  Ph  sin  Pid)-  (8-118) 

Equating  the  real  and  imaginary  parts  separately,  we  require 

>/3  cos  p2d  =  >h  cos  P2d  (8-119) 


tji  sin  p2d  =  rjp 73  sin  P2d. 
Equation  (8-119)  is  satisfied  if  either 


which  implies  that 


d3  =  fh 


COS  P2d  =0, 


(8-119) 

(8-120) 


(8-121) 


(8-122) 


P2d  =  (2  n  +  1)-, 


t!  -  c2h  1-  1 ) '  5  ■ 
4 


»i  =  (),  1,2,,. 


(8  -122a) 


<  )n  1 1 10  one  liaiiil,  if  condition  (N  12!)  holds,  Eq.  (8-120)  can  be  satisfied  when 
either  (a)  i/2  =  1J3  '/o  vhich  is  the  trivial  case  of  no  discontinuities  at  all,  or  (b) 

sin  p2d  =  0,  or  d  =  >U2/2. 

On  the  other  hdhd,  if  relation  (8-122)  or  (8 -122a)  holds,  sin  (Ud  does  not  vanish, 
and  Eq.  (8-120)  carl  be  satisfied  when  i;2  =  y/turf2.  We  have  then  two  possibilities 
for  the  condition  of  no  reflection. 


1.  When  t?3  =  ?7t,  vve  require 


11  =  0,  1,  2, . . . 


that  is,  the  thickness  of  the  dielectric  layer  be  a  multiple  of  a  half  wavelength 
in  the  dielectric  at  (he  operating  frequency.  Such  a  dielectric  layer  is  referred 
to  as  a  half-wave  dielectric  window.  Since  I2  =  up2/f  =  l/j\j n2e2,  where  /  is  the 
operating  frequency,  a  half-wave  dielectric  window  is  a  narrow-band  device. 


;  v. 
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•iff  j  :V>;  ‘ 1  AT'-  uivv-  •  'jT  ' 


2.  VF/tea  17  3  # ■  jjt,  we  require 


ni  = 


d  =  (2n  +  1)  - 


n  =  0, 1,  2, , 


When  media  1  and  3  are  different,  should  be  the  geometric  mean  of  rj,  and 
t?3,  and  d  should  be  an  odd  multiple  of  a  quarter  wavelength  in  the  dielectric 
layer  at  the  operating  frequency  in  order  to  eliminate  reflection.  Under  these 
conditions  the  dielectric  layer  (medium  2)  acts  like  a  quarter-wave  impedance 
transformer.  We  will  refer  to  this  term  again  when  we  study  analogous  trans¬ 
mission-line  problems  in  Chapter  9. 

* 

8-9  OBLIQUE  INCIDENCE  AT  A  PLANE 
H'rLTOTR'C  BOUNDARY 

Wc  now  consider  the  case  of  a  plane  wave  that  is  incident  obliquely  at  an  arbitrary 
angle  of  incidence  0;  on  a  plane  interface  between  two  dielectric-media.  The  media 
are  assumed  to  be  lossless  and  to  have  different  constitutive  parameters  (e,,  /j.x)  and 
(e2,/t2k  tis  indicated  in  Fig.  8-13.  Because  of  the  medium's  discontinuity  at  the 
interface,  a  part  of  the  incident  wave  is  reflected  and  a  part  is  transmitted.  Lines 
AO,  O' A’,  and  O'B  are,  respectively,  the  intersections  of  the  wavefronts  (surfaces  of 
constant  phase)  of  the  incident,  reflected,  and  transmitted  waves  with  the  plane  of 
incidence.  Since  both  the  incident  and  the  reflected  waves  propagate  in  medium  1 
with  the  same  phase  velocity  upl,  the  distances  OA'  and  AO'  must  be  equal.  Thus, 

00'  sin  Qr  -  00'  sin  9, 


Reflected 


Refracted 


K  ’  > 


Incident 


Medium  I  Medium  2 

(<1.  mi)  U 2,  M’) 


Fig.  8-13  Uniform  plane  wave 
incident  obliquely  on  a  plane 
dielectric  boundary. 
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(8-123) 


Equation  (8  -123)  assures  us  that  the  angle  of  reflection  is  equal  to  the  angle  of 
incidence,  which  is  Snell's  law  of  reflection. 

In  medium  2,  the  time,  it  takes  for  the  transmitted  wave  to  travel  from  0  to  B 
equals  the  time  for  the  incident  wave  to  travel  from  A  to  O'.  We  have 

•  :  ■'  m  AO'  U . 


from  which  we  obtain 


OB  ^  00'  sin  0 ,  _  utll 
A0‘  00'  sin  Of  upl 


^_0i  =  ap2  =ni 

sin  f  upl  n2 ' 


(8 -124a) 


where  n ,  and  n2  arc  iridic cs  of  refraction  for  media  I  and  2  respect ively.  The  index 
uj  rej  ruction  of  a  medium  is  tile  ratio  of  the  speed  of  light  (electromagnetic  wave) 
in  tree  space  to  that  m  the  medium;  that  is,  n  c/up.  The  relation  in  Eq.  (8-124a) 
is  known  us  Snell's  laWoj  refract  ion.  It  states  that  at  an  interface  between  two  dielectric 
media,  the  ratio  oj  the  sine  of  the  angle  of  refraction  in  medium  2  to  the  sine  of  the  angle 
oj  incidence  in  medium  1  is  equal  to  the  inverse  ratio  of  indices  of  refraction  njn2. 

For  nonmagnetic  ilicdia,  /f,  =  //,  Ik),  (8  1 24a)  becomes 


(8-124b) 


Furthermore,  if  medium  1  is  free  space  such  that  erl  =  1  and  n,  =  I  Eq  (8-P4b) 
reduces  to  ’  ; 


(8 -124c) 


Since  n2  >  l?it  is  clear  that  ;a  plane  wave  incident  obliquely  at  an  interface  with  a 
denser  medium  will  be  bent  inward  the  normal. 

8-9.1  Total  Reflection 

Let  us  now  examine  Snell’s  law  in  Eq.  (8-1 24b)  for  et  >  e2  — that  is,  when  the 
wave  in  medium  1  is  iricident  on  a  less  dense  medium  2.  In  that  case,  0,  >  0;.  Since 
0,  increases  with  0h  aft  interesting  'situation  arises  when  0,  =  n/2,  at  which  angle 


Vvtrv! 
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the  refracted  wave  will  glaze  along  the  interface;  further  increase  in  0;  would  result 
in  no  refracted  wave,  and  the  incident  wave  is  then  said  to  be  totally  reflected.  The 
angle  of  incidence  0C  (which  corresponds  to  the  threshold  of  total  reflection  0,  =  n/2) 
is  called  the  critical  angle.  We  have,  by  setting  9,  =  nil  in  Eq.  (8— 124b), 


sin  0r  =  /— 
V«i 


(8—1 25a) 


0C  =  sin  1  /—  =  sin  1  ( —  ) . 


(8— 125b) 


This  situation  is  illustrated  in  Fig.  8-14  where  a,,;,  a„r,  and  a„,  are  unit  vectors  de¬ 
moting  the  directions  of  propagation  of  the  incident,  reflected,  and  transmitted  waves 
respectively. 

What  happens  mathematically  if  0,  is  larger  than  the  critical  angle  9C  (sin  0,-  > 
sin  9C  =  v  e2/ei)?  From  Eq.  (8  — 124b)  we  have 


sin  0.  =  /  —  sin  0.-  >  1 , 


(8-126) 


which  does  not  yield  a  real  solution  for  6t.  Although  sin  9,  in  Eq.  (8-126)  is  still  real, 
cos  0,  becomes  imaginary  when  sin  0,  >  1. 


cos  0 ,  =  1  -  sin2  0,  =  ±j  —  sin2  0;  —  1 . 


(8-127) 
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Fig.  8-14  Plane  wave  incident  at 
critical  angle,  >  e2. 
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in  medium  2,  this!  unit  vedtor  a„(  in  the  direction  of  propagation  of  a  typical 
transmitted  (refracted)  wave,  as  shown  in  Fig.  8-13,  is 

<  '  i’v  - 

-  ;  ant  =  a*  sin  0,  +  a*  cost),.  (8-128) 

Both  E,  and  H,  vary  spatially  in  accordance  with  the  following  factor: 


a~jpz*nt  *R  _  0-jpi(xsin0t  +  zco$Ot) 

;*  .  *  “  ^  ci  > 

which,  when.Eqs.  (8-126)  and  (8-127)  for?,  >  ^  are  used,  becomes 


where 


e-'Ji-e-JlhxX 


(8-129) 


.  «z  =  /W(e i/e2)  0(  -  1 


Pzx  =  PzhhM  sin  0t. 

The  upper  sign  in  Ec|.  (8  127)  has  been  abandoned  because  it  would  lead  to  the 
impossible  result  ol  all  increasing  Held  as  z  increases.  We  can  conclude  from  (8-129) 
that  for  0i  >  0,  a  wave  exists  along  the  interface  (in  x  direction),  which  is  attenuated 
exponentially  (rapidly)  in  medium  2  in  the' normal  direction  (z  direction).  This  wave 
is  tightly  bound  to  the  interface  and  is  called  a  surface  wave.  It  is  illustrated  in  Fig. 
8-14.  Obviously,  it  is  a  nenuniform  plane  wave. 


Example  8-11  A  dielectric  rod  or  fiber  of 'a  transparent  material  can  be  used  to 
guide  light  or  an  electromagnetic  wave  under  the  conditions  of  total  internal  reflection. 
Determine  the  minimtlm  dielectric  constant  of  the  guiding  medium  so  that  a  wave 
incident  on  one  end  at  any  angle  will  be  confined  within  the  rod  until  it  emerges  from 
the  other  end.  ii  .f\ 

)  ■  .  'v 

Solution:  Refer  to  Fig.  8  -15.  For  total  internal  reflection,  6X  must  be  greater  than 
or  equal  to  9C  for  the  guiding  dielectric  medium;  that  is, 


or,  since  0l  =  n/2  -  0,, 


sin  0X  >  sin  Bc 
cos  0 ,  >  sin  6Ci 


(8-130) 


Fig.  8-15  Dielectric  rod  or  fiber  guiding  electromagnetic  wave  by  total 
internal  reflection. 


'hr1:'  ■ 
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From  Snell’s  law  of  refraction,  Eq.  (8 -124c),  we  have  ; 

sin  6,  =  sin  0,.  (8-131) 

Ven 

It  is  important  to  note  here  that  the  dielectric  medium  has  been  designated  as  medium 
1  (the  denser  medium)  in  order  to  be  consistent  with  the  notation  of  this  subsection. 
Combining  Eqs.  (8-130),  (8-131),  and  (8- 125a),  we  obtain 

1 1  — —  sin2  0j  >  /^  =  — 


which  requires 

•  erl  >  1  +  sin2  0;.  (8-132) 

Since  the  largest  value  of  the  right  side  of  (8-132)  is  reached  when  0f  =  7t/2,  we 
require  the  dielectric  constant  of  the  guiding  medium  to  be  at  least  2,  which  corre¬ 
sponds  to  an  index  of  refraction  n,  —  sfl.  This  requirement  is  satisfied  by  glass  and 
quartz. 

We  observe  that  Snell’s  law  of  refraction  in  Eq.  (8  —  1 24b)  and  the  critical  angle 
for  total  reflection  in  Eq.  (8 — 125b)  are  independent  of  the  polarization  of  the  incident 
electric  field.  The  formulas  for  the  reflection  and  transmission  coefficients,  however, 
'  are  polarization-dependent.  In  the  following  two  subsections  we  discuss  perpendicular 
polarization  and  parallel  polarization  separately: 


8-9.2  Perpendicular  Polarization 

For  perpendicular  polarization  the  incident  electric  and  magnetic  field  intensity 
phasors  in  medium  1  are,  from  Eqs.  (8-76a)  and  (8-76b): 

E;(x,  z)  =  ayEioe~Jlll(xsin0‘  +  -cos0i>  (8-133a) 

H,(x,  z)  =  —  ( —  ax  cos  0;  +  a.  sin  +  --cos^  (S-133b) 

n  i 

The  reflected  electric  and  magnetic  fields  can  be  obtained  from  Eqs.  (8— 79a)  and 
(8— 79b),  but  remember  that  Er0  is  no  longer  equal  to  —Ei0. 


Er(x,  z)  =  ayEr0e~ilh{x<'a0r  “  -*cos^ 


(8  —  1 34a) 


Hr(x,  z)  =  —  (a,  cos  dr  +  a,  sin  0r)e-m{X5iaO-  ~  zcos^].  (8-134b) 
h 

In  medium  2,  the  transmitted  electric  and  magnetic  field  intensity  phasors  can 
be  similarly  written  as 

E,(x,  z)  =  a yElOe~JI)Axsin0t  +  :cos0l) 

H,(x,  *)-^(-a,  cos  6, '+  a.  sin  0()e-^<*5in9‘  +  zc05°'). 

12 


(S— 135a) 
(8— 135b) 


(8-131) 

is  medium 
ubsection. 
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There  arc;  foiir  Unknown  quantities  in  Eqs.  (8-133a)  through  (8-135b),  namely, 
Ero>  E,q,  arid.  0,.  Their  determination  follows  from  the  requirements  that  the 
tangential  components  of  E  and  H  be  continuous  at  the  boundary  z  —  0.  From 
Eiy{x,  0)  +  Er j,(x,  0)  <e  Ety(x,  0),  we  have  :  ,  • 

•  •  J?.oe~Jfi‘xsin0i  +  Eroe-jftt*sL°r  __  Etoe-JPz* sin0t  (8— 136a) 

Similarly,  from  HJx,  0)  +  Hrx(x,  0)  -  HJx,  0)  we  require 

~-(-Ei0  cos  Qfi-U'*' ia0‘  +  Er0  cos  0re~J“'X!S in0-) 


(8-132) 

=  n/2.  we 
:ich  corre- 
e.lass  and 


•deal  .-r^e 
ic  inc’<  .cnt 
.  f<  er, 
pendicular 


3  intensity 


(S— 1 33a) 
(8-  133b) 
-79a)  and 


(8-  134a) 
(8-1 34b) 

o  : 

hasors  can 

<8— 135a) 
(8— 135b) 


=  cos  Ote"j02Xsinl>’.  (8 -136b) 

Because  Eqs.  (8-1 36a)  and  (8 -186b)  are  to  be  satisfied  for  all  x,  all  three  exponential 
factors  that  are  functions  of  x  must  be  equal.  Thus, 

Pix  sin  0 j  =  fi,x  sin  0,  =  f)2x  sin  0„ 

which  leads  to  Snell’s  law  of  reflection  (0,.  =  fl;)  and  Snell’s  law  of  refraction  (sin  QJ 
sm  0;  =  pjp2  =  njh,).  Equations  (8-136a)  and  (8-136b)  can  now  be  written  simply 


£i0  "b  Er0  —  £( o 

and 

~  (Eio  ~  Er0)  cos  0;  =  —  cos  9,, 

from  which  Er0  and  £(0  can  be  found  in  terms  of  £i0.  We  have 

T  =  ~  -  ’ll  COi  Hi  ~  ?h  cos  ^ 

Ei0  ;/2  cos  0;  4-  //,  cos  0, 

_  (fia/cos  9,)  ~  (rijeos  0,-) 
flla/cos  9,)  +  (}J  j /cos  0;) 


(8 -137a) 


(8— 137b) 


(8— 1 38)f 


T  =  ^£2  =  .  2th  cos  0; 

£j'0  02  cos  0;  +  1/!  cos  0, 

2(>j2/cos  0,) 

(//i/'COS' 0,)  +  ((/[/cos  0;)  ^  ^ 

Comparing'fliese  expressions  with  the  formulas  for  the  reflection  and  transmission 
coefficients  at  normal  incidence,  Eqs.  (8-93)  and  (8-94),  we  see  that  the  same  formulas 
apply  if  t]i  and  17,  are  changed  to  (;/,/ cos  d()  and  (//,/ cos  0,)  respectively.  When  0,  =  0, 
making  0r=  0,  =  0,  these  expressions  reduce  to  those  for  normal  incidence,  as  they 

f  These  are  sometimes  referred  to  as  Fri-snel's  equations. 


(8-139)f 
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should.  Furthermore,  Tx  and  rx  are  related  in  the  following  way: 


i  +  =  Tx. 


(8-140) 


which  is  similar  to  Eq.  (8-95)  for  normal  incidence. 

If  medium  2  is  a  perfect  conductor,  rj2  =  0.  We  have  Tx  =  —  l(£r0  =  -Ei0) 
and  rx  =  0(£,o  =  0).  The  tangential  E  field  on  the  surface  of  the  conductor  vanishes, 
and  no  energy  is  transmitted  across  a  perfectly  conducting  boundary,  as  wc  have 
noted  in  Sections  8-5  and  8-6.  « 

Noting  that  the  numerator  for  the  reflection  coefficient  in  Eq.  (8-138)  is  in  the 
form  of  a  difference  of  two  terms,  we  inquire  whether  there  is  a  combination  of 
y]2,  and  9 h  which  makes  Tx  =  0  for  no  reflection.  Denoting  this  particular  0,  by  0BL, 
we  require  , 

rj2  cos  0BJ_  =  >71  cos  9t.  (8-141) 


Using  Snell’s  law  of  refraction,  we  have 


cos  9,  =  yj  1  —  sin2  0,  =  / 1 - -  sinrT9p~- 


(8-142) 


and  obtain  from  Eq.  (8-141) 


sin2  0B  i  = 


1  - 

1  ~  (hi/iu)2 


(8-143) 


The  angle  0Bi_  is  called  the  Brewster  angle  of  no  reflection  for  the  case  of  perpendicular 
polarization.  For  nonmagnetic  media ,  =  g2  =  fi0,  the  right  side  of  Eq.  (8-143) 

becomes  infinite,  and  0BX  does  not  exist.  In  the  case  of  =e2iindg  t  j*  g2,  Eq.  (8-143) 
reduces  to 

sin  0BX  =  -j-  (8-144) 

which  does  have  a  solution  whether  gi/g2  is  greater  or  less  than  unity.  However, 
it  is  a  very  rare  situation  in  electromagnetics  that  two  contiguous  media  have  the 
same  permittivity  but  different  permeabilities. 


8-9.3  Parallel  Polarization 

When  a  uniform  plane  wave  with  parallel  polarization  is  incident  obliquely  on  a 
plane  boundary,  as  illustrated  in  Fig.  8-16,  the  incident  and  reflected  electric  and 
magnetic  field  intensity  phasors  in  medium  1  are,  from  Eqs.  (8 -84a)  through  (8 -85b): 

E,(x,  z)  =  £i0(ax  cos  0,  -  a:  sin  0;)e--'^<-'”inO‘  +  cos  ®<)  (8 -145a) 


H;(x,  z)  =  ay-^  *■'«<>,  +  *c« 0,) 


(8 —145  b) 
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(8-140) 


•0  —  ~Eio) 
r  vanishes, 
is  we  have 

3)  is  in  the 
.tion  of  i/i, 

'  Oi  by  0m, 

(8-141) 


(8-142) 


(8-143) 


pendicular 
q.  (8-143) 
iq.  (8—143) 

(8-144) 

H  owcver, 
i  .have  the 


[uely  on  a 
ectriq'^'M 
h(8:  ): 

(8— 145a) 
(8— 145b) 


Reflected  _ 
wave  ‘  Hr 


N 


&  a 

►  a/r/ 


Transmitted  ) 


Incident 

wave 


Medium  1  Medium  2 

(ei>  mi)  (f2.  w) 

t  =  0 


Fig.  8-16  Plane  wave  incident 
obliquely  on  a  plane  dielectric 
boundary  (parallel 
polarization). 


Er(*>  -)  =  -ro(ai  cos  0r  +  a.  sin  9r)e~JP'(xsin0'-  ~  :  cos  ^  (8- 146a) 

H,(*,2)=  (8  —  146  b) 


The  transmitted  electric  and  magnetic  field  intensity  phasors  in  medium  2  are 
Et(x,  z)  =  £l0(ax  cos  0,  -  a.  sin  0()e~JPl(JCS in0‘  +  = (8- 


£ 

H,(x,  Z)  =  Uj,  — ~  g-jfotxsinO,  +  z  cost),) 


(8 -147a) 
(8  —  147  b) 


Continuity  requirements  for  the  tangential  components  of  E  and  H  at  r  =  0  lead 

again  to  Snell’s  laws  of  reflection  and  refraction,  as  well  as  to  the  following  two 
equations:  & 

(Ei0  +  £r0)  cos  0;  =  E,0  cos  0,  (8-148a) 

1  1 

—  (£i0  -  £rC)  =  —  £,o-  (8 -148b) 

Solving  for  £r0  and  £l0  in  terms  of  £l0,  we  obtain 

r *  ErQ  TJ  2  COS  0t  '  9 1  cos  0 : 

■  11  E,o  thcos^  +  ^cosfl;  (8-149)1 


T|I  =  —  =  2?b  cos  Qj 

Eio  7  2  cos  9,  +  ijj  cos  Qt 


(8—1 50)f 


These  are  also  referred  to  as  Fresnel's  equations. 
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Equation  (8-151)  is. seen  to  be  different  from  Eq.  (8-140) forperpendicular  polariza¬ 
tion  except  when.  0;  =  0,  =  0,  which  is  the  case  for  normal  incidence.  At  normal 
incidence  T||  and  T|t  reduce  to  F  ancf-Tgiven  in  Eqs.  (8-93)  and  (8-94)  respectively, 
as  did  rx  and  tj_. 

If  medium  2  is  a  perfect  conductor  (tj2  =  0),  Eqs.  (8-149)  and  (8-150)  simplify 
to  r||  =  —1  and  t||  =  0  respectively,  making  the  tangential  component  of  the  total 
E  field  on  the  surface  of  the  conductor  vanish,  as  expected. 

From  Eq.  (8-149)  we  find  that  Tn  goes  to  zero  when  the  angle  of  incidence  0, 
equals  0B(l,  such  that 

>h  cos  9,  =  cos  0BI|  (8-152) 

which,  together  with  Eq.  (8-142),  requires 

(8-153) 


The  angle  0fl||  is  known  as  the  Brewster  angle  of  no  reflection  for  the  case  of  parallel 
polarization.  A  solution  for  Eq.  (8-153)  always  exists  for  two  contiguous  nonmag¬ 
netic  media.  Thus,  if  pl  =  n2  =  Po,  a  reflection-free  condition  is  obtained  when  the 
angle  of  incidence  in  medium  1  equals  the  Brewster  angle  9Bn,  such  that 


Because  of  the  difference  in  the  formulas  for  Brewster  angles  for  perpendicular 
and  parallel  polarizations,  it  is  possible  to  separate  these  two  types  of  polarization 
in  an  unpolarized  wave.  When  an  unpolarized  wave  such  as  random  light  is  incident 
upon  a  boundary  at  the  Brewster  angle  0,,^  given  by  Eq.  (8-153),  only  the  component 
with  perpendicular  polarization  will  be  reflected.  Thus,  a  Brewster  angle  is  also 
referred  to  as  a  polarizing  angle.  Based  on  this  principle,  quartz  windows  set  at  the 
Brewster  angle  at  the  ends  of  a  laser  tube  are  used  to  control  the  polarization  of  an 
emitted  light  beam. 


Example  8-12  The  dielectric  constant  of  pure  water  is  80.  (a)  Determine  the 
Brewster  angle  for  parallel  polarization,  0B) j,  and  the  corresponding  angle  of  trans¬ 
mission.  (b)  A  plane  wave  with  perpendicular  polarization  is  incident  from  air  on 
water  surface  at  0;  =  0B||.  Find  the  reflection  and  transmission  coefficients. 
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(8-151) 

poidriza- 
.t  normal 
pectively, 

)  simplify 
'  the  total 

fidence  0t 

(8-152) 


•>) 


jf  parallel 
nonmag- 
when  the 


(8-154) 


>endicular 
larization 
.s  incident 
amponent 
je  is  also 
set  at  the 
lion  of  an 

A 

:mine"thc 
:  of  trans¬ 
om  air  on 


Solution  ■  _  (  .  ,/i 

a)  The  Brewster  angle  of  no  reflection  for  parallel  polarization  can  be  obtained 
directly  from  Eq.  (8-154): 


-  0B||  =  sin’ 


=  sin 


1 


yiT(i7o 

i 


:=  81.0°. 


V 1  +  (1/BO) 

The  corresponding  angle  of  transmission  is,  from  Eq.  (8 -124c), 

1  \ 

- )  =  sin  (  — 

V  €rl 


0,-sin-T^aii-s  io- 


~'J€r2  +  T 


sin' 


1  ' 

//S1 


:  6.38°. 


b)  nor  an  incident  Wave  with  perpendicular  polarization,  we  use  Eqs.  (8-138)  and 
(8-139)  to  find  Tx  ana  tx  at  0t  =  81.0°  and  9,  =  6.38°: 


»fi  =  377  (Q), 
377 


r\  1  /cos  9 1  =  2410  (fi) 


Thus 


^2 - p=  =  40.1(Q),  i?2/cos  0,  =  40.4  (Q). 

sj  €r2 


40.4  -  2410 

T ,  =  — — — - =  -0.967 


T,  = 


40.4  +  2410 
2  x  40.4 


=  0.033. 


40.4  +  2410 

We  note  that  the  relation  between  F±  and  t±  given  in  Eq.  (8-140)  is  satisfied. 

REVIEW  QUESTIONS 

R.8-1  Define  uniform  plane  v; ave. 

R.8-2  What  is  a  wavefront ? 

R.8-3  WriteTheJiomogeneoas  vector  Helmholtz’s  equation  for  E  in  free  space. 

R.8-4  Define  m wcnwnlnr.  How  is  wavenumber  related  to  wavelength? 

R-8-5  Define  phase  velocity. 

R.8-6  Define  intrinsic  impedance  of  a  mediuin.'What  is  the  value  of  the  intrinsic  impedance 
of  free  space?  ■ 


\ 
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R.8-7  What  is  a  TEM  wave? 

R.8-8  Write  the  phasor  expressions  for  the  electric  and  magnetic  field  intensity  vectors  of  an 
x-polarized  uniform  plane  wave  propagating  in  the  z  direction. 

R.8— 9  What  is  meant  by  the  polarization  of  a  wave?  When  is  a  wave  linearly  polarized?  Cir¬ 
cularly  polarized? 

R.8-10  Two  orthogonal  linearly  polarized  waves  are  combined.  State  the  conditions  under 
which  the  resultant  will  be  (a)  another  linearly  polarized  wave,  (b)  a  circularly  polarized  wave, 
and  (c)  an  elliptically  polarized  wave.  ' 

R.8-11  Define  (a )  propagation  constant,  (b)  attenuation  constant,  and  (c)  phase  constant. 

R.8-12  What  is  meant  by  the  skin  depth  of  a  conductor?  How  is  it  related  to  the  attenuation 
constant?  How  does  it  depend  on  er?  On  /? 

R.8-13  What  is  meant  by  the  dispersion  of  a  signal?  Give  an  example  of  a  dispersive  medium. 
R.8-14  Define  group  velocity.  In  what  ways  is  group  velocity  different  from  phase  velocity? 
R.8-15  Define  Poynting  vector.  What  is  the  SI  unit  for  this  vector  ?'~-^_ 

R.8-16  State  Poynting’s  theorem. 

R.8-17  For  a  time-harmonic  electromagnetic  field,  write  the  expressions  in  terms  of  electric 
and  magnetic  field  intensity  vectors  for  (a)  instantaneous  Poynting  vector  and  (b)  time-average 
Poynting  vector. 

R.8-18  What  is  a  standing  wave ? 

R.8-19  What  do  we  know  about  the  magnitude  of  the  tangential  components  of  E  and  H  at 
the  interface  when  a  wave  impinges  normally  on  a  perfectly  conducting  plane  boundary? 

R.8-20  Define  plane  of  incidence. 

R.8-21  What  do  we  mean  when  we  say  an  incident  wave  has  (a)  perpendicular  polarization  and 
(b)  parallel  polarization? 

R.8-22  Define  reflection  coefficient  and  transmission  coefficient.  What  is  the  relationship  between 
them? 

R.8-23  Under  what  conditions  will  reflection  and  transmission  coefficients  be  real? 

R.8-24  What  are  the  values  of  the  reflection  and  transmission  coefficients  at  an  interface  with 
a  perfectly  conducting  boundary? 

R.8-25  A  plane  wave  originating  in  medium  I  (<■  | ,  /< ,  -  /(„,  <r,.  0)  is  incident  normally  on  a 

plane  interface  with  medium  2  (e2  y4  6),  p2  —  p0,  rr2  =  0).  Under  what  condition  will  the  electric 
field  at  the  interface  be  a  maximum?  A  minimum? 

R.8-26  Define  standing-wave  ratio.  What  is  its  relationship  with  reflection  coefficient? 

R.8-27  What  is  meant  by  the  wave  impedance  of  the  total  field.  When  is  this  impedance  equal 
to  the  intrinsic  impedance  of  the  medium? 
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R.8-28  Thin  dielectric  cbating  is  sprayed  on  optical  instruments  to  reduce  glare.  What  factors 
determine  the  thickness  df  the  coating?  ' 

R.8-29  How  should  the  thickness  of  the  radome  in  a  radar  installation  be  chosen? 

R.8-30  Slate  Snell'?;  low  of  reflect  ion. 

R.8-31  State  Snell's  law  of  refraction. 

R.8-32  Define  critical  cthijle.  When  does  it  exist  at  an  interface  of  two  nonmagnetic  media? 
R.8-33  Define  Brewster  angle.  When  does  it  exist  at  ah  interface  of  two  nonmagnetic  media? 
R.8-34  Why  is  a  Brewster  angle  also  called  a  polarizing  angle? 

R.8-35  Under  what  conditions  will  the  reflection  and  transmission  coefficients  for  perpendicular 
polarization  be  the  same  as  those  for  parallel  polarization? 


PROBLEMS 

P.8-1  Prove  that  the  electric  field  intensity  in  Eq.  (8-17)  satisfies  the  homogeneous  Helmholtz’s 
equation  provided  that  the  condition  in  Eq.  (8-18)  is  satisfied. 

P.8-2  For  a  harmonic  uniform  plane  wave  propagating  in  a  simple  medium,  both  E  and  H 
vary  in  accordance  with  the  factor  exp(-jk  •  R)  as  indicated  in  Eq.  (8-21).  Show'  that  the  four 
Maxwell's  equations  lbr  uniform  plane  wave  in  a  source-free  region  reduce  to  the  following: 

k  x  F  =  infill 
k  x  H  =  —toe E 
k  •  E  =  0 
k  *  1 1  =  0. 

P.8-3  The  instantaneous  expression  for  the  magnetic  field  intensity  of  a  uniform  plane  wave 
.  propagating  in  the  -t-y  direction  in  air  is  given  by 

H  =  a.4sx  10-6  cos  ^1077tf  -  k0y  +  (A/m). 

a)  Determine  k0  and  the  location  where  H.  vanishes  at  r  =  3  (ms). 

b)  Write  the  instantaneous  expression  for  E. 

tj*  P.8-4  Show  that  a  plane  wave  with  an  instantaneous  expression  for  the  electric  field 
E(r,  t)  =  a xEl0  sin  (tot  -  k:)  +  a yEi0  sin  (cot  -  k:  +  \p) 
is  ellipticallWpelarized.  Find  the  polarization  ellipse. 

P.8-5  Prove  the  following, 

,  a)  Art  cllipt ically  polarized  plane  wave  can  be  resolved  into  right-hand  and  left-hand 
circularly  polarized  waves. 

b)  A  circularly  polarized  plane  wave  can  be  obtained  from  a  superposition  of  two  oppositely 
directed  elliptically  polarized  waves. 
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P.8-6  Derive  the  following  general  expressions  of  the  attenuation  and  phase  constants  for 
conducting  media: 

+  -l]  _  (Np/m) 


(rad/m). 


P.8-7  Determine  and  compare  the  intrinsic  impedance,  attentuation  constant  (in  both  Np/m 
and  dB/m),  and  skin  depth  of  copper  [<rcu  =  5.80  x  107  (S/m)],  silver  [<rag  =  6.15  x  107  (S/m)], 
and  brass  [<rbr  =  1.59  x  107  (S/m)]  at  the  following  frequencies:  (a)  60  (Hz),  (b)  1  (MHz),  and 
(c)  1  (GHz). 


P.8-8  A  3  (GHz),  y-polarized  uniform  plane  wave  propagates  in  the  +x  direction  in  a  non¬ 
magnetic  medium  having  a  dielectric  constant  2.5  and  a  loss  tangent  10' 2. 

a)  Determine  the  distance  over  which  the  amplitude  of  the  propagating  wave  will  be  cut 
in  half. 

b)  Determine  the  intrinsic  impedance,  the  wavelength,  the  phase  velocity,  and  the  group 

velocity  of  the  wave  in  the  medium.  -  ^ 

c)  Assuming  E  =  a.,.50  sin  (6n  109t  +  n/3)  at  x  =  0,  write  the  instantaneous  expression  for 
H  for  all  r  and  x. 

P.8-9  The  magnetic  field  intensity  of  a  linearly  polarized  uniform  plane  wave  propagating  in 
the  +y  direction  in  sea  water  [er  =  80.  jxr  =  1,  a  =  4  (S/m)]  is 

H  =  a v0. 1  sin  (10l°7rf  -  jt/3)  (A/m) 

at  y  =  0. 

a)  Determine  the  attenuation  constant,  the  phase  constant,  the  intrinsic  impedance,  the 
phase  velocity,  the  wavelength,  and  the  skin  depth. 

b)  Find  the  location  at  which  the  amplitude  of  H  is  0.01  (A/m). 

c)  Write  the  expressions  for  E(y,  t)  and  H(y,  r)  at  y  =  0.5  (m)  as  functions  of  t. 

P.8-10  Given  that  the  skin  depth  for  graphite  at  100  (MHz)  is  0.16  (mm),  determine  (a)  the 
conductivity  of  graphite,  and  (b)  the  distance  that  a  1  (GHz)  wave  travels  in  graphite  such  that 
its  field  intensity  is  reduced  by  30  (dB). 

P.8-11  Prove  the  following  relations  between  group  velocity  ug  and  phase  velocity  up  in  a  dis¬ 
persive  medium: 

P.8-12  There  is  a  continuing  discussion  on  radiation  hazards  to  human  health.  The  following 
calculations  will  provide  a  rough  comparison. 

a)  The  U.S.  standard  for  personal  safety  in  a  microwave  environment  is  that  the  power 
density  be  less  than  10(mW/cm2).  Calculate  the  corresponding  standard  in  terms  of 
electric  field  intensity.  In  terms  of  magnetic  field  intensity. 

b)  It  is  estimated  that  the  earth  receives  radiant  energy  from  the  sun  at  a  rate  of  about 
1.3  (kW/mJ)  on  a  sunny  day.  Assuming  a  monochromatic  plane  wave,  calculate  the 
amplitudes  of  the  electric  and  magnetic  field  intensity  vectors  in  sunlight. 


PROBLEMS  365 


istants  for 


oth  Np/m 
01  (S/m)], 
4  Hz),  and 


a  ill  be  cut 


the  group 


,  P.8-13  Show  that  the  instantaneous  Poynting  vector  of  a  propagating  circularly  polarized 
plane  wave  is  a  constant  that  is  independent  of  time  and  distance. 

P.8-14  Assuming  that  the  radiation  electric  field  intensity  of  an  antenna  system  is 

E  =  a  0E0  +-  a 

find  the  expression  for  the  average  outward  power  flow  per  unit  area. 

P.8-15  From  the  point  of  view. of  electromagnetics,  the  power  transmitted  by  a  lossless  coaxial 
cable  can  be  considered  in  terms  of  the  Poynting  vector  inside  the  dielectric  medium  between 
the  inner  conductor  and  the  outer  sheath.  Assuming  that  a  DC  voltage  V0  applied  between  the 
inner  conductor  (of  radius  a)  and  the  outer  sheath  (of  inner  radius  b)  causes  a  current  I  to  flow 
to  a  load  resistance,  verify  that  the  integration  of  the  Poynting  vector  over  the  cross-sectional 
area  of  the  dielectric  medium  equals  the  power  VJ  that  is  transmitted  to  the  load. 

P.8-16  A  right-hand  circularly  polarized  plane  wave  represented  by  the  phasor 

•  E(z)  =  £0(a*  -iay)e~jl‘z 

impinges  normally  on  a  perfectly  conducting  wall,  at  r  =  0. 


-essiory^ 
agatiug  in 

■I 


a)  Determine  the  polarization  of  the  reflected  wave. 

b)  Find  the  induced  current  on  the  conducting  wall. 

e)  Obtain  the  instantaneous  expression  of  the  total  electric  intensity  based  on  a  cosine 
time  reference. 

P.8-17  A  uniform  sinusoidal  plane  wave  in  air  with  the  following  phasor  expression  for  electric 
intensity 
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£,(x,  z)  =  a>,10<?“-'l6v  +  8-*>  (V/m) 

is  incident  on  a  perfectly  conducting  plane  at  z  =  0. 

a)  Find  the  frequency  and  wavelength  of  the  wave. 

b)  Write  the  instantaneous  expressions  for  E;(x,  z;  t)  and  H;(x,  ;;  t),  using  a  cosine  reference. 

c)  Determine  the  angle  of  incidence. 

d)  Find  Er(x,  z)  and  Hr(x,  z)  of  the  reflected  wave. 

e)  Find  E^x,  z)  and  H,(x,  z)  of  the  total  field. 

P.8-18  Repeat  Problem  P.8-17  for  E,(y.  z)  =  5(av  +  aIV3)<P6,v3-v'J‘  (V/m). 

P.8-19  For  the  case  of  oblique  incidence  of  a  uniform  plane  wave  with  perpendicular  polariza¬ 
tion  on  a  perfectly  conducting  plane  boundary  as  shown  in  Fig.  8-9,  write  (a)  the  instantaneous 
expressions 

E,(x,  ir;  r)  and  H^x.  z\t) 

for  the  total  field jnjnedium  1,  using  a  cosine  reference;  and  (b)  the  time-average  Poynting  vector. 

P.8-20  For  the  case  of  oblique  incidence  of  a  uniform  plane  wave  with  parallel  polarization  on 
a  perfectly  conducting  plane  boundary  as  shown  in  Fig,  8-10,  write  (a)  the  instantaneous 
expressions 

Ejfx,  z;  r)  and  '  H^.v,  ;;  r) 

for  the  total  field  in  medium  1,  using  a  sine  reference;  and  (b)  the  time-average  Poynting  vector. 
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P.8-21  Determine  the  condition  under  which  the  magnitude  of  the  reflection  coefficient  equals 
that  of  the  transmission  coefficient  for  a  uniform  plane  wave  at  normal  incidence  on  an  interface 
between  two  lossless  dielectric  media.  What  is  the  standing-wave  ratio  in  dB  under  this  condition? 

P.8-22  A  uniform  plane  wave  in  air  with  Ef(z)  =  a,10e_JSz  is  incident  normally  on  an  interface 
at  z  =  0  with  a  lossy  medium  having  a  dielectric  constant  2.5  and  a  loss  tangent  0.5.  Find  the 
following: 


a)  The  instantaneous  expressions  for  Er(z,  r),  Hr(z,  r),  E,(z,  t),  and  H,(z,  t),  using  a  cosine 
reference. 

b)  The  expressions  for  time-average  Poynting  vectors  in  air  and  in  the  lossy  medium. 

P.8-23  Consider  the  situation  of  normal  incidence  at  a  lossless  dielectric  slab  of  thickness  d 
in  air.  as  shown  in  Fig.  8-12  with 

=  €3  =?  €o  and  Hi=H2=fi0. 


a)  Find  £r0,£2+,  £J ,  and  £,0  in  terms  of  £,„,  d ,  «2,  and  /i2. 

b)  Will  there  be  reflection  at  interface  ~  =  0  if  t/  =  A:/4?  Explain. 


P.8-24  A  transparent  dielectric  coating  is  applied  to  glass  (er  =  4,  nr  =  1)  to  eliminate  the 
reflection  of  red  light  [A  =  0.75  (Mm)].  — - 

a)  Determine  the  required  dielectric  constant  and  thickness  of  the  coating. 

b)  If  violet  light  [A  =  0.42  (/im)]  is  shone  normally  on  the  coated  glass,  what  percentage 
of  the  incident  power  will  be  reflected? 

P.8-25  Refer  to  Fig.  8-12,  which  depicts  three  different  dielectric  media  with  two  parallel 
interfaces.  A  uniform  plane  wave  in  medium  1  propagates  in  the  -t-z  direction.  Let  F12  and  T23 
denote,  respectively,  the  reflection  coefficients  between  media  1  and  2  and  between  media  2  and 
3.  Express  the  effective  reflection  coefficient,  ro,  at  z  =  0  for  the  incident  wave  in  terms  of  T12. 
r23,  and  j}2d. 


Med.  2 
(<2.  M2) 

z  =  0  z  =  d 


Fig.  8-17  Plane  wave  incident 
normally  onto  a  dielectric  slab 
backed  by  a  perfectly  conducting 
plane  (Problem  P.8-26). 
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P.8-26  A  uniform  plane  wave  with 


E,(z,  r)  =  a^jEjo  cos  a> 


in  medium  1  (elt  pj  is  incident  normally  onto  a  lossless  dielectric  slab  (e2,  g2)  of  a  thickness  d 
backed  by  a  perfectly  conducting  plane,  as  shown  in  Fig.  8—17.  Find 

a)Er(z,f)  b)El(.-,r)  c)  E*(z,  t)  d)  (£•„),  e)  (^av)2 

■f)  Determine  the  thickness  d  that  makes  Ej(z,  r)  tne  same  as  if  the  dielectric  slab  were  absent. .. 

■  'l*»‘  ■  ■ .  * 

P.8-27  A  uniform  plane  wave  with  E,(z)  =  axEioe~J0°*  in  air  propagates  normally  through  a 
thin  copper  sheet  of  thickness  d,  as  shown  in  Fig.  8-18.  Neglecting  multiple  reflections  within 
the  copper  sheets,  find 

a)  Ft,  ll3  !>) 

c)  E30,H30  dYX&JilWJi 

Calculate  (^v)3/{^w)i  for  a  thickness  d  that  equals  one  skin  depth  at  10  (MHz).  (Note  that  this 
pertains  to  the  shielding  effectiveness  of  the  thin  copper  sheet.) 
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Fig.  8-18  Plane  wave 
propagating  through  a  thin 
copper  sheet  (Problem  P.8—27). 


P.8-28  A  lO-(kHz)  parttllclly  polarized  electromagnetic  wave  in  air  is  incident  obliquely  on  an 
ocean  surface  at  a  near-grazing  angle  d,  =  88".  Using  er  =  81,  ;ir  =  1.  and  a  =  4  (S/m)  for  sea¬ 
water,  find  (a)  the  angle  of  refraction  (),,  (b)  the  transmission  coefficient  r(|,  (c)  /(•/A,,);,  and 

(d)  the  distance  below  the  ocean  surface  where  the  field  intensity  has  been  diminished  by  30  (dB). 

P.8-29  A  light  ray  is  incident  from  air  obliquely  on  a  transparent  sheet  of  thickness  d  with  an 
index  of  refraction  n,  as  shown  in  Fig.  8- 19.  The  angle  of  incidence  isd,-.  Find  (a)  d„(  b)  the  distance 
A  at  the  point  of  exit,  and  (c)  the  amount  of  the  lateral  displacement  /2  of  the  emerging  ray. 


rjntii 


P.8-30  A  uniform  plane  wave  with  perpendicular  polarization  represented  by  Eqs.  (8- 133a) 
and  <8—1 33b)  is  incident  on  a  piane'interface  at  r  =  0,  as  shown  in  Fig.  8-13.  Assuming  «2  < 
and  0,  >  0C,  (a)  obtain  the  phasor  expressions  for  the  transmitted  field  (E„fl,),  and  (b)  verify 
that  the  average  power  transmitted  into  medium  2  vanishes. 

P.8-31  Electromagnetic  wave  from  an  underwater  source  with  pcrpcndict^tr  polarization  is 
incident  on  a  water-air  interface  at  ---  20  .  Using  «r  =  81  and--/t^=  1  "for  fresh  water,  find 
(a)  critical  angle  0f,  (b)  reflection  coefficient  Fx,  (c)  transmission  coefficient  xL,  and  t,d)  attenuation 
in  dB  for  each  wavelength  into  the  air. 

P.8-32  Glass  isosceles  triangular  prisms  shown  in  Fig.  8-20  are  used  in  optical  instruments. 
Assuming  er  =  4  for  glass,  calculate  the  percentage  of  the  incident  light  power  reflected  back  by 
the  prism. 


Fig.  8-20  Light  reflection  by  a 
right  isosceles  triangular  prism 
(Problem  P.8-32). 


P.8-33  Prove  that,  under  the  condition  of  no  reflection  at  an  interface,  the  sum  of  the  Brewster 


angle  and  the  angle  of  refraction  is  7t/2  for: 

a)  perpendicular  polarization  (/i,  ^  ^2),  , 

b)  parallel  polarization  (ex  #  ei). 

P.8-34  For  an  incident  wave  with  parallel  polarization: 

a)  Find  the  relation  between  the  critical  angle  6C  and  the  Brewster  angle  0B||  for  nonmagnetic 


media. 


b)  Plot  0C  and  0B!|  versus  the  ratio  eje2- 
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.  P.8-35  By  using  Snell’s  law  of  refraction,  (a)  express  r  and  t  in  terms  of  €,2,  and  0,;  and 
(b)  plot  T  and  r  versus  0,  for  €,,/er2  =  2.25. 

P.8-36  In  some  books  the  reflection  and  transmission  coefficients  for  parallel  polarization  are 
defined  as  the  ratios  of  the  amplitude  of  the  tangential  components  of,  respectively,  the  reflected 
and  transmitted  E  fields  to  the  amplitude  of  the  tangential  component  of  the  incident  E  field. 
Let  the  coefficients  defined  in  this  manner  be  designated,  respectively,  T],  and  Tm. 

a)  Find  T]|  and  rj|  In  terms  of  ijlt  /j2,  0U  and  0,;  and  compare  them  with  F||  and  tn  in  Eqs. 

(8-149)  and  (8-150).  . 

b)  Find  the  relatioil  between  and  xj|,  and  compare  it  with  Eq.  (8-151). 
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9-1  INTRODUCTION 

We  have  now  developed  an  electromagnetic  model  with  which  we  can  analyze  electro¬ 
magnetic  actions  that  occur  at  a  distance  and  are  caused  by  time-varying  charges 
and  currents.  These  actions  are  explained  in  terms  of  electromagnetic  fields  and 
waves.  An  isotropic  or  omnidirectional  electromagnetic  source  radiates  waves  equally 
in  all  directions.  Even  when  the  source  radiates  through  a  highly  directive  antenna, 
its  energy  spreads  over  a  wide-area  at  large  distances.  This  radiated  energy  is  not 
guided,  and  the  transmission  of  power  and’ information  from  the  source  to  a  receiver 
is  inefficient.  This  is  especially  true  at  lower  frequencies  for  which  directive  antennas 
would  have  huge  dimensions  and.  therefore,  would  be  excessively  expensive.  For 
instance,  at  AM  broadcast  frequencies,  a  single  half-wavelength  antenna  (which  is 
only  mildly  directive*)  would  be  over  a  hundred  meters  long.  At  the  60-Hz  power 
frequency  a  wavelength  is  5  million  meters  or  5  (Mm)! 

For  efficient  point-to-point  transmission  of  power  and  information,  the  source 
energy  must  be  directed  or  guided.  In  this  chapter  we  study  transverse  electromagnetic 
(TEM)  waves  guided  by  transmission  lines.  The  TEM  mode  of  guided  waves  is  one 
in  which  E  and  H  are  perpendicular  to  each  other  and  both  are  transverse  to  the 
direction  of  propagation  along  the  guiding  line.  We  have  discussed  the  propagation 
of  unguided  TEM  plane  waves  in  the  last  chapter.  We  will  now  show  in  this  chapter 
that  many  of  the  characteristics  of  TEM  waves  guided  by  transmission  lines  are  the 
same  as  those  for  a  .uniform  plane  wave  propagating  in  an  unbounded  dielectric 
medium. 

The  three  most  common  types  of  guiding  structures  that  support  TEM  waves  are: 

a)  Parallel-plate  transmission  line.  This -type  of  transmission  line  consists  of  two 
parallel  conducting  plates  separated  by  a  dielectric  slab  of  a  uniform  thickness. 
See  Fig.  9—1  (a) ).  At  microwave  frequencies  parallel-plate  transmission  lines  can 
be  fabricated  inexpensively  on  a  dielectric  substrate  using  printed-circuit  tech¬ 
nology.  They  are  often  called  striplines. 


f  Principles  of  antennas  and  radiating  systems  will  be  discussed  in  Chapter  11. 
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Fig.  9-1  Common  typfcs  of  transmission  lines. 
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b)  Two-wire  transmission  line.  This  transmission  line  consists  of  a  pair  of  parallel 
conducting  wares  separated  by  a  uniform  distance.  (Sec  Fig.  9— 1(b)).  Examples 
aic  the  ubiquitous  overhead  power  and  telephone  lines  seen  in  rural  areas  ami 
the  Hat  lead-in  lines  from  a  mol'-top  antenna  to  a  television  receiver. 

c)  Coaxial  transmission  hue.  This  consists  of  an  inner  conductor  and  a  coaxial  outer 
conducting  sheath  separated  by  a  dielectric  medium.  (Sec  Fig.  S)  -1(c)).  This 
structure  has  the  important  advantage  of  confining  the  electric  and  magnetic 
fields  entirely  within  the  dielectric  region.  No  stray  fields  are  generated  by  a 
coaxial  transmission  fine,  and  little  external  interference  is  coupled  into  the  line. 
Examples  are  telephone  and  TV  cables  and  the  input  cables  to  high-frequency 
precision  measuring  instruments. 

We  should  note  that  other  wave  modes  more  complicated  than  the  TEM  mode  can 
propagate  on  ajl  three  of  these  types  of  transmission  lines  when  the  separation  between 
the  conductors  is  greater  than  certain  fractions  of  the  operating  wavelength.  These 
other  transmission  modes  will  be  considered  in  the  next  chapter. 

We  will  show  that  the  TEM  wave  solution  of  Maxwell’s  equations  for  the  parallel- 
plate  guiding  structure  in  Fig.  9  —  1(a)  leads  directly  to  a  pair  of  transmission-line 
equations.  The  general  transmission-line  equations  can  also  be  derived  from  a  circuit 
model  in  terms  ot  the  resistance,  inductance,  conductance,  and  capacitance  per  unit 
length  of  a  line.  The  transition  from  the  circuit  model  to  the  electromagnetic  model 
is  effected  from  a  network  with  lumped-parameter  elements  (discrete  resistors,  in¬ 
ductors,  and  capacitors)  to  one  with  distributed  parameters  (continuous  distributions 
ol  R.L.  G,  ajid  C  along  the  line).  From  the  transmission-line  equations  all  the  char¬ 
acteristics  of  wave  propagation  along  a  given  line  can  be  derived  and  studied. 

_  s'udy  of  time-hamionic  steady-state  properties  of  transmission  lines  is  greatly 
facilitated  by  the  use  of  graphical  charts  which  avert  the  necessity  of  repeated  cal¬ 
culations  with  complex  numbers.  The  best^known  and  most  widely  used  graphical 
chart  is  the  Smith  chart.  The  use  of  Smith  chart  for  determining  wave  characteristics 
on  a  transmission  line  and  for  impedance-matching  will  be  discussed. 


\ 
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9-2  TRANSVERSE  ELECTROMAGNETIC 
WAVE  ALONG  A  PARALLEL-PLATE 
TRANSMISSION  LINE 

Let  us  consider  a  ^-polarized  TEM  wave  propagating  in  the  +z  direction  along  a 
uniform  parallel-plate  transmission  line.  Figure  9-2  shows  the  cross-sectional  dimen¬ 
sions  of  such  a  line  and  the  chosen  coordinate  system.  For  time-harmonic  fields  the 
wave  equation  to  be  satisfied  in  the  sourceless  dielectric  region  becomes  the  homo¬ 
geneous  Helmholtz’s  equation,  Eq.  (8-38).  In  the  present  case,  the  appropriate  phasor 
solution  is 

E  =  a,Ey  =  ayE0e"!:.  (9 -la) 


The  associated  H  field  is,  from  Eq.  (8-26), 


H  =  a  XHX 


(9 -lb) 


where  y  and  ij  are,  respectively,  the  propagation  constant  and  the  intrinsic  impedance 
of  the  dielectric  medium.  Fringe  fields  at  the  edges  of  thSq>lates  are  neglected.  As¬ 
suming  perfectly  conducting  plates  and  a  lossless  dielectric,  we  have,  from  Chapter  8, 


and 


(9-2) 


(9-3) 


The  boundary  conditions  to  be  satisfied  at  the  interfaces  of  the  dielectric  and  the 
perfectly  conducting  planes  are,  from  Eqs.  (7-52a,  b,  c,  and  d),  as  follows: 


At  both  y  =  0  and  y  —  d: 

E,  =  0  (9-4) 

Hn  =  0,  (9-5) 

which  are  obviously  satisfied  because  Ex  —  E.  =  0  and  Hy  —  0. 


Fig.  9-2  Parallel-plate  transmission  line. 
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in  along  a 
nal  dimen- 
:  fields  the 
the  homo- 
ate  phasor 

(9-la) 


At  y  =  0  (lower  plate),  a„  =  a  : 


=  psg  or  psg~  e£y  =  e£0e  jpz 

aj,  x  H  -  JS(,  or  Js,  s=  -a 2HX  =  a.  —  e~m. 

'  >1 


At  y  =  d  (uppej1  plate),  a„  =  —  ay: 


—  a,.  *  D  =  ()su  or  p,„  =  -e£y  =  -eE0e  Jp 


—  ay  x  H  =  Jsu  or  J,u  =  a :HX  =  —  a.  —  e~ 


(9 -6a) 
(9 -7a) 


(9— 6b) 


(9— 7b) 


(9- lb) 

impedance 
dected^As- 
'Ch-'  «, 


trie  and  the 


Equations  (9-6)  and  (9-7)  indicate  that  surface  charges  and  surface  currents  on  the 
conducting  planes  vary  sinusoidally  with  z,  as  do  £y  and  Hx.  This  is  illustrated 
schematically  in  Fife.  9-3. 

Field  phasors  E  and  H  in  Eqs.  (9—1  a)  and  (9  —  I  b)  satisfy  the  two  Maxwell’s  curl 
equations: 

V  x  E  =  —jcop H  -(9-8) 

and 

V  x  H  =  jojeE .  (9-9) 


Since  E  =  ay£y  and  H  ~  &XHX,  Eqs.  (9-8)  an.d  (9-9)  become 


T =j(opHx 


(9-10) 


=  jcoeEy. 


(9-11) 


Ordinary  derivatives  appear  above  because  phasors  Ey  and  Hx  are  functions  of  c  only. 


Fig.  9-3  TEM-mode  fields,  surface  charges,  and  surface  currents  in 
parallel-plate  transmission  fine.  ’ 
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Integrating  Eq.  (9-10)  over  y  from  0  to  d,  we  have  " 

d  I'd  I'd 

.  '  Tz  Jo  Ey  dy  =  ^  J0  H*  dy 


=  jv>liJsu{z)d  =  jui  (^i  [7su(z)w] 


dV(z) 

=  ja)LU  su(z 
'*  —  P°Ll{z), 


where 


(9-12) 


V(z)=  ~^Eydy  =  -EJLz)d 

is  the  potential  difference  or  voltage  between  the  upper  and  lower  plates; 

I(z)  =  Jsu(z)w 

is  the  total  current  flowing  in  the  +z  direction  in  the  upper  plate;  and 


L  =  n—  (H/m) 
tv 


(9-13) 


is  the  inductance  per  unit  length  of  the  parallel-plate  transmission  line.  The  depen¬ 
dence  of  phasors  V(z)  and  /(z)  on  z  is  noted  explicitly  in  Eq.  (9-12)  for  emphasis. 
Similarly,  wc  integrate  Eq.  (9-11)  over  ,v  from  0  to  tv  to  obtain 

Tjo  H-dx=j(oe  So  Eydx 


where 


dl{z)  .  /  w\ 

=  ~J0)eEy(z)w  =  jw ( e  --J [ - Ey(z)d] 

=  joCV(z), 


vv 

c  =  e5 

(F/m) 

(9-14) 


(9-15) 


is  the  capacitance  per  unit  length  of  the  parallel-plate  transmission  line. 

Equations  (9-12)  and  (9-14)  constitute  a  pair  of  time-harmonic  transmission-line 
equations  for  phasors  V(z)  and  /(r).  They  may  be  combined  to  yield  second-order 
differential  equations  for  k"(z)  and  for  /(z): 


d2V(z) 


—co2LCV(z) 


~2~  =  - oj2LCI(z ). 


(9-16a) 
(9- 16b) 


ns 


-T* 


-,j rv' *- ?:■■  - >1 


4'. i  •'*■-  /•;'<  *.«* 

S  ■’  .  V>  ' 
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(9-12) 


The  solutions  of  Eqi.  (9-16a)  and  (9-16b)  are,  for  Waves  propagating  in  the  +z 
direction. 

Viz)  =  V0e~JI,! '  (9- 17a) 

and 

I(z)  s=s  I0e~Jfiz,  (9 -17b) 

where  the  phase  constant 


[i  =  co  yj~LC  -  co^/JOe  (rad/m) 


(9-18) 


19-13) 


depen- 


19-14) 


(9-15) 


ion-line 

d-or/-\ 


(9-  16a) 


;9— 16b) 


is  the  same  as  that  given  in  Eq.  (9-2).  The  relation  between  V0  and  70  can  be  found 
by  using  either  Eq.  (9  12)  or  Eq.  (9-14): 


Hz)  I 


which  becomes,  in  view  of  the  results  of  Eqs.  (9-13)  and  (9-15), 


Z„=-  /—  =  —  rj  (Q). 

W  €  W 


(9-19) 


(9-20) 


The  quantity  Z0  ts  the  impedance  at  any  location  that  looks  toward  an  infinitely 
long  (no  reflections)  transmission  line.  It  is  called  the  cluinia eristic  impedance  of  the 
line.  The  ratio  of  E(r)  and  7(c)  at  any  point  on  a  finite  line  of  any  length  terminated 
in  Zo  is  Z02  For  a  parallel-plate  transmission  line  with  perfectly  conducting  plates 
of  width  w  and  separated  by  a  lossless  dielectric  slab  of  thickness  d,  the  characteristic 
impedance  Z0  is  (il/w)  limes  Lite  intrinsic  impedance  ;j  of  the  dielectric  medium. 

The  velocity  of  propagation  along  the  line  is 


a)  _  1  1 

Up==J~^~^ 


(m/s), 


(9-21) 


which,  again,  is  the  same  as  that  of  a  TEM  plane  wave  in  the  dielectric  medium. 

9-2.1  Lossy  Parallel-Plate 
Transmission  Lines 

Wc  have  so  far  assulhed  the  parallel-plate  transmission  line  to  be  lossless.  In  actual 
situations  loss  may  arise  from  two  causes.  First,  the  dielectric  medium  may  have  a 
nonvanishing  loss  tahger.t;  and,  second,  the  plates  may  not  be  perfectly  conducting. 
To  characterize  these  two  effects  we  define  two  new  parameters:  G,  the  conductance 

f  This  statement  will  be  proved  in  Section  9-4  (see  Eq.  9-87). 


■a :  . 1 :  - 
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per  unit  length  across  the  two  plates;  and  R,  the  resistance  per  unit  length  of  the  two 
plate  conductors.  »- 

The  conductance  between  two  conductors  separated  by  a  dielectric  medium 
having  a  permittivity  e  and  a  conductivity  a  can  be  determined  readily  by  using  Eq. 
(5-67)  when  the  capacitance  between  the  two  conductors  is  known.  We  have 

G  =  -  C.  (9-22) 

€ 


Use  of  Eq.  (9-15)  directly  yields 


G  =  (S/m). 

a 


(9-23) 


If  the  parallel-plate  conductors  have  a  very  large  but  finite  conductivity  oc  (which 
must  not  be  confused  with  the  conductivity  ex  of  the  dielectric  medium),  ohmic  power 
will  be  dissipated  in  the  plates.  This  necessitates  the  presence  of  a  nonvanishing  axial 
electric  field  a .E.  at  the  plate  surfaces,  such  that  the  average* Poynting  vector 


:^av  =  a x  (9"24) 

has  a  y  component  and  equals  the  average  power  per  unit  area  dissipated  in  each  of 
the  conducting  plates.  (Obviously  the  cross  product  of  a yEy  and  a XHX  does  not  result 
in  a  v  component.) 

Consider  the  upper  plate  where  the  surface  current  density  is  Jsu  =  Hx.  It  is 
convenient  to  define  a  surface  impedance  of  an  imperfect  conductor,  Zs,  as  the  ratio 
of  the  tangential  component  of  the  electric  field  to  the  surface  current  density  at  the 
conductor  surface. 


Zs  =  y  («)• 


For  the  upper  plate,  we  have 


Ez  E. 

Zs~  T~u  ~r,c' 


(9-25) 


(9 -26a) 


where  rjc  is  the  intrinsic  impedance  of  the  plate  conductor.  Here  we  assume  that 
both  the  conductivity  ac  of  the  plate  conductor  and  the  operating  frequency  are 
sufficiently  high  that  the  current  flows  in  a  very' thin  surface  layer  and  can  be  repre¬ 
sented  by  the  surface  current  J su.  The  intrinsic  impedance  of  a  good  conductor  has 
been  given  in  Eq.  (8-46).  We  have 

m, 

where  the  subscript  c  is  used  to  indicate  the  properties  of  the  conductor. 


(9 -26b) 


length  of  the  two  ‘ : 

electric'! medium  ; 
dilv  by  using  Eq.  i 
..We have 

'  (9-22) 


(9-23) 

activity  ctc  (which 
m),  ohmic  power 
tnvanishing  axial 
ng  vector 

(9-24) 

tpa'  .  each  of 
rz  doe»  not  result 

s  Jsu  =  Hx.  It  is 
\  Zs,  as  the  ratio 
nt  density  at  the 
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i  *  •  ;  ■  :l 

Substitution  of  Eq.  (9-26a)  in  Eq.  (4-24)  gives 


Pa  =  }2®4\JJ2ZJ 

=  Wd%  (W/m2).  (9-27) 


The  ohmic  poWer  dissipated  in  a  unit  length  of  the  plate  having  a  width  vv  is  wp 
which  can  be  expressed  in  terms  of  the  total  surface  current,  /  =  wJsu,  as 


(W/m). 


(9-28) 


Equation  (k-28)  is  the  power  dissipated  when  a  sinusoidal  current  of  amplitude 
l  ows  through  a  resistance  RJw.  Thus,  the  effective  series  resistance  per  unit  length 
tor  both  plates  of  a  parallel-plate  transmission  line  of  width  tv  is 


(9-29) 


Table  9-1  lists  the  expressions  for  the  four  distributed  parameters  (R,  L,  G,  and  C  per 
unit  length)  of  a  parallel-plate  transmission  line  of  width  vv  and  separation  d. 

We  note  from  Eq.  (9 -26b)  that  surface  impedance  Zs  has  a  positive  reactance 
term  that  is  numerically  equal  to  Rs.  If  the  total  complex  power  (instead  of  its 
real  part  the  ohmic  power  P„,  only)  associated  with  a  unit  length  of  the  plate  is  con- 
siaered,  Xs  will  lead  to  an  internal  series  inductance  per  unit  length  Lt  =  Xjco  —  R  .  o 
At  high  frequeticics,  L,  is  negligible  in  comparison  with  the  external  inductance  L. 


(9-25) 


(9 -26a) 

we  assume  that 
ig  frequency  are 
no  can  be  repre- 
d  condijctor  has 


(9 -26b) 

ctor. 


Table  9-1  Distributed  Parameters  of  Parallel- 
Plate  Transmission  Line  (Width  =  w. 
Separation  =  d) 


Parameter 

Formula 

Unit 

R 

2  litf/T' 

D/m 

X 

vv  V  c rc 

d 

L 

"S 

H/m 

G 

w 

°d 

S/m 

*  VV 

c 

■ 

F/m 
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We  note  in  the  calculation  of  the  power  loss  in  the  plate  conductors  of  a  finite 
conductivity  ac  that  a  nonvanishing  electric  field  a ZEZ  must  exist.  The  very  existence 
of  this  axial  electric  field  makes  the  wave  along  a  lossy  transmission  line  strictly  not 
TEM.  However,  this  axial  component  is  ordinarily  very  small  compared  to  the 
transverse  component  Ey.  An  estimate  of  their  relative  magnitudes  can  be  made  as 
follows: 

l£z[  _  M,|  R.  , 
i£>i  \nH*\  v  i* l>?c' 

1  fane  R* 

-V7=r-Vv  ,9-30) 

For  copper  plates  [>,  -  5.80  x  10’  (S/m)]  in  air  [e  -  e„  =  10~9/36a  (F/mll  at  a 
frequency  of  3  (GHz), 

Ns  5.3  x  10-5|£y|  «  \Ey\. 

Hence  we  retain  the  designation  TEM  as  well  as  all  its  consequences.  The  introduction 
of  a  small  E,  in  the  calculation  of  p„  and  R  is  considered  a  slight  perturbation. 


Example  9  1  Striplines  consisting  of  a  thin  metal  strip  separated  from  a  conducting 
ground  plane  by  a  dielectric  substrate  are  used  extensively  in  microwave  circuitry. 
Neglecting  losses  and  assuming  the  substrate  to  have  a  thickness  0.4  (mm)  and  a 
dielectric  constant  2.25,  (a)  determine  the  required  width  w  of  the  metal  strip  in  order 
for  the  stripline  to  have  a  characteristic  resistance  of  50  (H),  (b)  determine  L  and  C 
of  the  line,  and  (c)  determine  up  along  the  line,  (d)  Repeat  parts  (a),  (b)  and  (c)  for  a 
characteristic  resistance  of  75  (Q). 

Solution 

a)  We  use  Eq.  (9-20)  directly  to  find  w. 

w  =  —  /N0-4  x  10~3  7o 
Z0Vo  50  ^ 

0.4  x  10~3  x  377 


50  y/225 

b)  L=n—  =  4ti10-7  x  —  =  2.51  x  10~7 
w  2 

_  w  10“ 9  2 

C  =  ene,  —  =  — —  x  2.25  X  —  =  99.5 


=  2x10  3  (m),  or  2  (mm) . 


(H/m),  or  0.251  (#iH/m). 


7  =  l&T  x  2>25  x  04  =  y9'5  x  10 ' 12  (F/m)- or  99 -5 


’.wwiln"  w.4'ipp,4MLt-  /w .  ug.  *  x 


f.-v«£N‘> 

...  v  ;  .-•  I  {  •*.. 


a  finite 
xistence 
ctly  not 
1  to  the 
made  as 


(9-30) 


f 


.;  14#*?  '  fz  F 
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d)  Since  w  is  inversely  proportional  to  Z0,  We  have,  for  Z’0  =  75  (Q), 


to'  =  w  =  ^  x'2  =  1.33  (mm). 

.r  \Z0y  75  :!  ■ 

L’  =  ( ™  )  L  =  ( -4r  )•  x  0.251  =  0.377 
\w  I  A  1.33  / 


(/rH/m). 


C'  =  fej  C  =  j  x  99.5  =  66.2  (pF/m). 


K  ~  ui<~  2  x  10s  (m/s). 


m)]  at  a 


■  iduction 


circuitry, 
ml  and  a 
p  in  order 
;  L  and  C 
d  (c)  for  a 


9-3  GENERAL  TRANSMISSION-LINE 
EQUATIONS 

We  will  now  derive  the  equations  that  govern  general  two-conductor  uniform  trans¬ 
mission  lines.  Transmission  lines  differ  from  ordinary  electric  networks  in  one 
essential  feature.  Whereas  the  physical  dimensions  of  electric  networks  are  very  much 
smaller  than  the  operating  wavelength,  transmission  lines  are  usually  a  considerable 
fraction  of  a  wavelength  and  may  even  be  many  wavelengths  long.  The  circuit  elements 
in  an  ordinary  electric  network  can  be  considered  discrete  and  as  such  may  be  de¬ 
scribed  by  lumped  parameters.  Currents  flowing  in  lumped-circuit  elements  do  not 
vary  spatially  over  the  elements,  and  no  standing  Waves  exist.  A  transmission  line, 
on  the  other  hand,  is  a  distributed-parameter  network  and  must  be  described  by 
circuit  parameters  that  are  distributed  throughout  its  length.  Except  under  matched 
conditions,  standing  waves  exist  in  a  transmission  line. 

Consider  a  differential  length  A z  of  a  transmission  line  which  is  described  by  the 
following  four  parameters : 

R,  resistance  per  unit  length  (both  conductors),  in  Q/m. 

L,  inductance  per  unit  length  (both  conductors),  in  H/m. 

G,  conductance  pep  unit  length,  in  S/m. 

C,  capacitance  per  unit  length,  in  F/m. 

Note  that  R  and  L  are  series  elements,  and  G  and  C  are  shunt  elements.  Figure  9-4 
shows  the  equivalent  electric  circuit  of  such  a  line  segment.  The  quantities  v(z,  t)  and 
v(z  +  A z,  f)  denote  the  instantaneous  voltages  at  z  and  z  -I-  Az  respectively.  Similarly, 
i(z,  r)  and  i(z  +  Az,  t)  denote  the  instantaneous  currents  at  z  and  z  +  Az.  Applying 
KirchhoffVvoltage  law,  we  obtain 


R  A zi(z,  t)  —  L  Az  —  v(z  +  Az,  t)  =  0, 
ot 


which  leads  to 


P(z  +  Az,  t)  -  v(z,  t) 


=  Ri(z,  t)  +  L 


di(z,  t) 


(9-30) 


(9 -30a) 
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Fig.  9-4  Equivalent  circuit  of  a 
differential  length  Az  of  a  two-conductor 
transmission  line. 

On  the  limit  as  A z  — *  0,  Eq.  (9-30a)  becomes 

■(9-31) 

Similarly,  applying  KirchhofT's  current  law  to  the  node  N  in  Fig,  9-4,  we  have 

i(z,  t)  —  G  A zv(z  +  Ac,  t)-C  Ac  — -  -  i(z  +  AcTr)  =  0 .  (9-32) 

Ot 

On  dividing  by  Az  and  letting  Az  approach  zero,  Eq.  (9-32)  becomes 

(9-33) 

Equations  (9-31)  and  (9-33)  are  a  pair  of  first-order  partial  differential  equations 
in  v(z,  t)  and  i(z,  f).  They  are  the  general  transmission-line  equations' 

For  harmonic  time  dependence,  the  use  of  phasors  simplifies  the  transmission¬ 
line  equations  to  ordinary  differential  equations.  For  a  cosine  reference  we  write 

v(z,t)  =  %4V(z)ejm\  (9 -34a) 

i(z,t)  =  M4l(z)ej0J'],  (9 -34b) 

where  V{z)  and  I(z)  are /unctions  of  the  space  coordinate  z  only,  and  both  may  be 
complex.  Substitution  of  Eqs.  (9-34a)  and  (9— 34b)  in  Eqs.  (9-31)  and  (9-33)  yields 
the  following  ordinary  differential  equations  for  phasors  V(z)  and  /(z): 

(9-35a) 
(9— 35b) 


T  Sometimes  referred  to  as  the  telegraphist's  equations. 


.-.Equations  (9 -35a)  And  (9-35b)  are  time-harnionic  transmission-line  equations,  which 
-"  reduce  to  Eqs.  (9-l2)  and  (9—14)  under  lossless  conditions  (R  =  0,  G  =  0). 


i 

nduciot 


(9-31) 


9-3,1*  Wave  Characteristics  on  an  Infinite 
Transmission  Line  ,  i 

t 

The  coupled  time-liarmonic  transmission-line  equations,  Eqs.  (9 -35a)  and  (9 -35b), 
can  be  combined  td  solve  for  V(z)  and  l(z).  We  obtain 


d2V(z) 
dz 2 


'Mz) 


(9— 36a) 


we  have 
(9-32) 


(9-33) 

equations 

smission- 
e  write 

(9— 34a) 
(9— 34b) 

i  may  be 
33)  yields 


(9— 35a)  \ 

' - ' 

(9  -)  * 


and 


(9— 36b) 


where 


7  =  at  -f  jfi  =  sJ(R  +  ja>L)(G  +  ja>C)  (m  ‘) 


(9-37) 


is  the  propagation  constant  whose  real  and  imaginary  parts,  a  and  /J,  are  the  attenuation 
constant  (Np/m)  and  phase  constant  (rad/m)  of  the  line  respectively.  The  nomenclature 
here  is  similar  to  that  for  plane-wave  propagation  in  conducting  media  as  defined 
in  Section  8-3.  These  quantities  are  not  really  constants  because,  in  general,  they 
depend  on  a;  in  a  complicated  way. 

The  solutions  df  Eqs.  (9 -36a)  and  (9 -36b)  are 


V(z)  =  V+(z)  +  V~(z) 

=  Pc re'y*  +  Po^ 

(9— 38a) 

T(z)  =  I+(z)  +  I~(z) 

=  lie-'*  +  Io  e^, 

(9— 38b) 

where  the  plus  and  minus  superscripts  dendte  waves  traveling  in  the  +z  and  -z 
directions  respectively.  Wave  amplitudes  Vq,  ,  l£ ,  and  1q  are  related  by  Eqs. 
((9-35a)  and  (9— 35b),  and  it  is  easy  to  verify  (Problem  P.9-5)  that 

Pq  _  Vp  _R+  jcoL 

■n~  Io~  7 


(9-39) 


For  an  infinite  line  (actually  a  semi-infinite  line  with  the  source  at  the  left  end), 
the  terms  containing  the  eyi  factor  must  vanish.  There  are  no  reflected  waves;  only 
the  waves  traveling  in  the  +  z  direction  exist.  We  have 


V(z)  =  V+(z )  =  V+e~yz  '  (9 -40a) 

I(z)  =  I+(z)  =  I$e~yz.  (9 -40b) 


The  ratio  of  the  voltage  and  the  current  at  any  z  for  an  infinitely  long  line  is  inde¬ 
pendent  of  z  and  is  called  the  characteristic  impedance  of  the  line. 


(9-41) 


Note  that  y  and  Z0  are  characteristic  properties  of  a  transmission  line  whether  or  j 

not  the  line  is  infinitely  long.  They  depend  on  R.  L,  G.  C,  and  io~ not  on  the  length 
of  the  line.  An  infinite  line  simply  implies  that  there  are  no  reflected  waves. 

The  general  expressions  for  the  characteristic  impedance  in  Eq7(9-41)  and  the 
propagation  constant  in  Eq.  (9-37)  are  relatively  complicated.  The  following  three 
limiting  cases  have  special  significance. 

1.  Lossless  Line  {R  —  0,  G  =  0). 

a)  Propagation  constant:  j 


y  =  tx  +  jp  =  jeo  yJ~LC ; 

(9-42) 

a  =  0 

P  =  a)yjLC  (a  linear  function  of  co). 

(9 -42a) 

(9 -42b) 

b)  Phase  velocity: 

«  1 

u„  —  —  =  ■ _  (constant). 

•  p  Vlc 

(9-43) 

1 

c)  Characteristic  impedance: 

Z0-Ro+JX0-J±i- 

(9-44) 

■11 

R0  =  /—  (constant) 

(9 -44a)  ■ 

;  *0  =  0. 

(9 -44b) 

2.  Low-Loss  Line  (R  «  a>L,  G  «  c oC).  The  low-loss  condition  is  more  easily  sat¬ 
isfied  at  very  high  frequencies. 


■■  1  ■ 

.  *  >  IM 


end), 
es;  only 


(9-40a)_ 
(9 -40b) 


is  inde- 


eihcr  or 
c  length 


(9-42) 


(9 -42a) 
(9 -42b) 


(9-43) 


(9-44) 


(9-h 


(9  44b) 


asily  sat- 
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a)  Propagation  constant: 


“*^[l +  Ut+GcJ 


(9-45) 


(9 —45a) 


i  P  =  cds/LC  (approximately  a  linear  function  of  to).  (9— 45b) 

b)  Phase  velocity: 


co  1 

iir  =  —  =  approximately  constant). 

[t  s/LC 


(9-46) 


c)  Characteristic  impedance: 


z._*+*._^(1+£r(1+£r 


L  2 jto\L  C)  J* 


(9-47) 


(4-47a) 


H)«- 


(9 -47b) 


3.  Distortionless  Lihe  (R/L  -  G/C).  If  the  condition 

R_  G 

,  L  ~  C 

is  satisfied,  the  expressions  for  both  y  and  Z0  simplify, 
a)  Propagation  constant: 


(9-48) 


*+Jp  =  +  jcoL)  [~+  jcoC 


(R  +j«>L ); 


(9-49) 


a=  R 


(9 -49a) 


P  =  t OyfLC  (a  linear  function  of  to). 


(9 -49b) 
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b)  Phase  velocity: 


t o 

u„  —  — ; 


1 


0  y JLC 

c)  Characteristic  impedance: 

'  -  r 

Zq  —  Ro  +jX0  — 


(constant). 


R  +  jcuL 


x0-o. 


(RC/L)  +  jwC 
(constant) 


(9-50) 


(9-51), 

(9 -5  la) 
(9 -5  lb) 


Thus,  except  for  a  nonvanishing  attenuation  constant,  the  characteristics  of  a  dis¬ 
tortionless  line  are  the  same  as  thdse  of  a  lossless  line;  namely,  a  constant  phase 
velocity  (up=  1/^ LC )  and  a  constant  real  characteristic  impedance  (Z0  =  R0=\j  L/C). 

A  constant  phase  velocity  is  a  direct  consequence  of  the  linear  dependence  of  the 
phase  constant  /i  on  <<>,  Since  a  signal  usually  consists  of  a  hand  of  frequencies,  it  is 
essential  that  the  different  frequency  components  travel  along  ^'transmission  line 
at  the  same  velocity  in  order  to  avoid  distortion.  This  condition  is  satisfied  by  a 
lossless  line  and  is  approximated  by  a  line  with  very  low  losses.  For  a  lossy  line,  wave 
amplitudes  will  be  attentuated,  and  distortion  will  result  when  different  frequency 
components  attenuate  differently,  even  when  they  travel  with  the  same  velocity. 
The  condition  specified  in  Eq.  (9-48)  leads  to  both  a  constant  a  and  a  constant 
u„ — thus  the  name  distortionless  line. 

The  phase  constant  of  a  lossy  transmission  line  is  determined  by  expanding  the 
expression  for  y  in  Eq.  (9-37).  In  general,  the  phase  constant  is  not  a  linear  function 
of  co;  thus,  it  will  lead  to  a  up,  which  depends  on  frequency.  As  the  different  fre¬ 
quency  components  of  a  signal  propagate  along  the  line  with  different  velocities, 
the  signal  suffers  dispersion.  A  general,  lossy,  transmission  line  is  therefore  dispersive, 
as  is  a  lossy  dielectric  (see  Subsection  8-3.1). 


Example  9-2  It  is  found  that  the  attenuation  on  a  50-(Q)  distortionless  transmission 
line  is  0.01  (dB/m).  The  line  has  &  capacitance  of  0.1  (pF/m). 

a)  Find  the  resistance,  inductance,  and  conductance  per  meter  of  the  line. 

b)  Find  the  velocity  of  wave  propagation. 

c)  Determine  the  percentage  to  which  the  amplitude  of  a  voltage  traveling  wave 
decreases  in  1  (km)  and  in  5  (km). 


R  _  G 
L~  C' 


Solution 

a)  For  a  distortionless  line, 
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The  given  quantities  are 


(9-50) 


(9-51)' 


9 — 5 1  a)  ■■ 

9—5 1  bj 

f  a  dis- 
l  phase 

e  of  the 
ics,  it  is 
on  liqe^ 


e,  wpv,e 
:quo. 
eiocity. 
onstant 


ling  the 
unction 
ent  fre- 
locities, 
ipers'iue, 


;  Ro  -  l-c  -  50(0) 


a  =.R  /—  =  0.01  (dfi/m) 


U.U1 

=  g^(Np/m) .=  1.15  x  10-3  (Np/m). 

The  three  relations  above  are  sufficient  to  solve  for  the  three  unknowns  R,  L, 
and  G  in  terms  bf  the  given  C  =  10“ 10  (F/m): 

R  —  xRo  =  (1.15  x  10"3)  x  50  =  0.057  (fi/m). 

L  =  CRq  =  10“ 10  x  502  =  0.25  (juH/m). 


C_  RC__  R  _  0.057 
L  ~  Rl  ~  502 


=  22.8  (/rS/m). 


b)  The  velocity  of  wave  propagation  on  a  distortionless  line  is  the  phase  velocity 
given  by  Eq.  (9-50). 

"  75  ~  ’ 2 *  10“ ,m/s)- 

c)  The  ratio  of  two  voltages  a  distance  z  apart  along  the  line  is 

V, 

After  1  (km),  ( 1^/  K,)  =  e  " 1 000a  =  e  - 1  ■ 1 5  =  0.3 1 7,  or  3  i  .7  % . 

After  5  (km),  (Vj/VJ  =  e“5000*  =  e~ 5  15  =  0.0032,  or  0.32%. 


ig  wave 


9-3.2  Transmission-Line  Parameters 

The  electrical  properties  of  a  transmission  line  at  a  given  frequency  are  completely 
characterized  by  its  four  distributed  parameters  R,  L,  G,  and  C.  These  parameters 
for  a  parallel-plate  transmission  line  are  listed  in  Table  9-1.  We  will  now  obtain 
them  for  two^wire  and  coaxial  transmission  lines. 

Our  basic  premise  is  that  the  conductivity  of  the  conductors  in  a  transmission 
line  is  usually  so  high  thill  the  effect  of  the  series  resistance  on  the  computation  of  the 
pi o p;tgalion  constant  is  negligible,  the  implication  being  that  the  waves  on  the  line 
arc  approximately  "'HM.  We  may  write,  ii;  dropping  R  from  Eq.  (9-37), 
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From  Eq.  (8-37)  we  know  that  the  propagation  constant  for  a  TEM  wave  in  a  medium 
with  constitutive  parameters  (pi,  s,  a)  is 


(9-53) 


But 


G  a 
C  =  1 


(9-54) 


in  accordance  with  Eq.  (5-67);  hence  comparison  of  Eqs.  (9-52)  and  (9-53)  yields 


(9-55) 

Equation  (9-55)  is  a  very  useful  relation,  because  if  L  is  known  'or  a.line  with 
a  given  medium,  C  can  be  determined,  and  vice  versa.  Knowing  C,  we  can  find  G 
from  Eq.  (9-54).  Series  resistance  R  is  determined  by  introducing  a  small  axial  E. 
as  a  slight  perturbation  of  the  TEM  wave  and  by  finding  the  ohmic  power  dissipated 
in  a  unit  length  of  the  line,  as  was  done  in  Subsection  9-2.1. 

Equation  (9-55),  of  course,  also  holds  for  a  lossless  line.  The  velocity  of  wave 
propagation  on  a  lossless  transmission  line,  up  ~  1  /s/LC,  therefore,  is  equal  to  the 
velocity  of  propagation,  1/  fjte,  of  unguided  plane  wave  in  the  dielectric  of  the  line.  This 
fact  has  been  pointed  out  in  connection  with  Eq.  (9-21)  for  parallel-plate  lines. 


1.  Two-wire  transmission  line.  The  capacitance  per  unit  length  of  a  two-wire  trans¬ 
mission  line,  whose  wires  have  a  radius  a  and  are  separated  by  a  distance  D,  has 
been  found  in  Eq.  (4-47).  We  have 


(9— 56)+ 


(9-57)* 


(9-58)* 


To  determine  R,  we  go  back  to  Eq.  (9-27)  and  express  the  ohmic  power 
dissipated  per  unit  length  of  both  wires  in  terms  of  p„.  Assuming  the  current 


’  cosh'  1  (D/2a)  s  !n  (D/u)  if  (D/2a)2  »  1. 


1 


t  medium : 

(9-53) 

(9-54) 
i)  yields 

(9  -55) 

line  with 
an  find  G 
il  axial  E. 
dissipated 


v  of  wave 
uul  ■  he 
?  line.  This 
lines. 

virc  trans- 
nce  D;  has 


(9-56)* 


(9 — 57)f 


(9  a8)f 


mic  power  | 

.he  current  i 
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I  i  -  ' 


■  .  ■  n  i  ■ 

■  -  t  l  A  ,  .  . 

J5  (A/m)  to  flow  in  a  very  thin  surface  layer,  the  current  in  each  wire  is  I  =  2naJsi 

and  ■:  ::  f 

P„  =  2nap„  =  ~  I2  (^~j  (W/m).  (9-59) 

Hence  the  series  resistance  per  unit  length  for  both  wires  is 


1 

na 


(Q/tn). 


(9-60) 


In  deriving  Eqs.  (9-59)  and  (9-60),  we  have  assumed  the  surface  current  J,  to  be 
uniform  over  the  circumference  of  both  wires.  This  is  an  approximation,  inasmuch  • 
as  the  proximity  of  the  two  wires  tends  to  make  the  surface  current  nonuniform. 


Coaxial  transmission  line.  The  external  inductance  per  unit  length  of  a  coaxial 
transmission  line  with  a  center  conductor  of  radius  a  and  an  outer  conductor  of 
inner  radius  b  Has  been  found  in  Eq.  (6-124): 


(9-61) 


(9-62) 


(9-63) 


To  determine  R,  we  again  return  to  Eq.  (9-27),  where  Jsi  on  the  surface  of 
the  center  conductor  is  different  from  Js0  on  the  inner  surface  of  the  outer  con- 
ductor.  We  must  have 


.  7  =  2naJsi  =  2nbJS0.  (9-64) 

The  power  dissipaterl  in  ii  unit  length  of  the  center  hikI  outer  conductors  tuv, 

respectively, 


=  2tici pai  =  ~I2 

=  2 nbpao  -  i  / 2 


(9— 65a) 


(9 -65b) 
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Table  9-2  Distributed  Parameters  of  Two-Wire  and 
Coaxial  Transmission  Lines 


Parameter 

Two-Wire  Line 

Coaxial  Line 

Unit 

R 

R, 

Q/m 

'na 

2  it  \a  bj 

L 

—  In  - 

H/m 

n  \2aJ 

2ti  a 

TUT 

2na 

S/m 

( J 

cosh  r  1  (D/2a) 

In  (b/a) 

f 

7te 

2  7t€ 

F/m 

c 

cosh  -  1  (D/2a) 

In  (b/a) 

Note :  R ,  =  ififuJa,-,  cosh  1  (D/2u)  S  In  (D/a)  if  (D/2af  »  1. 
Internal  inductance  is  not  included. 


From  Eqs.  (9 -65a)  and  (9 -65b),  we  obtain  the  resistance  per  unit  length: 


R^A+rui  »(i+i 

27r\a  b)  2n\j  ac  la  b 


(Q/m). 


(9-66) 


The  R ,  L,  G,  C  parameters  for  two-wire  and  coaxial  transmission  lines  are  listed 
in  Table  9-2. 


9-3.3  Attenuation  Constant  from 
Power  Relations 

The  attenuation  constant  of  a  traveling  wave  on  a  transmission  line  is  the  real  part 
of  the  propagation  constant;  it  can  be  determined  from  the  basic  definition  in  Eq. 
(9  _37)- 

a  =  my)  =  +juL)(G  +ja>C)].  .(9-67) 

The  attenuation  constant  can  also  be  found  from  a  power  relationship.  The 
phasor  voltage  and  phasor  current  distributions  on  an  infinitely  long  transmission 
line  (no  reflections)  may  be  written  as  (Eqs.  (9-40a)  and  (9 -40b)  with  the  plus  super¬ 
script  dropped  for  simplicity); 

V(z)  =  V0e~ia+jP)z  '  (9 -68a) 


Kz)  =  e 


’  !  o  — (a  + j/l)z 


(9 -68b) 


mm - 


••'iv,  r  •• 


>> .  ‘  •'  •  •.:  * 


F7  ‘V-.'-  ->,.'  ‘  '  r  '■'.V'l 
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The  time-average  jjowfer  propagated  along  the  ^ne  at  any  z  is 
,  '  P(z)  =  -}^[K(z)/*(z)] 

-  Kn  ' 

11  *  _  0  r»  -4  — 2a2 


2|Zn|2  *°C’ 


(9-69) 


The  law  of  conservation  of  energy  requires  th&t  the  rate  of  decrease  of  P(z)  with 
distance  along  the  lirlfe  equals  the  time-average, power  loss  PL  per  unit  length.  Thus, 

dP(z) 

- 

=2  ap(z), 

from  which  we  obtain  the  following  formula: 


(Nfi/m). 


(9-70) 


(9-66) 


ics  are  listed 


the  real  part 
tition  in  Eq. 

(9-67) 

ionship.  The 
transmission 
e  phv>uper- 

V~68a) 
(9 -68b) 


Example  9-3 

a)  Use  Eq.  (9-70)  to  find  the  attenuation  constant  of  a  lossy  transmission  line  with 
distributed  parameters  R,  L,  G  and  C. 

b)  Specialize  the  result  in  part  (a)  to  obtain  the  attenuation  constants  of  a  low-loss 
line  and  of  a  distortionless  line. 

Solution 

a)  For  a  lossy  tfahslliission  line  the  time-average  power  loss  per  unit  length  is 

?&)  =  Hlflzif2*  +  |F(z)|2G] 


Substitution  of  Ecjs.  (9-69)  and  (9-71)  in  Eq.  (9-70)  gives 
“  =  ^  (R  +  G|Z0|2)  (Np/m). 

b)  For  a  low-toss  line,  Z0  s  R()  =  Jl/C,  Eq.  (9-72)  becomes 

1  /  R  „  \ 

as_(__.+  G^o] 


2  \R0 


(9-71) 


(9-72) 


(9 -72a) 
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which  checks  with  Eq.  (9-45).  For  a  distortionless  line,  Z0  =  -Ro  =  V-E/C , 
Eq.  (9 -72a)  applies,  and 


which,  in  view  of  the  condition  in  Eq.  (9-48),  reduces  to 

a  =  .(9 -72b) 

Equation  (9-72b)  is  the  same  as  Eq.  (9 -49a). 

9-4  WAVE  CHARACTERISTICS  ON 
FINITE  TRANSMISSION  LINES 

In  Subsection  9-3.1  we  indicated  that  the  general  solutions  for  the  time-harmonic 
one-dimensional  Helmholtz  equations,  Eqs.  (9-36a)  andd9-36b),  for  transmission 
lines  are 

V(z)  =  V£e~y:  4-  V0ey:  (9 -73a) 

and 

/(z)  =  /q  e_vz  +  Iq  e'1,  (9 -73b) 

where 

Yl=-Y±  =  Zo.  (9-74) 

^o+  lo 

For  infinitely  long  lines  there  can  be  only  forward  waves  traveling  in  the  +  z  direction, 
and  the  second  terms  on  the  right  side  of  Eqs.  (9 -73a)  and  (9 -73b),  representing 
reflected  waves,  vanish.  This  is  also  true  for  finite  lines  terminated  in  a  characteristic 
impedance;  that  is,  when  the  lines  are  matched.  From  circuit  theory  we  know  that  a 
maximum  transfer  of  power  from  a  given  voltage  source  to  a  load  occurs  under  matched 
conditions ”  when  the  load  impedance  is  the  complex  conjugate  of  the  source  impedance 
(Problem  P.9-11).  In  transmission  line  terminology,  a  line  is  matched  when  the  load 
impedance  is  equal  to  the  characteristic  impedance  (not  the  complex  conjugate  of  the 
characteristic  impedance )  of  the  line. 


Fig.  9-5  Finite  transmission  line  terminated  with  load  impedance  ZL. 


z  =  l 
z'=  0 
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Let  us  now  consider  the  general  ease  of  a  firiitc  transmission  line  having  a  charac¬ 
teristic  impedance:Zy  terminated  in  an  arbitraty  load  impedance  ZL,  as  depicted  in 
I  Fig.  9-5.  The  length  Of  the  line  is  L  A  sinusoidal  voltage  source  with  an  internal 

I  impedance  Zg  is  ednriected  to  the  line  at  z  —  0.  In  such  a  case, 


(9-75) 


(9 -72b) 


! 

* 

'* 

X 

Tie-harmonic  | 

transmission  * 

^(9^73a)  I 

'  -73b)  ,  I 

(9-74)  I 

;  direction,  }, 


which  obviously  carihot  be  satisfied  without  the  second  terms  on  the  right  side  of 
Eqs.  (9-73a)  and  (9 -73b)  unless  ZL  =  Z0.  Thus,  reflected  waves  exist  on  unmatched 
lines.  ;  l 

Given  the  characteristic  y  and  Z0  of  the  line  and  its  length  t,  there  are  four 
unknowns  Vq  ,  /g,  and  Ig  in  Eqs.  (9— 73aj  and  (9 —73b).  These  four  unknowns 

are  not  all  independent  because  they  are  constrained  by  the  relations  at  r  =  0  and 
at  z  =  i.  Both  V(z)  and  l(z)  can  be  expressed  either  in  terms  of  K;  and  f  at  the  input 
end  (Problem  P.9-12),  or  in  terms  of  the  conditions  at  the  load  end.  Consider  the 
latter  case. 

Let  z  =  €  in  Eqs,  (9- 73a)  and  (9 -73b).  We  have 

yL  =  V+e~yt  +  V^e*  (9 -76a) 

II  =~e-"-^eye.  (9 -76b) 

Solving  Eqs.  (9-76a)  and  (9-76b)  for  V~Q  and  Kg  ,  we  Have 

V$=UVt+liZ  0)e*  (9 -77a) 

Vj  =  KK.  ^  ILZ0)e,y.  .  (9 -77b) 


-;j.  representing 
a  characteristic  ; 

we  know  that  a  l 

under “ matched  ji' 

ntree  impedance  j 

■d  when  the  load  |! 

conjugate  of  the  1 


Substituting  Eq.  (9-75)  in  Eqs.  (9-77a)  and  (9-77b),  and  using  the  results  in  Eqs. 
(9-73a)  and  (9— 73b),  we  obtain 


V(z)  =  -h  [(ZL  +  Z0)ey{e~z)  +  (ZL  -  Z 0)e-y«-*>]  (9-78a) 

Hz)  -  Dze  +  Zo)^-  -  (ZL  -  Zo)e— ->].  (9 —78b) 


*  z  — Jr| 

-  Z  =  f 


Since  t  and  z  appear  together  in  the  combination  (/  —  z),  it  is  expedient  to  introduce 
a  new  variable  z'  =  C  —  z,  which  is  the  distance  measured  backward  from  the  load. 
Equations  (9-78a)  arid  (9-78b)  then  become 

.  It*')-  I  Z,y:‘  I  (/,,  /„)<•■  r*'.|  (T  79;,) 

■  Mil 

[(ZL  +  Z0)ey-'  -  (ZL  -  Z0)e-yz'].  (9-79b) 

4  Z^0 

We  note  here  that  although  the  same  symbols  V  and  /  are  used  in  Eqs.  (9 -79a)  and 
(9— 79b)  as  in  Eqs.  (9-78a)  and  (9-78b),'the  dependence  of  V(z')  and  I(zj  on  z'  is 
different  from  the  dependence  of  V(z)  and  /(z)  on  z. 


T 


UL  ■  •  .  -4P 1  JJ.1 

••■-■ A'-*'  '  '"s'  “(  *  •  "  '•;'  ■■-'•'  /•  •  - 


mm 
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The  use  of  hyperbolic  functions  simplifies  the  equations  above.  Recalling  the 
relations 

eyx  4-  e~yz  =  2  cosh  yz'  and  eyi  —  e~yi‘  =  2  sinh  yz', 
we  may  write  Eqs.  (9 -79a)  and  (9 -79b)  as 


(9 -80a) 
(9 -80b) 


which  can  be  used  to  find  the  voltage  and  current  at  any  point  along  a  transmission 
line  in  terms  of  /L,  ZL,  y,  and  Z0. 

The  ratio  V(z')/I(z’)  is  the  impedance  when  we  look  toward  the  load  end  of  the 
line  at  a  distance  z!  from  the  load. 


F(z')  =  /L(ZL  cosh  yz'  +  Z0  sinh  yz') 
I(z')  =  ~  (ZL  sinh  yz'  +  Z0  cosh  yz'), 


or 


Z(z') 


Z(z') 


ZL  sinh  yz 


(9-81) 


Z(z')  =  Z0 


ZL  +  Z0  tanh  yz' 
Z0  +  ZL  tanh  yz' 


(Q). 


(9-82) 


At  the  source  end  of  the  line,  z'  =  /,  the  generator  looking  into  the  line  sees  an  input 
impedance  Z;. 


—  {Z)z  =  0  —  Z0 


z'  =  Z 


Z,  +  Z0  tanh  y/ 
Z0  4-  ZL  tanh  y/ 


(9-83) 


As  far  as  the  conditions  at  the  generator  are  concerned,  the  terminated  finite. trans¬ 
mission  line  can  be  replaced  by  Z„  as  shown  in  Fig.  9-6.  The  input  voltage  Vt  and 
input  current  I,  in  Fig.  9-5  are  found  easily  from  the  equivalent  circuit  in  Fig.  9-6. 


Fig.  9-6  Equivalent  circuit  for  finite  transmission 
line  in  Figure  9-5  at  generator  end. 


calling  the 


(9 -80a) 

(9 -80b) 

.  i- 

ransmission 
i  end  of  the 

(9-81) 

Z"- 

v9-82) 

sees  an  input 


■f  r" 
i? 


(9-83) 


1  finite. trans- 
altage  K  and 
t  iff  Fig.  9-6. 


r-\ 


z  transmission 


—an  -‘"■-'-riiTihii  ni  ttTirmii^oilLJtLh 


i  . 
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They  are 


V:  = 


Z , 


z9  +  zf 

/.=-L. 

‘  Z.  +  2, 


(9 -84a) 
(9 -84b) 


Of  course,  the  voltage  and  current  at  any  other  location  on  line  cannot  be  determined 
by  using  the  equivalent  circuit  in  Fig.  9-6. 

The  average  poWer  delivered  by  the  generator  to  the  input  terminals  of  the  line  is 

"i  =  o,.w.  -  (9-85) 

The  average  power  delivered  to  the  load  is 


(^v)l»2^[^3,-a.-=o 


1  I-’- 

2  Z, 


Rl  =  \  Kl2*,. 


(9-86) 


For  a  lossless  line,  conservation  of  power  requires  that  (Pav);  =  (P„)L. 

A  particularly  important  special  case  is  when  a  line  is  terminated  with  its  charac¬ 
teristic  impedance;  that  is,  when  ZL  =  Z0.  The  input  impedance,  Z<  in  Eq.  (9-83), 
is  seen  to  be  equal  to  Z0.  As  a  matter  of  fact,  the  impedance  of  the  line  looking  toward 
the  load  at  any  distance  z’  from  the  load  is,  from  Eq.  (9-82), 

Z(r')  =  Z0  \  (for  ZL  =  Z0).  (9-87) 

The  •  oltage  and  current  equations  in  Eqs.  (9-78a)  and  (9— 78b)  reduce  to 

F(r)  =  {IyZ0eyt)e~yz  =  (9-88a) 

l{z)  =  (Ihe,i)e~yz  =  Iie~yz.  (9 -88b) 

Equations  (9— 88a)  and  (9 — 88b)  correspond  to  the  pair  of  voltage  and  current  equa¬ 
tions — Eqs.  (9— 40a)  and  (9-40b) — representing  waves  traveling  in  +  c  direction,  and 
theie  ate  no  reflected  waves.  Hence,  when  a  finite  transmission  line  is  terminated  with 
its  own  characteristic  impedance  ( when  a  finite  transmission  line  is  matched),  the 
voltage  and  current  distributions  on  the  line  are  exactly  the  same  as  though  the  line 
had  been  extended  to  infinity. 

Example  9-4^ A  signal  generator  having  an  internal  resistance  1  (ft)  and  an  open- 
circuit  voltage  vg(t)  =  O.c  cos  27tl08f  (V)  is  connected  to  a  50  (Q)  lossless  transmission 
line.  The  line  is  4  (rri)  long,  and  the  velocity  of  wave  propagation  on  the  line  is  2.5  x 
10  (m/s).  For  a  matfched  load,  find  (a)  the  instantaneous  expressions  for  the  voltage 
and  current  at  an  arbitrary  location  on  .the  line,  (b)  the  instantaneous  expressions 
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for  the  voltage  and  current  at  the  load,  and  (c)  the  average  power  transmitted  to  the 
load.  ■ 

Solution 

a)  In  order  to  find  the  voltage  and  current  at  an  arbitrary  location  on  the  line,  it  is 
first  necessary  to  obtain  those  at  the  input  end  (z  =  0,  z'  =  <f).  The  given  quan¬ 
tities  are  as  follows. 

Vg  =  0.3/0°  (V),  a  phasor  with  a  cosine  reference 

Zg=Rg=  HQ) 

Z0  =  =  50  (Q) 

co  =  In  x’  108  (rad/s) 
up  =  2.5  x  108  (m/s) 
f  =  4  (m). 

Since  the  line  is  terminated  with  a  matched  load,  Z,.=  Z0  =  50  (Q).  The  voltage 
and  current  at  the  input  terminals  can  be  evaluated  front  the  equivalent  circuit 
in  Fig.  9-6.  From  Eqs.  (9-84a)  and  (9-84b)  we  have 


V:  — 


50 


I:  = 


1  +  50 

0.3/0/ 

1  +  50 


x  0.3/0/  =  0.294/0/  (V) 
=  0.0059/0/  (A). 


As  only  forward-traveling  waves  exist  on  a  matched  line,  we  use  Eqs.  (9 -68a) 
and  (9 -68b)  for,  respectively,  the  voltage  and  current  at  an  arbitrary  location. 
For  the  given  line,  a  =  0  and 


Thus, 


.  co  2n  x  108  „ 


V(z)  =  0.294e-jO'8’“  (V) 

I(z)  =  Q.0059e-Jo  a*z  (A). 

These  are  phasors.  The  corresponding  instantaneous  expressions  are,  from  Eqs 
(9 -34a)  and  (9 -34b), 

v{z,  t)  =  (%e[0.294ej(2’tlo6,~0-8*z)] 

=  0.294  cos  (2?rl08t  -  0.8ttz)  (V) 
i(z,  t )  =  £^[0.0059eJ(2*1°8'-o'8'tr)] 

=  0.0059  cos  (27tl08t  —  0.8rrz)  (A). 
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tted  to  the 


c  line,  it  is 
ven  quan- 


b)  At  the  load,  z  =  l  =  4  (m),  ■'■■■ 

u(4,  0  =  0.294  cos  (27ri08t  — 

i(4,  t)  =  0.0059  cos  (2rtl08t  -  3.2s)  (A). 

c)  The  average  power  transmitted  to  the  load  on  a  lossless  line  is  equal  to  that  at 
the  input  terrrtindls. 

(?.v)l  «  =  i^[K(r)/*(e)] 

*=  i(0.294  x  0.0059)  =  8.7  x  10~4  (W)  =  0.87  (mW). 


he  voltage 
ent  circuit 


)s.  (9 -68a) 
/  location. 


9-4.1  Transmission  Lines 
as  Circuit  Elements 

i  , 

Not  only  can  transrriission  lines  be  used  as  waVe-guiding  structures  for  transferring 
power  and  information  from  one  point  to  another,  but  at  ultrahigh  frequencies — - 
UHF:  from  300  (Mfdz)  to  3  (GHz);  wavelength,  from  I  (m)  to  0.1  (m)  —  they  may 
serve  as  circuit  elements.  At  these  frequencies,  ordinary  lumped-circuit  elements  are 
difficult  to  make,  and  stray  fields  become  important.  Sections  of  transmission  lines 
can  be  designed  to  give  an  inductive  or  capacitive  impedance  and  are  used  to  match 
an  arbitrary  load  td  the  internal  impedance  of  a  generator  for  maximum  power 
transfer.  The  required  length  of  such  lines  as  circuit  elements  becomes  practical  in 
the  UHF  range. 

In  most  cases  transmission-line  segments  can  be  considered  lossless-  y  =  j(i. 
Z0  —  R„  and  tanh  -)t  —  tanh  ( j[i/)  =  j  tan  /!/.  The  formula  in  Eq.  (9-83)  for  the  input 
impedance  Z;  of  a  lossless  line  of  length  l  terminated  in  ZL  becomes 


0  R0  +jZL  tan  p/ 

(Lossless  line) 

We  now  consider  several  important  special  cases. 

1.  Open-circuit  terMinatum  (ZL  ->  go).  We  have,  from  Eq.  (9-89), 


(9-89) 


Z‘  jX‘°  tan  )w~  jR° COt  IX' 


(9-90) 


Equatid'n-(9-90)  shows  that  the  input  impedance  of  an  opcn-circuited  lossless 
lino  in  purely  iTitrliv  t:Tlio  linn  eiim  however,  he  either  Fiipiu  ii i or  inductive 
because  llic  function  cot  />/  can  lie  either  positive  or  negative,  depending  on  the 
value  of  —  /X).  Figure  9-7  is  a  plot  of  X,„  =  —  R0  cot  /)/  versus  L  We  see 

that  X iu  can  assuhic  all  values  from  — zo  to  +  co.  Table  9-3  lists  some  important 
properties  of  Xio. 


-Ro  cot  @r 
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Fig.  9-7  Input  reactance  of  open-circuited 
transmission  line. 


Table  9-3  Input  Reactance  of  Open-Circuited  Line,  Xi0 


/ 

ft/' 

Xu, 

x 

n  7i 

- 

(n  —  l)-<  t  <  (2n  —  1)  - 

(n-l)-<pf  <(2n-  1)- 

Capacitive 

(2n  -  1)  ^  <  t  <  n  j 

(2  n  —  1)  -  <  fiC  <  tin 

Inductive 

(2n  —  1)  ^ 

0 

n=  1,2,3, ... 


When  the  length  of  an  open-eircuited  line  is  very  short  in  comparison  with 
a  wavelength,  fit  «  1,  we  can  obtain  a  very  simple  formula  for  its  capactive  reac¬ 
tance  by  noting  that  tan  fit  =  fit.  From  Eq.  (9-90)  we  have 


/!/  mjLCt  oiCl 

.  which  is  the  impedance  of  a  capacitance  of  Ct  farads. 

2.  Short-circuit  termination  (ZL  =  0).  In  this  case,  Eq.  (9-89)  reduces  to 


(9-91) 


Zf  =  jXt,  =  jR0  tan  fit.  (9-92) 

Since  tan  fit  can  range  from  -  oo  to  4-  co,  the  input  impedance  of  a  short-circuited 
lossless  line  can  also  be  either  purely  inductive  or  purely  capacitive,  depending 
on  the  value  of  fit.  Figure  9-8  is  a  graph  of  Xis  versus  t,  and  some  important 
properties  of  Xis  are  listed  in  Table  9-4,  , 
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Fig.  9-8  Iriput  reactance  of  short-circuited 
transmission  line. 


Table  9-4  Input  Reactance  of  Short-Circuited  Line,  X, 


i'1  0  2  <  4  ~'  (2n  1)^  (n  —  <  (2n  —  1)  -  Inductive 


(2«  —  1)  4  <  ,  <  n- 

4  2 


(2 n  —  1)  -  <  <  nn 


Capacitive 


n=  1,2.  3, ... 


parison  with 
pactive  reac- 


(9-91) 


*  ^ 
u-92) 

ort-v  jited 
i,  depending 
te  important 


It  is  instructive  to  note  that  in  the  range  where  Xi0  is  capacitive  Xis  is  inductive, 
and  vice  versa.  The  input  reactances  of  o  pen-circuited  and  short-circuited  lossless 
transmission  titles  are  the  same  if  their  lengths  differ  by  an  odd  multiple  of  2/4, 
\Vhen  the  length  of  a  short-circuited  line  is  very  short  in  comparison  with  a 
wavelength,  /?/  «  1  Eq.  (9-92)  becomes  approximately 


JX is  =  jRgfitf  —  j  I  —  co  >/lC/  =  jcoLS , 


(9-93) 


which  is  the  impedance  of  an  inductance  of  U  henries. 

3.  Quaner-wave  sections  (/  =  2/4,  [V  =  n/2).  When  the  length  of  a  line  is  an  odd 
multiple_pf  2/4,  <  =  (2n  -  1)2/4,  (n  .=  1,2,3,... ), 

/V  =  f(  2«- I)|  =  (2n-  1)| 


tan  ptf  =  tan  (2n  -  1)  -  -  ±  oo , 
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and  Eq.  (9-89)  becomes 


R2 

Z(  —  ~  (Quarter-wave  line). 
Zl 


(9-94) 


Hence,  a  quarter-wave  lossless  line  transforms  the  load  impedance  to  the  input 
terminals  as  its  inverse  multiplied  by  the  square  of  the  characteristic  resistance',  it 
is  often  referred  to  as  a  quarter-wave  transformer.  An  open-circuited,  quarter-wave 
line  appears  as  a  short  circuit  at  the  input  terminals,  and  a  short-circuited  quarter- 
wave  line  appears  as  an  open  circuit.  Actually,  if  the  series  resistance  of  the  line 
itself  is  not  neglected,  the  input  impedance  of  a  short-circuited,  quarter-wave  line 
is  an  impedance  of  a  very  high  value  similar  to  that  of  a  parallel  resonant  circuit. 


4.  Half-wave  sections  (£  =  A/2,  ff  =  n).  When  the  length  of  a  line  is  an  integral 
multiple  of  A/2,  d  =  nA/2  (n  =  1,  2,  3, . . .), 


1{1) 


nrt 


and  Eq.  (9-89)  reduces  to 


tan  /J/  =  0, 


Z;  =  ZL  (Half- wave  line). 


(9-95) 


Equation  (9-95)  states  that  a  half-wave  lossless  line  transfers  the  load  impedance 
to  the  input  terminals  without  change. 

Open-  and  short-circuit  terminations  are  easily  provided  on  a  transmission  line. 
By  measuring  the  input  impedance  of  a  line  section  under  open-  and  short-circuit 
conditions,  we  can  determine  the  characteristic  impedance  and  the  propagation 
constant  of  the  line.  The  following  expressions  follow  directly  from  Eq.  (9-83). 

Open-circuited  line%  ZL  -»  oo : 

Zio  =  Z0  coth  yd.  (9-96) 

Short-circuited  line,  ZL  =  0: 

Z«  =  Z0  tanh  yd.  •  (9-97) 


From  Eqs.  (9-96)  and  (9-97)  we  have 


(9-94) 

■  r 

>  the  input 
sistai  ice;it 
arter-waVe 
2d  qiuirter- 
of  the  line 
r-wave  line 
ant  circuit. 

an  integral 


(9-95) 
1  impedance 


nission  line. 
;hort-circuit 
propagation 
(9-83). 


(9-96) 


^97) 


(9-98) 


-  -  - - — - 

V  i  :  "  ...^:  ft  ■  -  : 

:  .  .  tr  ■'  k-> 


*  mmm 
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and 


7  =  p  tanh  1  (m  ‘). 


(9-99) 


Equations  (9-98)  ahd  (9-99)  apply  whether  dr  not  the  line  is  lossy. 

Example  9-5  The  open-circuit  and  short-circuit  impedances  measured  at  the  input 
terminals  of  a  very  low-loss  transmission  line  of  length  1.5  (m),  which  is  less  than  d 
quarter  wavelength,  are  respectively  -,/54.6  (D)  and. j\ 03  (fi).  (a)  Find  Z0  and  y  of  the 
line,  (b)  Without  changing  the  operating  frequency,  find  the  input  impedance  of  a 
short-circuited  lind  that' is  twice  the  given  length,  (c)  How  long  should  the  short- 
circuited  line  be  in  order  for  it  to  appear  as  an  open  circuit  at  the  input  terminals?  - 

Solution:  The  given  quantities  are 

Zio=-y54.6,  Z,,=;  103,  Z  =  1.5. 

a)  Using  Eqs.  (9-98)  and  (9-99),  we  find 


Z0  =  V  ->54.60103)  =  75  (Q) 


7-Ttanh- 


;103 


j 


-j'54  6  -  ~  tan  1  1.373  =;0.628  (rad/m). 


b)  For  a  short-circuited  line  twice  as  long,  T  =  3.0  (m), 

.  yC  =  J0.628  x  3.0  =  j 1.884  (rad). 

The  input  impedance  is,  from  Eq.  (9-97), 

Zis  =  75  tanh  (jl. 884)  =  ;75  tan  108° 

=  y75(  — 3.08)  =  -;231  (Q). 

Note  that  Zis  for  the  3  (m)  line  is  now  a  capactive  reactance,  whereas  that  for 
the  1.5  (m)  line. In  part  (a)  is  an  inductive  reactance.  We  may  conclude  from  Table 
9-4  that  1.5  (m)  <  d/4  <  3.0  (m). 

c)  In  order  for  a  short-circuited  line  to  appear  as  an  open  circuit  at  the  input  ter¬ 
minals,  it  should  be  an  odd  multiple  of  a  quarter-wavelength  long. 


2x  2n 


[S  0.628 


=  10  (m). 


Hence  the  required  line  length  is 


^=5  +  (»-i)| 


=  2.5  +  5(n  —  1)  (m),  n  —  1,  2,  3, . 


tflB  H  fa  wiit  1 1  III  HCxt.  tw  A  2  -  A*  ■**■*&-  - '  ---  ■  v-Tn-.l  I- j  i  '*7  \ ' 


400  THEORY  AND  APPLICATIONS  OF  TRANSMISSION  LINES  /  9 

9-4.2  Lines  with  Resistive  Termination 

When  a  transmission  line  is  terminated  in  a  load  impedance  ZL  different  from  the 
characteristic  impedance  Z0,  both  an  incident  wave  (from  the  generator)  and  a  re¬ 
flected  wave  (from  the  load)  exist.  Equation  (9 -79a)  gives  the  phasor  expression  for 
the  voltage  at  any  distance  z'  =  f  —  z  from  the  load  end.  Note  that,  in  Eq.  (9-79a), 
the  term  with  eyz'  represents  the  incident  voltage  wave  and  the  term  with  e~yz  re¬ 
presents  the  reflected  voltage  wave.  We  may  write 

V(z')  =  ^  (ZL  +  Z0)eyz'  I"  1  +  7~~-  e'21"' 

=  y  (ZL  +  Z0)evx'[l  +  re-2yz'],  (9 -100a) 

where 


is  the  ratio  of  the  complex  amplitudes  of  the  reflected  and  incident  voltage  waves  at 
the  load  (z'  =  0)  and  is  called  the  voltage  reflection  coefficient  of  the  load  impedance 
ZL.  It  is  of  the  same  form  as  the  definition  of  the  reflection  coefficient  in  Eq.  (8-93) 
for  a  plane  wave  incident  normally  on  a  plane  interface  between  two  dielectric  media. 
It  is,  in  general,  a  complex  quantity  with  a  magnitude  |F|  <  1.  The  current  equation 
corresponding  to  K(z')  in  Eq.  (9-100a)  is,  from  Eq.  (9 —79b). 

I(z')  =  ~(ZL  +  Z0)eyz‘[ I  -  rV^'].  (9 -100b) 

The  current  reflection  coefficient  defined  as  the  ratio  of  the  complex  amplitudes 
of  the  reflected  and  incident  current  waves,  loflo,  is  different  from  the  voltage  re¬ 
flection  coefficient.  As  a  matter  of  fact,  the  former  is  the  negative  of  the  latter,  inasmuch 
as  Iq/Iq  =  —  Eq/Fq,  as  is  evident  from  Eq.  (9-74).  In  what  follows,  we  shall  refer 
only  to  the  voltage  reflection  coetficicn! 

For  a  lossless  transmission  line,  y  =  jft,  Eqs.  (9-100a)  and  (9 —100b)  become 

V{z!)  =  ^  (Z,.  +  R())eJI>z' [1  +  re-;2"*'] 

=  !±  (ZL  +  Role^ll  +  (9 -102a) 

I(z')  =  ^(ZL  +7?0)^--'[i  —  IqA-2^]. 


and 


(9 -102b) 


v'.::  ■*  vi  '  ;  # 
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tor)  and  a  re- 
expression  for  , 
1  Eq.  (9 -79a), 
with  e~n'  re- 


(9 -100a) 


(9-101) 


Itage  es  at 
ad ;  edance 
in  l.i(-  (8-  93) 
lei  irie  media, 
rein  equation 


(9 -100b) 

;x  amplitudes 
te  voltage  re¬ 
fer,  inasmuch 
we  shall  refer 

i  become 


(s»  r02a) 


(9 -102b) 


The  voltage  anil  current  phasors  on  a  lossless  line  are  more  easily  visualized 
from  Eqs.  (9-80a)  ahd  (9-80b)  by  setting  y  =  fa  and  VL  =  /LZL.  Noting  that  cosh  jO  = 
cos  6,  and  sinh  j6  =*  j  sin  6,  we  obtain 


Mi?')  -  V\.  cos  pz  +  jILR0  sin  pz’ 

I(z')  =  /L  cos  fix'  +  j  sin  Pz. 

R-o 

;  .  (Lossless  line) 


(9— 103a) 
(9- 103b) 


If  the  terminating  impedance  is  purely  resistive,  ZL  =  RL,  VL  =  ILRL,  the  voltage  and 
current  magrfitudesi  are  given  by 

,  =  LlVcos-  fk’  +  [R0/Rl)2  sin2~^F  (9 -104a) 

|/(--')|  =  /lv'cos^  pz'  +  (RJR0)2  sin2^?,  (9-104b) 

where  /?0  =  y  L/C., Plots  of  |L(::')|  and  j7(r')|  as  functions  of  are  standing  waves 
with  their  maxima  And  minima  occurring  at  fixed  locations  along  the  line. 

Analogously  to  the  plane-wave  case  in  Eq.  (8-100),  we  define  the  ratio  of  the 

maximum  to  the  minimum  voltages  along  a  finite,  terminated  line  as  the  standina-waue 
ratio,  S :  . 


iS,jy 


i  +  m 

i  -  in 


.  (Dimensionless). 


(9-105) 


The  inverse  relation  of  fiq.  (9-105)  is 


(Dimensionless). 


(9-106) 


It  is  clear  from  Eqs.  (9-105)  and  (9-106)  that  on  a  lossless  transmission  line 

T  =  0,  5=1  when  ZL  =  Z0  (Matched  load); 

E  =  —  1,  s -*  co  when  ZL  =  0  (Short  circuit); 

E=+l,  S  -*oo  when  ZL  -*  co  (Open  circuit). 

Because  of  the  wide  range  of  S,  it  is  customary  to  express  it  on  a  logarithmic  scale: 
20  log10  STn|dB),  Standing- wave  ratio  5  defined  in  terms  of  |/maJ/|/mJ  results  in  the 
same  expression  as  that  defined  in  terms  of  |Zmax|/|  Fminj  in  Eq.  (9-105).  A  high  standing- 
wave  ratio  on  a  lihe  is  undesirable  because  it  results  in  a  large  power  loss 
•  Examination  of;Eqs.  (9 -102a)  and  (9 -102b)  reveals  that  \VmJ  and  |7min|  occur 

together  when  (|e^'|  =  1,  independent  o%f):  . . 

9r  -  2 pz'M  =  -  2 nn,  (»  =*=  0,  1,  2, . . .). 


(9-107) 


’’ V  ■  . 
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On  the  other  hand,  |  Kmin|  and  |/max|  occur  together  when  , 

Qr-2pz’m=  — (2u+l)7t,  (n  =  0,1,2,...).  (9-108) 

For  resistive  terminations  on  a  lossless  line,  ZL  =  RL,  Z0  =  R0,  and  Eq.  (9-101) 
simplifies  to 

r  =  — — —  (Resistive  load).  '  (9-109) 

Rl  +  ^0 

The  voltage  reflection  coefficient  is  therefore  purely  real.  Two  cases  are  possible. 

1.  Rl  >  R0.  In  this  case,  T  is  positive  real  and  0r  =  0.  At  the  termination,  z'  =  0, 
and  condition  (9-107)  is  satisfied  (for  n  =  0).  This  means  that  a  voltage  maximum 
(current  minimum)  will  occur  at  the  terminating  resistance.  Other  maxima  of  the 
voltage  standing  wave  (minima  of  the  current  standing  wave)  will  be  located  at 
2j 8z'  =  2/m,  or  z'  =  n2/2  (n  =  1,2,...)  from  the  load. 

2.  Rl  <  R0.  Equation  (9-109)  shows  that  T  will  be  negative  real  and  0r  =  -n.  At 
the  termination,  :  =  0,  and  condition  (9-108)  is  satisfied  (for  n  —  0).  A  voltage 
minimum  (current  maximum)  will  occur  at  the  terminating  resistance.  Other 
minima  of  the  voltage  standing  wave  (maxima  of  the  current  standing  wave)  will 
be  located  at  z  =  nl/2  (//  =  1,2, . . .)  from  the  load.  The  roles  of  the  voltage  and 
current  standing  waves  are  interchanged  from  those  for  the  case  of  RL>  R0. 

Figure  9-9  illustrates  some  typical  standing  waves  for  a  lossless  line  with  resistive 
termination. 

The  standing  waves  on  an  open-circuited  line  are  similar  to  those  on  a  resistance- 
terminated  line  with  RL>  R0,  except  that  the  |F(z')|  and  \l(z')\  curves  are  now  mag¬ 
nitudes  of  sinusoidal  functions  of  the  distance  zr  from  the  load.  This  is  seen  from 
Eqs.  (9-104a)  and  (9-104b),  by  letting  f?L->  oo.  Of  course,  IL  =  0,  but  VL  is  finite. 
Wc  have 

\V{z')\  =  l/L|cos/fz'|  (9-1 10a) 

M  =  £|sinj34  (9-1 10b) 

All  the  minima  go  to  zero.  For  an  open-circuited  line,  T  =  1  and  S  -*■  oo. 


Fig.  9-9  Voltage  and  current  standing  waves  on  resistance- terminated 
lossless  lines. 


>  ' 


(9-109) 

ossible. 

ion,  z  =  0, 

;  maximum, 
xima  of  the 
;  located  at 


r  =  —  n.  At 
).  A  voltage 
ance.  Other 
g  wave)  will 
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>  k0. 
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4 
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(9-1 10a) 
(9-1 10b) 
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|F(z')|  for  open-circuited  line. 
|/(z')l  for  short-circuited  line. 
|/(Z')I  for  open-circuited  line. 

I  Hz')!  for  short-circuited  line. 


Fig.  9-10  Voltage  ahd  current  standing  waves  on  open-  and  short-circuited 
lossless  lines.  1  ;; 

On  the  other  hand,,  the  standing  waves  on  a  short-circuited  line  are  similar  to 
those  on  a  resistance-terminated  line  with  RL  <  R0.  Here  RL  =  0,  VL  =  0,  but  I,  is 
finite.  Equations  (9 -104a)  and  (9- 104b)  redtice  to 


\v(~)\  =  /L^o|sin^z'|  (9—1 1  la) 

|/(3')|  =  /L|cosj?4  (9-1  lib) 

Typical  standing  Waves  for  open-  and  short-circuited,  lossless  lines  are  shown  in 
Fig.  9-10. 

1 

Example  9-6  The  standing-wave  ratio  S  on  a  transmission  line  is  an  easily  measur¬ 
able  quantity,  (a)  Show  how  the  value  . of  a  terminating  resistance  on  a  lossless  line 
of  known  characteristic  impedance  R0  can  be  determined  by  measuring  S.  (b)  What 
is  the  impedance  of  the  line  looking  toward  the  load  at  a  distance  equal  to  one  quarter 
of  the  operating  wavelength? 


Solution: 


a)  Since  the  terminating  impedance  is  purely  resistive,  ZL  =  RL,  we  can  determine 
whether  RL  is  greater  than  R0  (if  there  are  voltage  maxima  at  z'  —  0,  A/2,  A,  etc.) 
or  whether  Rh  is  less  than  R0  (if  there  are  voltage  minima  at  z  =  0,  A/2,  A,  etc.). 
This  can  be  easily  ascertained  by  measurements. 

First,  if  Rl  >  R0,  dr  =  0.  Both  |Fma,|  and  |/min|  occur  at  jiz'  =  0;  and  ( Vmm\ 
and  |/max|  occul*  at  jiz  -  n/2.  Wc  have,  from  Eqs.  (9-102a)  and  (9-102b), 


Vl,  KJ  =  K 


Ro 

Ri 


Thus, 


or 


!  Knaxl  _ *  |fma*|  ^  _  Rl 


'  i  h 

Rl  =  SRo- 


Ro 


(9-112) 
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Second,  if  RL  <  R0,  9r  =  —n.  Both  |Fmin|  and  |/maxj  occur  at  Pz'  =  0;  and. 
|Kmax|  and  |/min|  occur  at  pz’  =  n/2.  We  have 

*2 

R  L 


lKn.nl  =  VL,  |Kmax|  =  VL 

/maxi  —  ^L>  /min|  ~ 


Rc 


Therefore, 


|K„.x|  _  |/, 


\v  ■ 

|  r  mm 


max|  _  _  Rq 


or 


R  -Ro 
*L-y 


(9-113) 


b)  The  operating  wavelength,  A,  can  be  determined  from  twice  the  distance  between 
two  neighboring  voltage  (or  current)  maxima  or  minima.  At  z1  =  A/4,  pz'  -  n/2. 
cos  Pz'  =  0,  and  sin  /Jr'  =  1.  Equations  (9- 103a)  and  (9— 103b)  become 

F(A/4)  =  jILRQ 


7(x/4)  =  y 


;  Vl 


Ro 


(Question:  What  is  the  significance  of  the  j  in  these  equations?)  The  ratio  of 
K(A/4)  to  /(A/4)  is  the  input  impedance  of  a  quarter-wavelength,  resistively  ter- 
•  minated,  lossless  line. 

vm 


Z,(z'  =  A/4)  =  R,  = 


/(A/4) 

Rt 

Rl 


This  result  is  anticipated  because  of  the  impedance-transformation  property  of  a 
quarter-wave  line  given  in  Eq.  (9-94). 


9-4.3  Lines  with  Arbitrary  Termination 

In  the  preceding  subsection  we  noted«that  the  standing  wave  on  a  resistively  terminated 
lossless  transmission  line  is  such  that  a  voltage  maximum  (a  current  minimum)  occurs 
at  the  termination- where  z'  =  0  if  RL  >  R0,  and  a  voltage  minimum  (a  current  maxi¬ 
mum)  occurs  there  if  RL  <  R0.  What  will  happen  if  the  terminating  impedance  is  not 
a  pure  resistance?  It  is  intuitively  correct  to  expect  that  a  voltage  maximum  or 
minimum  will  not  occur  at  the  termination,  and  that  both  will  be  shifted  away  from 
the  termination.  In  this  subsection  we  will,  show  that  information  on  the  direction 
and  amount  of  this  shift  can  be  used  to  determine  the  terminating  impedance. 


•  %'i&:\t  &. .v«vt:|(p^J  ’  ,_  \p:  ■•;  '  y «  • 


«•.  .  .■■ , 

Ii\  . 

■  jvta*  ...■  ’• 
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=  0;  khd  ,  :'i; 


(9-113) 

;e  between 
IS:  =  Jt/2, ' 


Let  the  terminating  (or  load)  impedanefe  be  ZL  =  RL  +  jXL,  and  assume  the 
voltage  standing  wdve  oil  the  line  to  look  like  that  depicted  in  Fig.  9-11.  We  note 
that  neither  a  voltage  maximum  not  a  voltage  tninimum  appears  at  the  load  at  z’  =  0. 
If  we  let  the  standihg  wave  continue,  say,  by  an  extra  distance  £m,  it  will  reach  a 
minimum.  The  voltlige  minimum  is  where  it  should  be  if  the  original  terminating 
impedance  ZL  is  replaced  by  a  line  section  of  length  £m  terminated  by  a  pure  resistance 
Rm  <  Ro,  as  shown  in  the  figure.  The  voltage  distribution  on  the  line  to  the  left  of 
the  actual  termination  (where  z1  >  0)  is  not  changed  by  this  replacement. 

The  fact  that  ahy  Complex  impedance  can  be  obtained  as  the  input  impedance 
of  a  section  of  lossl&s  line  terminated  ip  a  resistive  load  can  be  seen  from  Eq.  (9-89). 
Using  Rm  for  ZL  arid  /m  for  £s  we  have  1 


n  •  -ir  „  Rm  +  jR0  tan  B£m 

Rr+jX^Ro  -:  ~.D \  I  -  (9-114- 

,Ro  +jRm  tan  fitm 

The  real  and  imaginary -parts  of  Eq.  (9-114)  form  two  equations,  from  which  the 
two  unknowns,  Rm  knd  £tny  can  be  solved  (see  Problem  P.9-24). 

The  load  impedance-  Z(  can  be  determined  experimentally  by  measuring  the 
standing-wave  ratio  S  and  the  distance  z’m  in  Fig.  9-11.  (Remember  that  :m  +/m  - 
A/2.)  The  procedure  is  as  follows: 


re  ratio  of 
s  lively  ter- 


L  Find  ]r|  from  S.  Use  |T|  =  - — -  from  Eq,  (9-106). 

O  T  1  * 

2.  Find  0r  from  z’m.  Use  (),-  =  2jS:’„t  —  n  fork  =  0  from  Eq.  (9-108). 


operty  of  a 


terminated 
am)  occurs 
■rent  f  fi¬ 
ance  is  hot 
.xiiit  or 
away  from 
:  direction 


Fig.  9-11  Voltage  standing  wave  on  line 
terminated  by  arbitrary  impedance  and 
equivalent  line  section  with  pure  resistive 
load. 
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J.  Find  ZL,  which  is  the  ratio  of  Eqs.  (9-102a)  and  (9-102b)  at  2'  =  0: 


ZL  =  Rl  +JXL  -  R0 


1  +  |r|e^r 


(9-115) 


The  value  of  Rm  that,  if  terminated  on  a  line  of  length  /m,  will  yield  an  input 
impedance  ZL  can  be  found  easily  from  Eq.  (9-114).  Since  Rm  <  R0,  Rm  =  RJS. 

The  procedure  leading  to  Eq.  (9-1 15)  is  used  to  determine  ZL  from  a  measurement 
of  S  and  of  z'n ,  the  distance  from  the  termination  to  the  first  voltage  minimum.  Of 
course,  the  distance  from  the  termination  to  a  voltage  maximum  could  be  used 
instead  of  z'm.  However,  the  voltage  minima  of  a  standing  wave  are  sharper  than  the 
voltage  maxima.  The  former,  therefore,  can  be  located  more  accurately  than  the  latter, 
and  it  is  preferable  to  find  unknown  quantities  in  terms  of  S  and  z'm. 


Example  9-7  The  standing-wave  ratio  on  a  lossless  50-(O)  transmission  line  ter¬ 
minated  in  an  unknown  load  impedance  is  found  to  be  3.0.  The  distance  between 
successive  voltage  minima  is  20  (cm),  and  the  first  minimum  is  located  a t  5  (end 
from  the  load.  Determine  ta)  the  retleclion  eoellieient  I',  atidjb)  the  load  impedance 
ZL.  In  addition,  find  (c)  the  equivalent. length  and  terminating" resistance  of  a  line 
such  that  the  input  impedance  is  equal  to  ZL. 


Solution 


a)  The  distance  between  successive  voltage  minima  is  half  a  wavelength. 


A  —  2  x  0.2  =  0.4  (m),  /?  =  ^  =  57t  (rad/m). 


Step  1 :  We  find  the  magnitude  of  the  reflection  coefficient,  |F|,  from  the  standing- 
wave  ratio  S  =  3. 


S  -  1  3-1  „ 

1 1 -s+ 1  ~3+~r  '5‘ 


Step  2:  Find  the  angle  of  the  reflection  coefficient,  6r,  from 

0r  -  2pz'm  — .  tt  —  2  x  5n  x  0.05  —  %  =  — 0.57r  (rad) 
T  =  |r|eJflr  =  0.5e~J'0-5’1  =  -70.5. 
b)  The  load  impedance  ZL  is  determined  from  Eq.  (9-115): 
v  _  cr\  (\  —  j0.5\ 

rA  i  r\  /-A  -A  nA>  nA  <  Ar\  .  /-s 


Z|.  =  50  (  y()~5  )  =  5010.60  —  70, 80)  =  30  -  j40  (Q). 


c)  Now  we  find  Rm  and  £m  in  Fig.  9-11.  We  may  use  Eq.  (9-114) 

3O-j4O-5of*-+J50K‘n,JC' 


50  +jRm  tan  /?✓„ 


.rt* 


.  ■  './yv".  ;  rr  .  . 


:  i"V  -  ..  '  ‘S*  VJ%: 

*v.  ■*#&&■  ly*; 


:- t  • " h| "5* 'i-> 
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and  solve  the  Simultaneous  equations  obtained  from  the  real  and  imaginary 
parts  for  Rm  and  p£m.  Actually,  we  know  z'„  +  £m  =  A/2  and  Rm  =  RJS.  Hence, r 


4,  =  2"2™  =  a2“a05==ai5(m). 


Rm  =  ■y  =  16.7  (Q). 


9-4.4  Transmission-Line  Circuits 

Our  discussions  on  the  properties  of  transmission  lines  so  far  have  been  restricted 
primarily  to  the  effects  of  the  load  on  the  input  impedance  and  on  the  characteristics 
of  voltage  and  current  waves.  No  attention  has  been  paid  to  the  generator  at  the 
“other  end,”  which  is  the  source  of  the  waves.  Just  as  the  constraint  (the  boundary 
condition),  VL  =  JhZL,  which  the  voltage  VL  and  the  current  lL  must  satisfy  at  the 
load  end  (z  =  /,  z'  t=  0),  a  constraint  exists  at  the  generator  end  where  z  =  0  and 
-'  =  £.  Let  a  voltage  generator  Vg  with  an  internal  impedance  Zg  represent  the  source 
connected  to  a  finite  transmission  line  of  length  £  that  is  terminated  in  a  load  im¬ 
pedance  ZL,  as  shown  in  Fig.  9-5.  The  additional  constraint  at  z  =  0  will  enable  the 
voltage  and  current  anywhere  on  the  line  to  be  expressed  in  terms  of  the  source 
characteristics  (Vg,  Zg),  the  line  characteristics  (y,  Z0,  £),  and  the  load  impedance  (ZL). 

The  constraint  ht  z  =  0  is 

Vi=Vg-liZg.  (9-116) 

But,  from  Eqs.  (9-i00a)  and  (9- 100b), 


^‘~~2  (ZL  +  Z0)e>7f[l  +  re-2’"*] 


(9 -117a) 


Ii  =  ~(ZL  +  Z0)e"[l-re-2-"-\. 


(9  -11 7b) 


Substitution  of  Eqs.  (9- 117a)  and  (9-1 17b)  in  Eq.  (9-116)  enables  us  to  find 

^(zL  +  z;>*_  v‘jZ°  1 


where 


z0  +  zB[i-rgre~^y 


(9-118) 


r  7-±zh. 

a  Zg  +  Z0 


(9-119) 


*  Another  set  of  solutions  to  part  (c)  is  £'„  =  £m  -.  A/4  =  0.05  (m)  and  R'm  =  SR0  =  150  {Cl).  Do  you  see 
why? 
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is  the  voltage  reflection  coefficient  of  the  generator  end.  Using  Eq.  (9-118)  in  Eqs. 
(9 -100a)  and  (9 -100b),  we  obtain 


Similarly, 


z0  +  Z9  V  1  -  TTe-2*) 


(9 -120a) 


I(z')  = 


-yz 


i-re-2yz' 


Z0  +  Z.  \l  -  rgTe-2y<)' 


(9 -120b) 


Equations  (9-120a)  and  (9-120b)  are  analytical  phasor  expressions  for  the  volt¬ 
age  and  current  at  any  point  on  a  finite  line  fed  by  a  sinusoidal  voltage  source  Vr 
These  are  rather  complicated  expressions,  but  their  significance  can  be  interpreted 
in  the  following  way.  Let  us  concentrate  our  attention  on  the  voltage  equation 
(9 -120a);  obviously  the  interpretation  of  the  current  equatiofr  (9-120b)  is  quite 
similar.  We  expand  Eq.  (9 -120a)  as  follows: 


V(z') 


where 


Kzo 

Z0+Vg 

KZ  o 


_  _ _£ 


Zq  4-  Z9 

ZgZ0 


e~yz{l  +  Te~2yz')(l  - 

■  e-y-*(l  +  re-2l,I')(l  +  TgTe~2y<  +  r2r2e‘4^  +  ■  •  ■) 
[e~yz  +  (re-y')e~y-  +  rg{re-2y')e-yz  +  •  •  •] 


Zo  +  Z, 

=  vi  +  v;  +  vt  +  vi  + 


n-A. 


”  -  Vue~” 


Z  o  +  Z, 

VT  =  nVMe-y')e-yz' 

K2+  =  Tg{TVMe-2y()e-yz. 


The  quantity 


Vm=- 


KZo 

Zo  +  Z„ 


(9-121) 


(9-121a) 

(9— 121b) 
(9— 121c) 


(9-122) 


is  the  complex  amplitude  of  the  voltage  wave  initially  sent  down  the  transmission 
line  from  the  generator.  It  is  obtained  directly  from  the  simple  circuit  shown  in  Fig. 
9-12(a).  The  phasor  V"T  in  Eq.  (9-121a)  represents  the  initial  wave  traveling  in  the 
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118)  in  Eqs. 


(9 -120a) 


(9 -120b) 


Fig.  9-12  A  transfriission-line  circuit  and  traveling  waves. 


■z‘  =  t  -  z 


for  the  volt- 
e  source  Vg. 
interpreted 
ge  equation 
Ob)  is  quite 


(9-121) 


(9 — 1 2 1  a) 

(9— 121b) 
(9— 121c) 


(M2  2) 


ranstnission 
town  in  Fig. 
/eling  in  the 


-t-z  direction.  Before  this  wave  reaches  the  load  impedance  ZL.  it  sees  Z0  of  the  line 
as  if  the  line  were  Infinitely  long. 

When  the  first  wave  Vf  =  FVIe_v*  reaches  ZL  at  z  =  £,  it  is  reflected  because  of 
mismatch,  resulting  in  a  wave  Fj"  with  a  complex  amplitude  T(VMe~!()  traveling  in 
the  —  z  direction.  As  the  wave  Fj"  returns  to  the  generator  at  z  =  0,  it  is  again  re¬ 
flected  for  Zg  #  2C,  giving  rise  to  a  second  wave  F jT  with  a  complex  amplitude 
f'tf(f'Kv/c;_2'/)  traveling  in  +  r  direction.  This  process  continues  indefinitely  with 
reflections  at  both  ends,  and  the  resulting  standing  wave  F(r')  is  the  sum  of  all  the 
waves  traveling  in  both  directions.  This  is  illustrated  schematically  in  Fig.  9—1 2(b). 
In  practice,  y  -  a  +  j[)  has  a  real  part,  and  the  attenuation  effect  of  e~ *e  diminishes 
the  amplitude  of  d  reflected  wave  each  time  the  wave  transverses  the  length  of  the 
line. 

When  the  line  is  terminated  with  a  nlatched  load,  ZL  =  Z0,  T  =  0,  only  Fj" 
exists,  and  it  stops  at  the  matched  load  with  no  reflections.  If  ZL  #  Z0  but  Zg  =  Z0 
(if  the  internal  inipedance  of  the  generator  is  matched  to  the  line),  then  T  #  0  and 
rg  =  0.  As  a  consequence,  both  V\  and  Ff  exist,  and  FJ,  FJ  and  all  higher-order 
reflections  vanish, 


Example  9-8  A  lOO-(MHz)  generator  with  Vg  =  10/0"  (V)  and  internal  resistance 
50  (O)  is  connected  to  a  lossless  50  (Q)  air  line  that  is  3.6  (m)  long  and  terminated  in  a 
25  +  j25  (Q)  load.  Find  (a)  F(z)  at  a  locatioil  z  from  the  generator,  (b)  \\  at  the  input 
terminals  and  Vh  at  the  load,  fc)  the  voltage  standing-wave  ratio  on  the  line,  and  (d) 
the  average  power  delivered  to  the  load. 

Solution !  Rcloi  tihg  to  T  ig.  9-5.  the  given  quantities  arc 

Fg  =  10/GJ  (V),  >Zg  =  50  (Q),  f  =  108  (Hz) 

R0  =  50  (Q),  Z,  =  25  +  /*25  =  35.36/45°  (Q).  £  =  3.6  (m). 


s  '  ‘A 

i  ;  ,  «./•••  ; 
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.  cu  2^108  2n  , 

P  =  -  =  3  -  108  =  T  (rad/m),  =  2.4tt  (rad) 

r  _  ZL  -  Z0  _  (25  +  y25)  -  50  -25  +  j25  35.36/135° 

ZL  +  Z0  (25  +)‘25)  +  50  ~  100  +  y25  ~  103.1/14° 

=  0.343/12P  =  0.343/0.6727t 

r9  =  o. 

a)  From  Eq.  (9 -120a),  we  have 

v{z)  =  +  rv-'2',('-‘>] 

z0  +  A, 

=  12^1  e~J2ml3^  +  Q343e7(°.672-4.8)ite74«/3] 

=  5[<.'--/2lc/3  +  0.343r'(2:/3~°'128)’t]  (V^ 

We  see  that,  because  Tg  =  0,  V(z)  is  the  superposition  of  only  two  traveling  waves, 
Vf  and  Fj",  as  defined  in  Eq.  (9-121).' 

b)  At  the  input  terminals, 

V,  =  F(0)  =  5(1  +  0.343e-jO128B) 

=  5(1.316  -7'0.134) 

=  6.61/- 5.82°  (V). 

At  the  load, 

VL  =  F(3.6)  =  5[e-J0-4’1  +  0.343e-iO-272’t] 

»  5(0.534  -  /0.692)  =  3.46/- 52,3°  (V). 

c)  The  voltage  standing-wave  ratio  is 

1±JT|  =  1^0343 
1  —  jr|  1-0.343 


d)  The  average  power  delivered  to  the  load  is 


R,= 


1  /  3.46\2 


2  V  35.4 


x  25  =  0.119  (W). 


It  is  interesting  to  compare  this  result  with  the  case  of  a  matched  load  when 
ZL  =  Z0  =  50  +  y‘0  (D).  In  that  case,  T  =  0, 


KI  =  |K|  =  5  (V), 


•  %  C,  ,  .f.i5  : 


.  -;*Sr 


ffcy 
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and  a. maximum  avdrage:  power  is  delivered  td  the  load: 

*  Vr  '  5  2 

:  ■  ]  Maximum  Pav  =  ~±  -  — —  =  0.25  (W), 

|  2  x  50 

which  is  considerably  larger  than  the  Pav  calculated  for  the  unmatched  load  in 
part(d). 


9-5  THE  SMITH  CHART 

ft 

Transmission-line  Calculations — such  as  the  determination  of  input  impedance 
by  Eq.  (9-89),  reflection  coefficient  by  Eq.  (9-101),  and  load  impedance  by  Eq. 
(9—115) — often  invdlve  tedious  manipulations  of  complex  numbers.  This  tedium  can 
be  alleviated  by  using  a  graphical  method  of  solution.  The  best  known  and  most 
widely  used  graphical  chart  is  the  Smith  chart  devised  by  P.  H.  Smith.*  Stated  suc¬ 
cinctly,  a  Smith  chart  is  a  graphical  plot  of  normalized  resistance  and  reactance 
functions  in  the  reflection-coefficient  plane. 

In  order  to  understand  how  the  Smith  chart  for  a  lossless  transmission  line  is 
constructed,  let  us  examine  the  voltage  reflection  coefficient  of  the  load  impedance 
defined  in  Eq.  (9-101): 


/,  -  l<„ 

ZL  +  R( j 


(9  1 01) 


Let  the  load  impedance  ZL  be  normalized  with  respect  to  the  characteristic  imped¬ 
ance  R0  —  -JL/C  of  the  tine. 


RL  .XL 

^  +  iRrr+JX 


(Dimensionless), 


(9-123) 


where  r  and  x  are  the  normalized  resistance  and  normalized  reactance  respectively. 
Equation  (9-101)  cdn  be  rewritten  as 

r  =  rr+;r,.  =  2LZi,  (9_124J 

*L  +  A 

where  Tr  and  T,  are  the  real  and  imaginary  parts  of  the  voltage  reflection  coefficient 
T  respectively.  The  inverse  relation  of  Eq.  (9-1 24)  is 

v  i  +  r  i  +  \r\eJBr 

7.  = - — - ! — _  /a  1 


r  +jx  = 


L  i  -  r  i  -  |ry 

_  (1  +  Tr)  +  jT; 


(1  -  H)  —  jT; 


(9-125) 


(9-126) 


*  P.  H.  Smith,  "Transmission-line  calculator,”  Electronics,  voi.  12,  p.  29,  January  1939;  and  "An  improved 
transmission-line  calculator,”  Electronics,  vol.  17,  p,  130,  January  1944. 


Multiplying  both  the  numerator  and  the  denominator  of  Eq.  (9-126)  by  the  complex 
conjugate  of  the  denominator,  and  separating  the  real  and  imaginary  parts,  we  obtain 


and 


r  = 


i  -  rr2  -  r  f 
(i  -  rr)2  +  r2 


X  = 


(1  -rr)2  +  r2 


(9- 127a) 

(9 -127b) 


If  Eq.  (9-127a)  is  plotted  in  theVr  —  F,  plane  for  a  given  value  of  r,  the  resulting 
graph  is  the  locus  for  this  r.  The  locus  can  be  recognized  when  the  equation  is  re¬ 
arranged  as 


(9- 128a) 


It  is  the  equation  for  a  circle  having  a  radius  1/(1  +  r )  and  centered  at  Fr  =  ;•/(  1  +  r) 
and  F,  =  0.  Different  values  of  r  yield  circles  of  different  radii  with  centers  at  different 
positions  on  the  Tr-axis.  A  family  of  /  -circles  are  shown  in  solid  lines  in  Fig.  9-13. 
Since  |F|  <  1,  only  that  part  of  the  graph  lying  within  the  unit  circle  on  the  F,  -  F,- 
plane  is  meaningful;  everything  outside  can  be  disregarded. 


:  complex  • 
we  obtain 

(9-127a) 


(9 -127b) 

;  resulting 
tion  is  re-  ' 

(9 -128a) 

-  r/( !  +  r) 
it  different 
Fig.  9-13. 
he  rr  -  r, 
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Several  salient  properties  of  the  r-drcleS' are  noted  as  follows: 

1.  The  centers  of'all /veircles  lie  on  the  Fr-dxis. 

2.  The  r  *v0r3djrcle,  haying  a  unity  radius  and  centered  at  the  origin,  is  the  largest. 

3.  The  r-circles  become  progressively ‘smaller  as  r  increases  from  0  toward  oo, 
ending  at  the  (F,  =  1,  T(  =  0)  point. 

4.  All  r-circles  pdss  through  the  (Tr  =  1,  T,  =  0)  point. 

Similarly,  Eq.  (9 —127b)  may  be  rearranged  as 

;  <^128b> 

This  is  the  equation  for  a  circle  having  raditls  l/|x|  and  centered  at  Tr  =  1  and  F,  ~ 
1/x.  Different  values  of  x  yield  circles  of  different  radii  with  centers  at  different  posi¬ 
tions  on  the  Tr  =  1  line.  A  family  of  the  portions  of  x-circles  lying  inside  the  |F|  =  1 
boundary  are  shown  in  dashed  lines  in  Fig.  9-13.  The  following  is  a  list  of  several 
salient  properties  of  the  x-circles. 

1.  The  centers  of  all  x-circles  lie  on  the  Tf  =  1  line;  those  for  x  >  0  (inductive 
reactance)  lie  above  the  Tr-axis,  and  those  for  x  <  0  (capacitive  reactance)  lie 
below  the  rr-tixis. 

2.  The  x  —  0  circle  becomes  the  Tr-axis. 

3.  The  x-circles  become  progressively  smaller  as  |x|  increases  from  0  toward  oo, 
ending  at  the  (Fr  =  1,  T;  =  0)  point. 

4.  All  x-circles  pass  through  the  (Tr  =  1,  F|  =  0)  point. 

A  Smith  chart  is  a  chart  of  r-  and  x-circles  in  the  Tr  —  T,  plane  for  |T|  <  1.  It  can 
be  proved  that  the  r-  and  x-circles  are  everywhere  orthogonal  to  one  another.  The 
intersection  of  an  r-circle  and  an  x-circle  defines  a  point  that  represents  a  normalized 
load  impedance  rL  =  /•  +  jx.  The  actual  load  impedance  is  ZL  =  R0(r  +  jx).  Since  a 
Smith  chart  plots  the  normalized  impedance,  it  can  be  used  for  calculations  concern¬ 
ing  a  lossless  ImiUimission  line  with  an  arbitrary  characteristic  impedance. 

As  an  illustration,  point  P  in  Fig.  9  -13  is  the  intersection  of  the  r  =  1.7  circle  and 
the  x  =  0.6  circle.  Hence  it  represents  zL  =  1.7  +  j0.6.  The  point  Psc  at  (Tr  =  - 1, 
T,-  =  0)  corresponds  to‘  r  =  0  and  x  =  0  ahd,  therefore,  represents  a  short-circuit. 
The  point  Poc  at  (Tr  =  1,  F;  A  0)  corresponds  to  an  infinite  impedance  and  repre¬ 
sents  an  open-circuit. 

The  Smith  chart  in  Fig.  9-13  is  marked  with  Tr  and  rf  rectangular  coordinates. 
The  same  chart  can  be  marked  with  polar  coordinates,  such  that  every  point  in  the 
T-plane  is  specified  by  a  magnitude  |F|  and  a  phase  angle  0r.  This  is  illustrated  in 
Fig.  9-14,  where  several  |r|-circles  are  shown  in  dotted  lines  and  some  0r-angles 
are  marked  arouhd  the  |F|  =  1  circle?  The  |r|-circles  are  normally  not  shown  on 
commercially  available  Smith  charts;  but  once  the  point  representing  a  certain 
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90° 


270° 


Fig.  9-14  Smith  chart  with  polar  coordinates. 


-l  =  r  +  jx  is  located,  it  is  a  simple  matter  to  draw  a  circle  centered  at  the  origin 
through  the  point.  The  fractional  distance  from  the  center  to  the  point  (compared 
with  the  unity  radius  to  the  edge  of  the  chart)  is  equal  to  the  magnitude  |T|  of  the 
load  reflection  coefficient;  and  the  angle  that  the  line  to  the  point  makes  with  the 
real  axis  is  0r.  This  graphical  determination  circumvents  the  need  for  computing  T 
by  Eq.  (9-124). 

Each  |T|-circle  intersects  the  real  axis  at  two  points.  In  Fig.  9-14  we  designate 
the  point  on  the  positive-real  axis  (OPm.)  as  PM  and  the  point  on  the  negative-real 
axis  ( OPsc )  as  Pm.  Since  x  =  0  along  the  real  axis,  PM  and  Pm  both  represent  situations 
with  a  purely  resistive  load,  Z,  =  R,  .  Obviously  Rh  >  R0  at  PM,  where  r  >  1 ;  and 
Rl  <  R0  E,„.  where/-  <  1.  In  Eq.  (9-112)  we  found  that  S  =  Rh/R0  =  r  for  RL  >  R0. 
This  relation  enables  us  to  say  immediately,  without  using  Eq.  (9-105),  that  the 
value  of  the  r-circle  passing  through  the  point  PM  is  numerically  equal  to  the  stand¬ 
ing-wave  ratio.  Similarly,  we  conclude  from  Eq.  (9  —  113)  that  the  value  of  the  r-circle 
passing  through  the  point  Pm  on  the  negative-real  axis- is  numerically  equal  to  1/S.  For 
the  :L  =  1.7  -t-y'0.6  point,  marked  P  in  Fig.  9  14,  we  find  |F|  =  and  0r  -  28''.  At 
PM,  r  =  S  =  2.0.  These  results  can  be  verified  analytically. 

In  summary,  we  note  the  following: 

1.  All  |T|-circles  are  centered  at  the  origin,  and  their  radii  vary  uniformly  from  0  to  1. 
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2.  The  angle,  measured  from  the  positive  real  axis,  of  the  line  drawn  from  the  origin 
through  the  pdint  representing  zL  equals  0r. 

3.  The  value  of  the  r-circle  passing  through  the  intersection  of  the  jT|-circle  and  the 

positive-real  axis  equals  the  standing-wave  ratio  S.  ' 

So  far  we  have  based  the  construction  of  the  Smith  chart  on  the  definition  of  the 
voltage  reflection  coefficient  of  the  load  impedance,  as  given  in  Eq.  (9-101).  The  input 
impedance  looking  toward  the  load  at  a  distance  z'  from  the  load  is  the  ratio  of  F(z') 
and  /(/-).  From  Eqs.  (9-100a)  and  (9— 100b)  We  have,  by  writing;^  for  y  for  a  lossless 
line, 

'1  +  Te~j2l>z~ 


7M-VW  ■  7 


1  _  Te~mt 


(9-129) 


The  normalized  in^ut  impedance  is 


_  Z;  1  + 

Z0  ~  1  -  re~j2ll:' 

■  i  +  jrj^ 

"  1  -  |r|e^’ 

(9-130) 

</>  =  Vr  -  2  jif. 

(9—131) 

where 


We  note  that  Eq.  (9—130)  relating  z;  and  re~i2llz‘  —  j T| e-"'6  is  of  exactly  the  same  form 
as  Eq.  (9-125)  rclfiting  zL  and  T  =  |r|<./-',)r.  In  fact,  the  latter  is  a  special  case  of  the 
former  for  z'  =  0  (<#  =  0r).  The  magnitude,  |f|,  of  the  reflection  coefficient  and,  there¬ 
fore,  the  standing-Wave  ratio  S.  are  not  changed  by  the  additional  line  length  z'.  Thus, 
just  as  we  can  use  the  Smith  chart  to  find  |F|  and  0r  for  a  given  rL  at  the  load,  we  can 
keep  |r|  constant  and  subtract  (rotate  in  the  clockwise  direction)  from  9r  an  angle 
equal  to  2/Jz'  =  4j tz'/a.  This  will  locate  the  point  for  |r|e^,  which  determines  z,.  the 
normalized  input  ihtpedance  looking  into  a  lossless  line  of  characteristic  impedance 
R0,  length  z',  and  a  normalized  load  impedance  zL,  Two  additional  scales  in  Az'/A 
are  usually  provided  along  the  perimeter  of  the  |F(  =  1  circle  for  easy  reading  of  the 
phase  change  2/?(Az')  due  to  a  change  in  line  length  Az':  the  outer  scale  is  marked 
“wavelengths  towdfd  generator”  in  the  clockwise  direction  (increasing  z');  and  the 
inner  scale  is  marked  “wavelengths  toward  load”  in  the  counterclockwise  direction 
(decreasing  z').  Figure  9-15  is  a  typical  Smith  Chart,  which  is  commercially  available.* 
It  has  a  complicated  appearaace,  but  actually  it  consists  merely  of  constant-/-  and 
constant-x  circles.  We  note  that  a  change  of  half-a- wavelength  in  line  length  (Az'  =  2/2) 
corresponds  to  a  2/?(Az')  .==  2n  change  in  i p.  A  complete  revolution  around  a  ]r|-circle 
returns  to  the  same  point  and  results  in  no  change  in  impedance,  as  was  asserted  in 
Eq.  (9-95).  .  .j  , 


f  All  of  the  Smith  charts  used  in  this  book  are  reprinted  with  permission  of  Emeloid  Industries,  Inc., 
New  Jersey. 
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Fig.  9-15  The  Smith  chart. 


In  the  following  we  shall  illustrate  the  use  of  the  Smith  chart  for  solving  some 
typical  transmission-line  problems  by  several  examples. 

the  Smith  chart  to  find  the  input  impedance  of  a  section  of  a 
50-(Q)  lossless  transmission  line  which  is  0.1.  wavelength  long  and  is  terminated  in 
a  short-circuit. 
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Solution :  Given:, 

’  -i.  =  0 

Rc  =  50(n) 

;'i  z' —  0.1  A. 

i 

1.  Enter  the  Smith  chart  at  the  intersection  of  r  =  0  and  x  =  0  (Point  Psc  on  the 
extreme  left  of  Chart.  See  Fig.  9-16.) 

2.  Move  along  the  perimeter  of  the  chart  (|r|  =  1)  by  0.1  "wavelengths  toward 
generator”  in  a  clockwise  direction  to  Pt. 

3.  At  Pi  read  r  =  0andxs  0.725,  or  zt  =  y'0.725.  Thus,  Z;  =  R0zt  =  5000.725)  = 
y‘36.3  (£2).  (The  input  impedance  is  purely  inductive.) 

This  result  can  be  checked  readily  by  using  Eq.  (9-92). 

Z,  =  jR„  tan  jW  —  j 50  tan  ( jo.  12 
=  j50  tan  36  =  y'36.4  (£2). 

Example  ??l|  A  lossless  transmission  line  bf  length  0.4347.  and  characteristic  im¬ 
pedance  100(52)  is  terminated  in  an  impedance  260  4-  jlSO  (£2).  Find  (a)  the  voltage 
reflection  coefficient,  (b)  the  standing-wave  ratio,  (c)  the  input  impedance,  and  (d)  the 
location  of  a  voltage  maximum  on  the  line.  • 

Solution:  Given  . 

z'  =  0.4347. 

R0  =  100  (Q) 

ZL  =  260  +;180  (£2). 

a)  We  find  the  voltage  reflection  coefficient  in  several  steps: 

1.  Enter  the  Smith  chart  at  zL  =  ZLIR0  =  2.6  +  ;1.8  (Point  P2  in  Fig.  9-16.) 

2.  With  the  cetiter  at  the  origin,  draw  a  circle  of  radius  OP2  =  |F|  =  0.60.  (The 
radids -of  the  chart  OPsc  equals  unity.) 

3.  Draw,  the  straight  line  OP2  and  extend  it  to  P'2  on  the  periphery.  Read  0.220 
on  “wavelengths  toward  .generator”  scale.  The  phase  angle  Qr  of  the  reflection 
coefficient  is  (0.250  -  0.220)  x  4tc  =  0.1 2n  (rad)  or  21CJ.  (We  multiply  the 
change  in  wavelengths  by  47t  because  angles  on  the  Smith  chart  are  measured 
in  2/lr'  cr  iltz'/X.  A  half-wavelength  change  in  line  length  corresponds  to  a 
complete  revolution  on  the  Smith  chart.)  The  answer  to  part  (a)  is  then 

r  =  |r|g*r  *=  0.60/21° . 

b)  The  |T|  =  0.60  circle  intersects  with  the  positive-real  axis  OPoc  at  r  -  S  =  4. 
Thus  the  voltage  standing-wave  ratio  is  4. 


mmrnmm 
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Fig.  9-16  Smith-chart  calculations  for  Examples  9-9  and  9-10. 


c)  To  find  the  input  impedance,  we  proceed  as  follows: 

1.  Move  P'2  at  0.220  by  a  total  of  0.434  “wavelengths  toward  generator,”  first  to 
0.500  (same  as  0.000)  and  then  further  to  0. 1 54  [(0.500  -  0.220)  +  0. 1 54  =  0.434] 
to  P’3. 

2.  Join  0  and  P'3  by  a  straight  line  which  intersects  the  Ifl  =  0.60  circle  at  Pv 
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3.  Read  r  =  0.6^  and;  jc  =  1.2  at  P3.  Hence,  • 

z;  =  i?0Z(  =  100(0,69  +  jl.2)  =  69  +  ;120  (Q). 

d)  In  going  from  Pa  to  P3,  the  |Fj  =  0.60  circle  intersects  the  positive-real  axis  OPoc 
at  PM  where  thd  voltage  is  a  maximum.  Thus,  a  voltage  maximum  appears  at 
(0.250  —  0.220)2  or  0.0302  from  the  load. 


Example  9-11  Solve  Example  9-7  by  using  the  Smith  chart.  Given 
;  y?o)=50(Q) 

'  <i"  S  =  3.0 

*,  2  =  2  x  0.2  =  0.4  (m) 

'  First  voltage  minimum  at  z'm  —  0.05  (m), 
find  (a)  T,  (b)  ZL,  and  Rm  (Fig.  9-11). 


Solution 

a)  On  the  positive-real  axis  OPM  locale  the  point  PM  at  which  r  =  S  =  3.0  (see  Fig. 

9-1  /).  Then  OPs,  —  |r|  =  0.5  (OPoc =  1.0).  We  cannot  find  0L  until  we  have 

located  the  point  that  represents  the  normalized  load  impedance. 

b)  We  use  the  following  procedure  to  find  the  load  impedance  on  the  Smith  chart: 

1.  Draw  a  circle  centered  at  the  origin  with  radius  OP3l,  which  intersects  with 
the  negative-neal  axis  OPsc  at  Pm  where  there  will  be  a  voltage  minimum. 

2.  Since  z'Jk  =  0.05/0.4  =  0.125,  move  from  P„0.125  “wavelengths  toward  load” 
in  the  counterclosewise  direction  to  P'L. 

3.  Join  O  and  P'u  by  a  straight  line,  intersecting  the  |Fj  =  0.5  circle  at  PL.  This 
is  the  point  representing  the  normalized  load  impedance. 

4.  Read  the  angle  LPocOPl  =  90°  =  n/2  (rad).  There  is  no  need  to  use  a  pro¬ 
tractor,  because  LPocOP'l  =  471(0.250  -  0.125)  =  nil.  Hence  8r  =  -n/2  (rad) 
or  T  =  0.5/- 90°  =  -j0.5. 

5.  Read  at  PL,  zL  =  0.60  -  y'0.80,  which  gives 

ZL  =  50(0.60  -  /0.80)  =  30  -  /40  (D) . 

c)  The  equivalent  line  length  and  the  terminating  resistance  can  be  found  easily. 

4,  =  ~  ~  4,  =  0.2  -  0.05  =  0.15  (m) 

n  Ro  50 

=  y  =  y  =  16.7(Q). 

All  the  above  resujts  are  the  same  as  those  obtained  in  Example  9-7,  but  no 

calculations  with  complex  numbers  are  needed  in  using  the  Smith  chart. 


Fig.  9-17  Smith-chart  calculations  for  Example  9-11. 


9-5.1  Smith-Chart  Calculations 
for  Lossy  Lines 

In  discussing  the  use  of  the  Smith  chart  for  transmission-line  calculations,  we  have 
assumed  the  line  to  be  lossless.  This  is  normally  a  satisfactory  approximation  for  we 
generally  deal  with  relatively  short  section's  of  low-loss  lines.  The  lossless  assumption 
enables  us  to  say,  following  Eq.  (9-130),  that  the  magnitude  of  the  Te~J2l>z  term 
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does  not  change,  with  line  length  z!  and  that  we  can  find  zt  from  zL,  and  vice  versa! 
by  moving  along  thfe  |rj-circle  by  an  angle  eqtial  to  2/?z'. 

For  a  lossy  line  of  a  sufficient  length  /,  sdeh  that  2a/  is  not  negligible  compared 
to  unity,  Eq.  (9  -i  30)  must  be  amended  to  read 


Zi  = 


1  +  Ve~2a:'e  ]2^z‘ 


—  2a 


1  -  re 

i  +  |r|<r2“V? 

1  -  \r\e~2xz'ew 


<j>  =  0r  -  2 pz'. 


(9-132) 


Hence,  to  find  z(  ftbm  zL,  we  cannot  simply  move  along  the  |r|-circle;  auxiliary 
calculations  are  necessary  in  order  to  account  for  the  e"2az'  factor.  The  following 
example  . illustrates  What  has  to  be  done. 

Example  9—12  Tile  input  impedance  of  a  short-circuited  lossy  transmission  line  of 
length  2  (m)  and  characteristic  impedance  75  (ft)  (approximately  real)  is  45  +  j225  (Q). 
(a)  Find  a  and  /?  of  the  line,  (b)  Determine  the  input  impedance  if  the  short-circuit  is 
replaced  by  a  load  impedance  ZL  =  67.5  -y‘45  (ft). 

Solution 

a)  Tne  short-circuit  load  is  represented  by  the  point  Psc  on  the  extreme  left  of  the 
Smith  impedance  chart. 

1.  Enter  zn  =  (45  +  y'225)/75  =  0.60  +  y'3.0  in  the  chart  as  Px  (Fig.  9-18). 

2.  Draw  a  straight  line  from  the  origin  O'through  P,  to  P\. 

3.  Measure  OPJOP\  =  0.89  =  e~2*.  It  follows  that 


a  =  ^ln 


1 

0.89 


=  ^  In  1.124  =  0.029  (Np/m). 


4.  Record  that  the  arc  PSCP\  is  0.20  ‘‘wavelengths  toward  generator.”  We  have 
//A  =  0.20  and  2/1/  =  4t r//A  =  O.Stt.  Thus, 


P  = 


0.8  k  0.8k 
~lf  =  ~4~ 


~  0.2k  (rad/m) . 


b)  To  find  the  input  impedance  for  Z,  =  67.5  -y'45  (Q): 

1.  Enter  zL  =  ZL/Z0  =  (67.5  —  y45)/7.5  =  0.9  — y'0.6  on  the  Smith  chart  as  P2. 

2.  Draw  a  straight  line  from  0  through  P2  to  P'2  where  the  “wavelengths  toward 

generator”  reading  is  0.364. 

3.  Dra\y_a  jr|-circle  centered  at  O  with  radius  OP2. 

4.  Move  P[ 2  alohg  the  perimeter  by  0.20  “wavelengths  toward  generator”  to 
P'i  at  0.364  4-  0.20  =  0.564  or  0.064. 

,  Join  P'3  and  6  by  a  straight  line,  intersecting  the  |r|-circle  at  P3. 

6.  Mark  on  line  OP3  a  point  P,  such  tjiat  OPjUP3  =  e~2rg  =  0.89. 

7.  At  P{,  read  z,  *  0.64  +  y‘0.27.  Hence, 

Z,  =  75(0.64  +  y'0.27)  =  48.0  +  y‘20.3  (ft). 
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Fig.  9-18  Smith-chart  calculations  for  lossy  transmission  line 
(Example  9-12). 


9-6  TRANSMISSION-LINE 
IMPEDANCE  MATCHING 

Transmission  lines  are  used  for  the  transmission  of  power  and  information.  For 
*•  radio-frequency  power  transmission  it  is  highly  desirable  that  as  much  power  as 
possible  is  transmitted  from  the  generator  to  the  load  and  as  little  power  as  possible 
is  lost  on  the  line  itself.  This  will  require  that  the  load  be  matched  to  the  characteristic 


Quartei 
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impedance  of  the  llbe  so  that  the  standing-wave  ratio  on  the  line  is  as  close  to  unity 
as  possible.  Fob  information  transmission  it  is  essential  that  the  lines  be  matched 
because  reflections,  from  mismatched  loads  and  junctions  will  result  in  echoes  and 
distort  the  informfction-Oarrying  signal,,  in  this  section  we  discuss  several  methods 
for  impedance-matching  :on  lossless  transmission  lines.  We  note  parenthetically  that 
the  methods  we  defelop  will  be  of  little  consequence  to  power  transmission  by  60  (Hz) 
lines  inasmuch  as  these  lines  are  generally  vety  short  compared  to  the  5  (Mm)  wave¬ 
length  and  the  line  losses  are  appreciable.  Sixty-hertz  power-line  circuits  are  usually 
analyzed  in  terms  Of  equivalent  lumped  electrical  networks. 

,  t ; 

9-6.1  Impedance  Matching  by 
Quarter-Wave  Transformer 

A  simple  method  for  matching  a  resistive  load  RL  to  a  lossless  transmission  line  of 
a  characteristic  impedance  R0  is  to  insert  a  quarter-wave  transformer  with  a  charac¬ 
teristic  impedance  R{,  such  that 

R'o  =\j%Rl.  (9-133) 

Since  the  length  of  the  quarter-wave  line  depends  on  wavelength,  this  matching 
method  is  frequency-sensitive,  as  are  all  the  other  methods  to  be  discussed. 

Example  9-13  A  signal  generator  is  to  fee'd  equal  power  through  a  lossless  air 
transmission  line  with  a  characteristic  impedance  50  (D)  to  two  separate  resistive 
loads,  64  (Q)  and  23  (Q).  Quarter-wave  transformers  are  used  to  match  the  loads  to 
the  50(D)  line,  as  shown  in  Fig.  9-19,  (a)  Determine  the  required  characteristic 
impedances  of  the  quarter-wave  lines,  (b)  Find  the  standing-wave  ratios  on  the 
matching  line  sectiohs.  •  ;  )  ■ 


Fig.  9-19  Impedance  matching  by  quarter-wave  lines 
(Example  9-13). 
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Solution 

a)  To  feed  equal  power  to  the  two  loads,  the  input  resistance  at  the  junction  with 
the  main  line  looking  toward  each  load  must  be  equal  to  2R0.  Rn  ~  Ri2  = 
2  R0  =  100  (fi). 

R'oi  =  =  V100  x  64  =  80  (G) 

b)  Under  matched  conditions,  there  are  no  standing  waves  on  the  main  transmission 
line  (S  =  1).  The  standing-wave  ratios  on  the  two  matching  line  sections  are 

Matching  section  No.  1 

r  =  gkl  ~  *oi  =  64~8Q  =  _0  n 
Rn  +  R'oi  64  +  80 


i  +  |i\|  l  +  o.ii 
i  -  ir.i  ~~  l-o.ii 


=  1.25; 


Matching  section  No.  2 


p  _  ^L2  ~  -^02 

Rl2  +  -^02 

„  i  +  |r,| 


25-50 
25  +  50 


=  -0.33 


l-  r. 


1  +  0.33 
1  -  0.33 


=  1.99. 


Ordinarily  the  main  transmission  line  and  the  matching  line  sections  are  essen¬ 
tially  lossless.  In  that  case  both  R0  and  R'0  are  purely  real  and  Eq.  (9-133)  will  have 
no  solution  if  RL  is  replaced  by  a  complex  ZL.  Hence  quarter-wave  transformers  are 
not  useful  for  matching  a  complex  load  impedance  to  a  low-loss  line. 

In  the  following  subsection  we  will  discuss  a  method  for  matching  an  arbitrary 
load  impedance  to  a  line  by  using  a  single  open-  or  short-circuited  line  section  (a 
single  stub)  in  parallel  with  the  main  line  and  at  an  appropriate  distance  from  the 
load.  Since  it  is  more  convenient  to  use  admittances  instead  of  impedances  for  parallel 
connections,  we  first  examine  how  the  Smith  chart  can  be  used  to  make  admittance 
calculations. 

Let  Yt  =  1/ZL  denote  the  load  admittance.  The  normalized  load  impedance  is 


_  Zl  _ _ 1_  =J_ 

Zl  R0  R0Yl  yL' 


where 


yt=YJY0=YJG  o  • 
=  R0Yh  =  g+jb 


(Dimensionless), 


(9-134) 


(9-135) 


re  essen- 
will  have 
-mers  are 

arbitrary 
ection  (a 
from  the 
r  parallel 
mittance 

edance  is 


(9-: 


(9-135) 


is  the  normalized  load  admittance  having  normalized  conductance  g  and  normalized 
susceptance  h  as  its  real  and  imaginary  parts  respectively.  Equation  (9-134)  suggests 
that  a  quarter-wave  line  with  a  unity  normalized  characteristic  impedance  will 
tiunslorm  to  yLt  and  vice  versa.  On  the  Smith  chart  we  need  only  to  move  the 
point  representing  zL  along  the  |r|-circle  by  a  quarter- wavelength  in  order  to  locate 
the  point  representing  j  L.  Since  a  z./4-change  in  line  length  (A z’/X  =  i)  corresponds 
to  a  change  of  n  radians  (2/?A z'  -  n)  on  the  Smith  chart,  the  points  representing  :h 
and  yL  are  then  diametrically  opposite  to  each-other  on  the  jrj -circle.  This  observation 

enables  us  to  find  yt  from  zu  and  zL  from  yLi  on  the  Smith  chart  in  a  very  simple 
manner. 

Example  9-14  Given  ZL  =  95  +  j20  (Q),  find  YL. 

Solution:  This  problem  has  nothing  to  do  with  any  transmission  line.  In  order  to 
use  the  Smith  chart,  we  can  choose  an  arbitrary  normalizing  constant;  for  instance 
R0  —  50  (Q).  Thus, 

zl  =  ^  (95  +  j'20)  =s  1.9  +  j0.4. 

Enter  zL  as  point  P2  on  the  Smith  chart  in  Fig.  9-20.  The  point  P2  on  the  other  side 
ot  the  line  joining  Px  and  0  represents  yL:  OP2  =  OP  j. 

v  1  1 

yL  =  ^  (0.5  —  y'0.1)  =  10  -y2  (mS). 

Example  9-15  Find  the  input  admittance  of  an  open-circuited  line  of  characteristic 
impedance  300  (Q.)  and  length  0.042. 


rfo  v  % £:-:w ii-f 
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Solution 

1.  For  an  open-circuited  line,  we  start  from  the  point  Poc  on~the- extreme  right  of 
the  impedance  Smith  chart,  at  0.25  in  Fig.  9-21. 

2.  Move  along  the  perimeter  of  the  chart  by  0.04  “wavelengths  toward  generator” 
to  P3  (at  0.29). 

3.  Draw  a  straight  line  from  P3  through  O,  intersecting  at  P'3  on  the  opposite  side. 

4.  Read  at  P'3 

y,  =  0 +;0.26. 

Thus, 

Yi  =  ^(0+j0.26)=j0.%7  (mS). 

In  the  preceding  two  examples  we  have  made  admittance  calculations  by  using 
the  Smith  chart  as  an  impedance  chart.  The  Smith  chart  can  also  be  used  as  an 
admittance  chart,  in  which  case  the  r  and  x  circles  would  be  g  and  b  circles.  The 
points  representing  an  open-  and  short-circuit  termination  would  be  the  points  on 
the  extreme  left  and  the  extreme  right,  respectively,  on  an  admittance  chart.  For 
Example  9-15,  we  could  then  start  from  extreme  left  point  on  the  chart,  at  0.00  in 
Fig.  9-21,  and  move  0.04  “wavelengths  toward  generator”  to  P3  directly. 

9-6.2  Single-Stub  Matching 

We  now  tackle  the  problem  of  matching  a  load  impedance  ZL  to  a  lossless  line  that 
has  a  characteristic  impedance  R0  by  placing  a  single  short-circuited  stub  in  parallel 
with  the  line,  as  shown  in  Fig.  9-22.  This  is  the  single-stub  method  for  impedance 
matching.  We  need  to  determine  the  length  of  the  stub,  d,  and  the  distance  from  the 
load,  z',  such  that  the  impedance  of  the  parallel  combination  to  the  right  of  points 
B-B’  equals  R0.  Short-circuited  stubs  are  usually  used  in  preference  to  open-circuited 


1  •  -.)  It? 
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stubs  because  ah  infinite  terminating  impedance  is  more  difficult  to  realize  than  it 
zero  terminating  impedance  for  reasons  of  radiation  from  an  open  end  and  coupling 
effects  with  neigh  bbring, objects.  Moreover,  a  short-circuited  stub  of  an  adjustable 
length  and  a  constant  characteristic  resistdhee  is  much  easier  to  construct  thatt 
an  open-circuited  one.  Qf  course,  the  difference  in  the  required  length  for  an  open- 
circuited  stub  and.that  for  a  short-circuited  stub  is  an  odd  multiple  of  a  quarter- 
wavelength. 

The  parallel  cdtnbination  of  a  line  termihated  in  ZL  and  a  stub  at  points  B-B' 
in  Fig.  9-22  suggdSts  that  it  is  advantageous  to  analyze  the  matching  requirements 
in  terms  of  admittahees.  The  basic  requirement  is 

i'i  -  yb  +  v; 

=  yo  =  7p  (9— i  36) 

In  terms  of  normalized  admittances,  Eq:.  (9-136)  becomes 

1  =.'■'«  +  Tv,  (9-137) 

where  yB  —  R0Ylt  is  for  tne  loud  section  and  ys  =  R0 Ys  is  for  the  short-circuited  stub. 
However,  since  thdi  input  admittance  of  a  short-circuited  stub  is  purely  susceptive, 
y*  1S  Pure*y  imaginary.  As  a  consequence,. Eq.  (9-137)  can  be  satisfied  only  if 

y/i=I+ji>c  *  (9- 138a) 

and 

=  ~jbn,  (9- 138b) 

where  bB  can  be  either  positive  or  negative.  Our  objectives,  then,  are  to  find  the 
ength  d  such  that  the  admittance,  yB,  of  the  load  section  looking  to  the  right  of  ter¬ 
minals  B-B'  has  a  Unity  real  part  and  to  find  the  length  (B  of  the  stub  required  to 
cancel  the  imaginary  pari. 


Fig.  9-22  Impedance  matching 
by  single-stub  method. 


\ 
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Using  the  Smith  chart  as  an  admittance  chart,  we  proceed  as  follows  for  single¬ 
stub  matching: 

1.  Enter  the  point  representing  the  normalized  load  admittance  yL. 

2.  Draw  the  |r|-circle  for  yL,  which  will  intersect  the  g  =  1  circle  at  two  points. 
At  these  points  yBl  =  1  +  jbBl  and  yB2  =  1  4-  jbB2.  Both  are  possible  solutions. 

3.  Determine  load-section  lengths  d x  and  d2  from  the  angles  between  the  point 
representing  yL  and  the  points  representing  yBl  and  yB2. 

4.  Determine  stub  lengths  iBl  and  ^B2  from  the  angles  between  the  short-circuit 
point  on  the  extreme  right  of  the  chart  to  the  points  representing  —  jbBl  and 
—jbB2  respectively. 

The  following  example  will  illustrate  the  necessary  steps. 

* 

Example  9-16  A  50-(Q)  transmission  line  is  connected  to  a  load  impedance  ZL  = 
35  —  y 47.5  (Q).  Find  the  position  and  length  of  a  short-circuited  stub  required  to 
match  the  line. 

Solution :  Given  R0  =  50  (Q)  , 

ZL  =  35  —  j'47.5  (D) 

-l  =  Zl/R0  =  0.70  —  j0.95. 

1.  Enter  zL  on  the  Smith  chart  as  Pt  (Fig.  9-23). 

2.  Draw  a  |F|-circle  centered  at  0  with  radius  OPx. 

3.  Draw  a  straight  line  from  Px  through  O  to  point  P'2  on  the  perimeter,  intersecting 
the  |r|-circle  at  P2,  which  represents  yL.  Note  0.109  at  P’2  on  the  “wavelengths 
toward  generator”  scale. 

4.  Note  the  two  points  of  intersection  of  the  |r|-circle  with  the  g  =  1  circle. 

AtP3:  yBi  =  1  +yl-2  =  1  +  jbBl; 

At  P 4:  yB 2  =  1  -j'1.2  =  1  +jbB2. 

5.  Solutions  for  the  position  of  the  stub: 

For  P3  (from  P'2  to  P3):  dx  =  (0.168  -  0.109)A  =  0.0592; 

For  P4  (from  P'2  to  P\):  d2  =  (0.332  -  0.109)2  =  0.2232. 

6.  Solutions  for  the  length  of  short-circuited  stub  to  provide  ys  =  —  jbB : 

For  P3  (from  P,c  on  the  extreme  right  of  chart  to  P3,  which  represents  —jbB ,  = 

~j  1.2): 

4i  =(0.361  -0.250)2  =  0.1112; 

For  P4  (from  Psc  to  P4,  which  represents  —jbB2  =  y'1.2): 

eB2  =  (0.139  +  0.250)2  =  0.3892. 
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Fig.  9-23  Construction  for  single-stub  matching. 


In  general*,  the  solution  with  the  shorter  lengths  is  preferred  unless  there  are 
other  practical  constraints.  The  exact  length,  tB,  of  the  short-circuited  stub  may 
require  fine  adjustments  in  the  actual  matching  procedure;  hence  the  shorted  match¬ 
ing  sections  are  sometimes  called  stub  tuners. 

The  use  of  Smith  chart  in  solving  impedance-matching  problems  avoids  the 
manipulation  of  complex  numbers  and  the  computation  of  tangent  and  arc-tangent 


.  "  ’••  *■  «Ait, 
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functions;  but  graphical  constructions  are  needed,  and  graphical  methods  have 
limited  accuracy.  Actually  the  analytical  solutions  of  jrnpedance-matching  problems 
are  relatively  simple,  and  epsy  access  to  a  computer' may  diminish  the  reliance  on 
the  Smith  chart  and,  at  the  same  time,  yield  more  accurate  results. 

For  the  single-stub  matching  problem  illustrated  in  Fig.  9-22,  we  have,  from 
Eq.  (9-89), 


where 

.  _  (>4l+  FA)  +  jt 
•  +j(rL  +jxt)t’ 

(9-139) 

t  —  tan  [hi. 

(9-140) 

The  normalized  input  admittance  to  the  right  of  points  B-B'  is 

yB  -  —  -  9b  + 

(9-141) 

where 

B 

„  _  r —  -xiT)  +  rLr(TL  +  0 

Qb  2  i  /  . 

rL  +  (*L  +  f) 

(9 -142a) 

and 

a  _  -  (1  T  -VH-Nl.  +  t) 

B  d  +  (xL  +  tf 

(9 -142b) 

A  perfect  match  requires  the  simultaneous  satisfaction  of  Eqs.  (9-138a)  and  (9— 138b). 
Equating  gB  in  Eq.  (9-142a)  to  unity,  we  have  1 

(d  -  l)t2  ~  2 xLt  +  (rL  -  ij  -  xl)  =  0.  (9-143) 

Solving  Eq.  (9-143),  we  obtain  ; 


{xL  M  -\Al[(1  -  rL)2  -  x£| },  rL  tU 


L  i  < 

— tr*  rL=l. 

2  • 


(9 -144a) 


(9 -144b) 


The  required  length  d  can  be  found  from  Eqs.  (9-14Q),  (9-144a),  and  (9-1 44b): 


—  tan  lt,  £2:0 
d  2  n 


i 


(n  +  tan  1 1),  t<  0. 


Similarly,  from  Eqs.  (9— 138b)  and  (9— 142b),  we  obtain 


^-tan;  \  bB  >  0  * 
2n  \bB)  f, 


n  +  tan 


1  (  a  )  ’  ^ B 

\bajj  •  - 


(9  —  145a) 
(9— 145b) 

(9-146a) 
(9— 146b) 


r 


*  ’V\ 

•  •  - 
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|r.'  ^or  a  given  load  jmpdtlancc,  both  djk  iinciiV/A  can  be  determined  easily  on  a 
scientific  calculator.  It.  is  also  a  simple  matter  td  write  a  general  computer  program 
for  the  single-stub  matching  problem.  More  accurate  answers  to  the  problem  in 
Example  9-16  (rL  =  0.70  and  xL  =  -0.95)  are 

d\.  ~  0.05894469 A,  ’  YB1  =0.111177922, 
dj  =  0.22347730a,  £b1  *=  0.38882208a. 

’'I  j'  .  .  ■ 

Of  course,  such  accuracies  are  seldom  needed  in  in  actual  problem;  but  these  answers 
have  been  obtained  easily  without  a  Smith  chart. 

tt  '  '*■’  ;i 

9-6.3  Double-Stub  Matching 

The  method  of  impedance  matching  by  means  of  a  single  stub  described  in  the 
preceding  subsection  can  be  used  to  match  any  arbitrary,  nonzero,  finite  load  imped¬ 
ance  to  the  characteristic  resistance  of  a  line  However,  the  single-stub  method 
requires  that  the  stub  be  attached  to  the  main  liric  at  a  specific  point  which  varies  as 
the  load  impedance  is  Changed.  This  requirement  often  presents  practical  difficulties 
because  the  specified  junction  point  may  occur  at  an  undesirable  location  from  a 
mechanical  viewpoint?  Furthermore,  it  is  very  difficult  to  build  a  variable-length 
coaxial  line  with  a  constant  characteristic  impedance.  In  such  cases,  an  alternative 
method  for  impedance-matching  is  to  use  two  short-circuited  stubs  attached  to  the 
main  line  at  fixed  positions,  as  shown  in  big.  9-24.  Here,  the  distance  da  is  fixed  and 
arbitrarily  chosen  (suen  as  a/16,  2/8,  3a/16,  3a/8,  etc.),  and  the  lengths  of  the  two  stub 
tuners  are  adjusted  to  match  a  given  load  impedahee  ZL  to  the  main  line.  This  scheme 
is  the  double-stub  metfiod  for  impedance  matching. 

In  the  arrangemerit  in  Fig.  9—24,  a  stub  of  length  £ A  is  connected  directly  in 
parallel  with  the  load  tfnpedknce  ZL  at  terminals  A -A',  and  a  second  stub  of  length 


g' _ U 

\\  }  B  yA  r4^t 

\zL\\ 


Fig.  9-24  Impedance  matching  by  double-stub  method. 
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tB  is  attached  at  terminals  B-B'  at  a  fixed  distance  d0  away.  For  impedance  matching 
with  a  main  line  that  has  a  characteristic  resistance  R0,  we  demand  the  total  input 
admittance  at  terminals  B-B',  looking  toward  the  load,  to  equal  the  characteristic 
conductance  of  the  line ;  that  is, 

y,=  yb+  YsB 

=  (9-147) 

v  •  .,r  :j: 

In  terms  of  normalized  admittances,  Eq.  (9-147)  becomes 

l  =  yB  +  ysB.  (9-148) 

Now,  since  the  input  admittance  ysfl  of  a  short-circuited  stub  is  purely  imaginary, 
Eq.  (9-148)  can  be  satisfied  only 'if 

y„  =  1  +jb„  (9 -149a) 

and 

ysB  =  - jbB .  ^  (9—1 49  b) 

Note  that  these  requirements  are  exactly  the  same  as  those  for  single-stub  matching. 

On  the  Smith  admittance  chart,  the  point  representing  yB  must  lie  on  the  g  =  1 
circle.  This  requirement  must  be  translated  by  a  distance  d„/A  “wavelengths  toward 
load”;  that  is,  yA  at  terminals  A- A'  must  lie  on  the  g  =  1  circle  rotated  by  an  angle 
4nd0/X  in  the  counterclockwise  direction.  Again,  since  the  input  admittance  ysA  of 
the  short-circuited  stub  is  purely  imaginary,  the  real  part  of  yA  must  be  solely  con¬ 
tributed  by  the  real  part  of  the  normalized  load  admittance,  gL.  The  solution  (or 
solutions)  of  the  double-stub  matching  problem  is  then  determined  by  the  inter¬ 
section  (or  intersections)  of  the  gfL-circle  with  the  rotated  g  =  1  circle.  The  procedure 
for  solving  a  double-stub  matching  problem  on  the  Smith  admittance  chart  is  as 
follows. 

1.  Draw  the  £7=1  circle.  This  is  where  the  point  representing  yB  should  be  located. 

2.  Draw  this  circle  rotated  in  the  counterclockwise  direction  by  dJX  “wavelengths 
toward  load.”  This  is  where  the  point  representing  yA  should  be  located. 

3.  Enter  the  yL  =  gL  +  jbL  point. 

4.  Draw  the  g  —  gL  circle,  intersecting  the  rotated  g  =  1  circle  at  one  or  two  points 
wher  eyA  =  gL+jbA. 

5.  Mark  the  corresponding  yB-points  on  the  g  ~  1  circle:  yB  =  1  +jbB. 

6.  Determine  stub  length  ( A  from  the  angle  between  the  point  representing  yA  and 
the  point  representing  yL. 

7.  Determine  stub  length  ifB  from  the  angle  between  the  point  representing  —jbB 
and  Psc  on  the  extreme  right. 


e  matching  ,  ••  j. 

total  input  .  1  rl 
aracteristic  ; 


(9-147) 


(9-148) 
imaginary, 

(9 -149a) 

(9^9b) 
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!>n  ’  1  =  1 

Uths  toward 
'by  an  angle 
lance  ys/(  of 
solely  con- 
solution  (or 
y  the  inter- 
e  procedure  . 1 
chart  is  as 

i  be  located. 

wavelengths 

Red. 

r  two  points 
Z"'\ 

itinr  and  ' 
enting  —jbB 


r:  M’  ) 

,  ;  t 

3r-6  /  TRANSMISSION-LINE  IMPEDANCE  MATCHING 


433 


Example  9-17  A  5(-(Q)  transmission  line  is  Connected  to  a  load  impedance  ZL  = 
60  +  jSO  (Cl).  A  doub  e-stub  tuner  spaced1  an  eighth  of  a  wavelength  apart  is  used  to 
match  the  load  to  thb  line/  as  shown  in  Fig.  9.-24.  Find  the  required  lengths  of  the 
short-circuited  sthbsi;  V 

,  .  /.  V  ■  I  y 

■f,  ;:J  r/ 

Solution :  Given  R0  —  50.  (Q)  and  ZL  =  60  +  J 80  (Q),  it  is  easy  to  calculate 


1  Rn 


50 


fI'=‘izL  ZL  60  +  y  80 


=  0.30  -  j 0.40. 


(We  could  find  oh  the.  Smith  chart  by  locating  the  point  diametrically  opposite 
to  zL  =  (60  +  ;8O)/50  =1.^0  +  y  1 .60,  but. this  Would 'clutter  up  the  chart  too  much.) 
We  follow  the  procedure  outlined  above. 

1.  Draw  the  g  =  1  dircle  (Fig.  9-25). 

2.  Rotate  this  a  -  1  circle  by  “wavelengths  toward  load”  in  the  counterclockwise 
direction.  The  angle  of  rotation  is  47r/8  (rad)  or  90°. 

3.  Enter  yL  =  6.30  -;0.40  as  PL. 

4.  Mark  the  two  points  of  intersection,  PA ,  and  PA2 ,  of  the  gL  =  0.30  circle  with 
Hie  rolatcd  g  ~  I  circle. 

At  PAl,  read  yAl  =  0.30  +/Q.29; 

At  PA2,  read  yA2  =  0.30  +  y  1 .75. 

5.  Use  a  compass  centered  at  the  origin  O  to  mark  the  points  PBl  and  PB2  on  the 
9  =  1  circle  corresponding,  respectively,  to  the  points  PA1  and  PA2. 

At  P B1,  read  yBl  =  1  +/1.38; 

• At  PB2,  read  yB2  =  i  —  y'3.4. 

,r 

6.  Determine  the  re^uirqd  stub  lengths  fAl  arid  (A1  from 

(y4v,)i  “  yAi  h-  yjl=  y'0.69,  tM  =  (0.097  +  0.250)2  =  0.347A  (Point  A  t), 
(yj 2  *  yA2  r  yL  =i2.11,  tA2  =  (0.1 79  +  0.250)2  -  0.4292  (Point  A2). 

7.  Determine  .the  required  stub  lengths  <fB1  and  fB2  from: 


OWi  =  -Jl  .38. 
'b!T#)2  . 


4i  =  (0.350  -  0.250)2  =  0.1002  (Point  B ,), 
/* 112  =  (0.205  +  0.250)2  =  0.4552  (Point  B2). 


ExaminStibh  df  the  construction  in  Fig.  9-25  reveals  that  if  the  point  PL,  repre¬ 
senting  the  nbftiialjzed  lc£d  admittance  yL  =  gL+  jbL  lies  within  the  g  =  2  circle 
(if  9l  >  2),  thbn  the  g  =  g-u  circle  does  noqintersect  with  the  rotated  g  =  1  circle  and 
no  solution  exists  for  double-stub  matching  with  da  —  2/8.  This  region  for  no  solution 
varies  with  the  chosen  distance.^,,  between  the  stubs  (Problem  P.9-38).  In  such  cases 
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Fig.  9-26  Double-stUb  impedance  matching  with  added  load-line  section. 


developed  in  the  preceding  subsection.  The  more  ambitious  reader  may  wish  to 
obtain  such  an  analytical  solution  and  write  a  computer  program  for  determining 
^ a! K  and  tB/k  in  terms  of  zL  and  djk. 


REVIEW  QUESTIONS 


aiding  an 
Fig.  ‘  '6 

lem  is,  of 
problem 


R.9  1  Discuss  the  similarities  and  dissimilarities  of  uniform  plane  waves  in  an  unbounded 
media  and  TEM  waves  along  transmission  lines. 

R.9 -2  What  are  the  three  most  common  types  of  guiding  structures  that  support  TEM  waves? 

R.9-3  Compare  the  advantages  and  disadvantages  of  coaxial  cables  and  two-wire  transmission 
lines. 

R.9-4  Write  the  trarismission-line  equations  for  a  lossless  parallel-piate  line  supporting  TEM 
waves. 

R.9-5  What  are  striplines ? 

R.9-6  Describe  how  the  characteristic  impedance  Of  a  parallel-plate  transmission  line  depends 
on  plate  width  and  dielectric  thickness. 

R.9-7  Compaq  the  Velocity  of  TEM-wavei  propagation  along  a  parallel-plate  transmission 
line  with  that  in  an  unbounded  medium. 

R.9-8  Define  surface  impedance.  How  is  surface  itnpedance  related  to  the  power  dissipated 
fn  a  plate  conductor? 

R.9-1Q  State  the  difference  between  the  surface  resistance  and  the  resistance  per  unit  length  of  a 
parallel-plate  transmission  line. 


\ 
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R.9-11  What  is  the  essential  difference  between  a  transmission  line  and  an  ordinary  electric 
network? 

R.9-12  Explain  why  waves  along  a  lossy  transmission  line  cannot  be  purely  TEM. 

R.9-13  Write  the  general  transmission-line  equations  for  arbitrary  time  dependence  and  for 
time-harmonic  time  dependence. 

R.9-14  Define  propagation  constant  and  characteristic  impedance  of  a  transmission  line.  Write 
their  general  expressions  in  terms  of  R,  L,  G,  and  C  for  sinusoidal  excitation. 

R.9-15  What  is  the  phase  relationship  between  the  voltage  and  current  waves  on  an  infinitely 
long  transmission  line? 

R.9-16  What  is  meant  by  a  “distortionless  line”?  What  relation  must  the  distributed  parameters 
of  a  line  satisfy  in  order  for  the  line  to  be  distortionless? 

R.9-17  Outline  the  procedure  for  determining  the  distributed  parameters  of  a  transmission  line. 

R.9-18  Show  how  the  attenuation  constant  of  a  transmission  line  is  determined  from  the  prop¬ 
agated  power  and  tire  power  lost  in  the  line  per  unit  length. 

R.9-19  What  does  “matched  transmission  line"  mean?  — • 

R.9-20  On  what  factors  does  the  input  impedance  of  a  transmission  line  depend? 

R.9-21  What  is  the  input  impedance  of  an  open-circuited  lossless  transmission  line  if  the  length 
of  the  line  is  (a)  A/4,  (b)  A/2,  and  (c)  3A/4? 

R.9-22  What  is  the  input  impedance  of  a  short-circuited  lossless  transmission  line  if  the  length 
of  the  line  is  (a)  A/4,  (b)  A/2,  and  (c)  3A/4? 

R.9-23  Is  the  input  reactance  of  a  transmission  line  A/8  long  inductive  or  capacitive  if  it  is 
(a)  open-circuited,  and  (b)  short-circuited? 

R.9-24  On  a  line  of  length  (,  what  is  the  relation  between  the  line's  characteristic  impedance 
and  propagation  constant  and  its  open-  and  short-circuit  input  impedances? 

R.9-25  What  is  a  “quarter-wave  transformer"?  Why  is  it  not  useful  for  matching  a  complex 
load  impedance  to  a  low-loss  line? 

R.9-26  What  is  the  input  impedance  of  a  lossless  transmission  line  of  length  (  that  is  terminated 
in  a  load  impedance  ZL  if  (a)  /  =  A/2,  and  (b)  (  —  A? 

R.9-27  Define  voltage  reflection  coefficient.  Is  it  the  same  as  “current  reflection  coefficient"? 
Explain. 

R.9-28  Define  standing-wave  ratio.  How  is  it  related  to  voltage  and  current  reflection  coefficients? 

R.9-29  What  are  T  and  S  for  a  line  with  an  open-circuit  termination?  A  short-circuit  termination ? 

R.9-30  Where  do  the  minima  of  the  voltage  standing  wave  on  a  lossless  line  with  a  resistive 
termination  occur  (a)  if  RL  >  R0,  and  (b)  if  RL  <  R01 

R.9-31  Explain  how  the  value  of  a  terminating  resistance  can  be  determined  by  Pleasuring  the 
standing-wave  ratio  on  a  lossless  transmission  line. 
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R.9-32  Explain  how  tty!  value  of  an  arbitrary  terminating  impedance  on  a  lossless  transmission 

line  can  be  determined  By  standing-wave  measuremcrtts  on  the  line. 

'  '■  !  t  : 

R.9-33  A  voltage  generator  having  an  internal  impedance  Zs  is  connected  at  t  =  0  to  the  input 
terminals  of  a  lossless  tf&nsmission  line  of  length  <f.  "the  line  has  a  characteristic  impedance  Z0 
and  is  terminated  with  a  load  impedance  ZL.  At  what  tltne  will  a  steady  state  on  the  line  be  reached 
if  (a)  Z„  ~  Z0  and  Z^  —  (b)  ZL  =  Zq  but  Z^  ^  Zq,  fc)  Zg  =  Zq  but  Z^  ^  Z0,  and  (d)  Zrf  ^  Z0 

and  ZL  =£  Z0? 

R.9-34  What  is  a  Smitli  chart  and  why  is  it  useful  iri  making  transmission-line  calculations? 
R.9-35  Where  is  the  pdlnt  representing  a  matched  lolid  on  a  Smith  chart? 

.  V  '  t  ’ 

R.9-36  For  a  given  load  impedance  ZL  on  a  lossless  lihe  of  characteristic  impedance  Z0,  how  do 
we  use  a  Smith  chart  to  determine  (a)  the  reflection  coefficient  and  (b)  the  standing-wave  ratio? 

R.9-37  Why  does  a  change  of  half-a-wavelength  in  line  length  correspond  to  a  complete  revo¬ 
lution  on  a  Smith  charts 

R.9-38  Given  an  impedance  Z  -  k+  jX,  what  procedure  do  we  follow  to  find  the  admittance 
Y  =  1/Z  on  a  Smith  chart? 

R.9-39  Given  an  admittance  Y  =  C  +  jB,  how  do  we  use  a  Smith  chart  to  find  the  impedance 

z  =  i/y? 

R.9-40  Where  is  the  poiht  representing  a  short-circuit  on  a  Smith  admittance  chart? 

R.9-41  Is  the  Standing-Wave  -atio  constant  on  a  transmission -line  even  when  the  line  is  lossy? 
Explain.  '  . 

R.9-42  Can  a  Smith  ctt&rt  b:  used  for  impedance  calculations  on  a  lossy  transmission  line? 
Explain. 

R.9-43  Why  is  it  more  ‘convenient  to  use  a  Smith  chart  as  an  admittance  chart  for  solving 
impedance-matching  problems  than  to  use  it  as  an  impedance  chart? 

R.9-44  Explain  the  singlfe-stub  method  for  impedance  matching  on  a  transmission  line. 

U.9-45  Explain  the  double-stub  method  for  impedance  matching  on  a  transmission  line. 

R.9-46  Compare  the  relative  advantages  and  disadvantages  of  the  single-stub  and  the  double¬ 
stub  methods  of  impedance  matching. 


PROBLEMS 


P.9-1  Neglecting  fringe  fields,  prove  analytically  that  a  y-polarized  TEM  wave  that  propagates 
along  a  parallel plate  transmission  line  in  +z  direction  has  the  following  properties:  cEyjcx  =  0 
and  dHJSy  =  0. 

P.9-2  The  electric  and  inagnetic  fields  of  a  general  TEM  wave  traveling  in  the  +:  direction 
along  a  transmission  line  may  have  both  x  and  ^components,  and  both  components  may  be 
functions  of  the  transverse  dimensions. 

a)  Find  the  relatioris  among  Ex{x,  y),  Er{x,  >>),  //v(x,  >),  and  Hr(x,  y). 
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b)  Verify  that  all  the  four  field  components  in  part  (a)  satisfy  the  two-dimensional  Laplace’s 
equation  for  static  fields. 

P.9-3  Consider  lossless  stripline  designs  for  a  given  characteristic  impedance. 

a)  How  shoiild  the  dielectric  thickness,  d,  be  changed  for  a  given  plate  width,  w,  if  the  di¬ 
electric  constant,  e„  is  doubled? 

b)  How  should  w  be  changed  for  a  given  d  if  er  is  doubled? 

c)  How  should  w  be  changed  for  a  given  er  if  d  is  doubled? 

d)  Will  the  velocity  of  propagation  remain  the  same  as  that  for  the  original  line  after  the 
changes  specified  in  parts  (a),  (b),  and  (c)?  Explain. 

P.9-4  Consider  a  transmission  line  made  of  two  parallel  brass  strips; — ac  =  1.6  x  107  (S/m)  — 
of  width  20  (mm)  and  separated  by  a  lossy  dielectric  slab — =  n0,  er  =  3,  a  =  10“ 3  (S/m) — of 

thickness  2.5  (mm).  The  operating  frequency  is  500  MHz. 

* 

a)  Calculate  the  R,  L,  G ,  and  C  per  unit  length. 

b)  Compare  the  magnitudes  of  the  axial  and  transverse  components  of  the  electric  field. 

c)  Find  y  and  Z„. 

P.9-5  Verily  Eq.  (9-39). 

P.9-6  Show  that  the  attenuation  and  phase  constants  for  a  transmission  line  with  perfect' 
conductors  separated  by  a  lossy  dielectric  that-, has  a  complex  permittivity  e  =  e' —  je"  are, 
respectively, 

1/2 

(Np/m)  (9 -142a) 

1/2 

(rad/m).  (9 -142b) 

P.9-7  In  the  derivation  of  the  approximate  formulas  of  y  and  Z0  for  low-loss  lines  in  Subsection 
9-3.1,  all  terms  containing  the  second  and  higher  powers  of  ( R/a>L )  and  ( G/wC )  were  neglected 
in  comparison  with  unity.  At  lower  frequencies  better  approximations  than  those  given  in  Eqs. 
(9-45)  and  (9-47)  may  be  required.  Find  new  formulas  for  y  and  Z„  for  low-loss  lines  that  retain 
terms  containing  ( R/a>L )2  and  (G/a>C)2.  Obtain  the  corresponding  expression  for  phase  velocity. 

P.9-8  Obtain  approximate  expressions  for  y  and  Z0  for  a  lossy  transmission  line  at  very  low 
frequencies  such  that  a>L  «  R  and  a>C  «  G. 

P.9-9  The  following  characteristics  have  been  measured  on  a  lossy  transmission  line  at  100  MHz : 

Zo  =  50+j0(n) 
a  =  0.01  (dB/m) 
jl  =  0.871  (rad/m) . 

Determine  R,  L,  G,  and  C  for  the  line.  \ 

P.9-10  It  is  desired  to  construct  uniform  transmission  lines  using  polyethylene  (er  =  2.25)  as  the 
dielectric  medium.  Assuming  negligible  losses,  (a)  find  the  distance  of  separation  for  a  300-(fl), 
two-wire  line,  where  the  radius  of  the  conducting  wires  is  0.6  (mm);  and  (b)  findfthe  inner  radius 
of  the  outer  conductor  for  a  75-{f2)  coaxial  line,  where  the  radius  of  the  center  conductor  is  0.6  (mm). 
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P.9-11  Prove  that  a  maximum  power  is  transferred  from  a  voltage  source  with  an  internal 
impedance  Zg  to  a  load  impedance  ZL  over  ^lossless  transmission  line  when  Z9  =  Zf.  What  is  the 
maximum  power-transfer  efficiency? 

i  .  ,'f  ' 

P.9-12  Express  V(z)  and  /(z)  in  terms  of  the  voltage  Vl  and  current  \x  at  the  input  end  and  y 
and  Z0  of  a  transmission  line  (a)  in  exponential  fohn  and  (b)  in  hyperbolic  form. 

P.9-13  A  DC  generator  of  voltage  Va  and  internal  resistance  Rg  is  connected  to  a  lossy  trans¬ 
mission  line  characterized  by  a  resistance  per  unit  length  R  and  a  conductance  per  unit  length  G. 

a)  Write  the  governing  voltage  and  current  ttansmission-line  equations. 

b)  Find  the  gerieral  solutions  for  V(:)  and  1(2). 

c)  Specialize  the  solutions  in  part  (b)  to  those  for  an  infinite  line. 

d)  Specialize  the  solutions  in  part  (b)  to  those  for  a  finite  line  of  length  (  that  is  terminated 
in  a  load  resistance  flL. 
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P.9-14  A  generator  with  an  open-circuit  voltage  vjt)  =  10  sin  ffOOOm  (V)  and  internal  impedance 
Z„  -  40  i-  /30(D)  is  connected  to  a  50-(D)  distortionless  line.  The  line  has  a  resistance  of  0.5  (D/m), 
and  its  lossy  dielectric  medium  has  a  loss  tangent  of  0.18%.  The  line  is  50  (km)  long  and  is  termi¬ 
nated  in  a  matched  load.  Find  (a)  the  instantaneous  expressions  for  the  voltage  and  current  at 
an  arbitrary  location  on  the  line,  (b)  the  instantaneous  expressions  for  the  voltage  and  current 
at  the  load,  and  (c)  the  average  power  transmitted  to  the  load. 

P.9-15  The  input  impedance  of  an  open-  or  short-circuited  lossy  transmission  line  has  both  a 
resistive  and  h  reactive  component.  Prove  that  the  input  impedance  of  a  very  short  section  (  of  a 
slightly  lossy  line  (a4,«  1  and  «  1)  is  approximately 

a)  Zjn  =  (i?  +  .j<nL)(  with  a  short-circuit  termination. 

b)  Zin  =  (G  —  )\dC)/[G2  4-  (<yC)2]/  with  an  open-circuit  termination. 

P.9-16  A  2-(m)  lossless  transmission  line  having  a  characteristic  impedance  50  (D)  is  terminated 
with  an  impedance  40  +  /30  (D)  at  an  operating  frequency  of 200  (MHz).  Find  the  input  impedance. 

P.9-17  The  operi-circuit  and  short-circuit  impedbnees  measured  at  the  input  terminals  of  a 
transmission  line  4  (m)  long  are,  respectively,  250/— 50°  (D)  and  360/20°  (D). 

a)  Determine  Z0,  a,  and  j 3  of  the  line. 

b)  Determine  R,  L,  G,  and  C. 

P.9-18  A  lossless  quarter-wave  line  section  of  characteristic  impedance  R0  is  terminated  with  an 
inductive  load  impedance  ZL  —  RL  +  jXL. 

a)  Prove  that  the  input  impedance  is  effectively  a  resistance  Rt  in  parallel  with  a  capacitive 
reactance  X,.  Determine  R)  and  Xt  in  terms  of  R0,  RL,  and  XL. 

b)  Find  ths  “tic  of  the  magnitude  of  the  voltage  at  the  input  to  that  at  the  load  ( voltage 
transformation  ratio ,  |F,„|/|K.|)  in  terms  of  Z;  and  ZL. 

P.9-19  A  75-{D)  lossless  ljne  is  terminated'  in  a  load  impedance  ZL  =  RL  +  jXL. 

a)  What  must  be  the  relation  between  RL  and  XL  in  order  that  the  standing-wave  ratio  on 
tj'.e  line  be  3? 

b)  Find  if  4=  150(D). 

c)  Where  does  the  vpltage  minimum  nearest  to  the  load  occur  on  the  line  for  part  (b)? 
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P.9-20  Consider  a  lossless  transmission  line.  v I1 

a)  Determine  the  line’s  characteristic  resistance  so  that  it  will  have  a  minimum  possible 
standing-wave  ratio  for  a  load  impedance  40 -f  y  30  (fi). 

b)  Find  this  minimum  standing-wave  ratio  and  the  corresponding  voltage  reflection 
coefficient. 

c)  Find  the  location  of  the  voltage  minimum  nearest  to  the  load. 

P.9-21  A  lossy  transmission  line  with  characteristic  impedance  Z0  is  terminated  in  an  arbitrary 
load  impedance  ZL. 

a)  Express  the  standing-wave  ratio  S  on  the  line  in  terms  of  Z0  and  ZL. 

b)  Find  in  terms  of  S  and  Z0  the  impedance  looking  toward  the  load  at  the  location  of  a 
voltage  maximum. 

c)  Find  the  impedance  looking  toward  the  load  at  a  location  of  a  voltage  minimum. 

P.9-22  A  transmission  line  of  characteristic  impedance  R0  =  50  (Q.)  is  to  be  matchedto  a  load 
impedance  Z,.  =  40  +  j  10(D)  through  a  length  /'  of  another  transmission  line  or  characteristic 
impedance  l<[,.  Find  the  required  ('  and  RJ,  for  mulching. 


P.9-23  The  standing-wave  ratio  on  a  lossless  300-(£2)  transmission  line  terminated  in  an  unknown 
load  impedance  is  2.0,  and  the  nearest  voltage  minimum  is  at  a  distance  0.3/  from  the  load. 
Determine  (a)  the  reflection  coefficient  F  of  the  load,  (b)  the  unknown  load  impedance  ZL,  and 
(c)  the  equivalent  length  and  terminating  resistance  of  a  line,  such  that  the  input  impedance  is 
equal  to  Zh. 

P.9-24  Obtain  from  Eq.  (9-114)  the  formulas  for  finding  the  length  (m  and  the  terminating 
resistance  R„  of  a  lossless  line  having  a  characteristic  impedance  R0  such  that  the  input  impedance 
equals  Z,  =  R,  +  jX f. 

P.9-25  Obtain  an  analytical  expression  for  the  load  impedance  ZL  connected  to  a  line  of  char¬ 
acteristic  impedance  Z0  in  terms  of  standing-wave  ratio  S  and  the  distance,  z'JX,  of  the  voltage 
minimum  closest  to  the  load. 

P.9-26  A  sinusoidal  voltage  generator  with  Vg  =  0.1/0!  (V)  and  internal  impedance  Z,  =  R0  is 
connected  to  a  lossless  transmission  line  having  a  characteristic  impedance  R0  =  50  (D).  The  line 
is  Z  meters  long  and  is  terminated  in  a  load  resistance  Rl  =  25  (D).  Find  (a)  F;,/;,  FL,and/L;(b)  the 
standing-wave  ratio  on  the  line;  and  (c)  the  average  power  delivered  to  the  load.  Compare  the 
result  in  part  (c)  with  the  case  where  RL  =  50  (D). 

P.9-27  A  sinusoidal  voltage  generator  vg  =.  110  sin  cot  (V)  and  internal  impedance  Z„  =  50  (D) 
is  connected  to  a  quarter- wave  lossless  line  having  a  characteristic  impedance  R0  =  50(D)  that 
is  terminated  in  a  purely  reactive  load  ZL  =  J50  (£2). 

a)  Obtain  voltage  and  current  phasor  expressions  V(z')  and 

b)  Write  the  instantaneous  voltage  and  current  expressions  v(z',  t)  and  i(z',  t). 

c)  Obtain  the  instantaneous  power  and  the  average  power  delivered  to  the  load. 

P.9-28  The  characteristic  impedance  of  a  given  lossless  transmission  line  is  75  (D).  Use  a  Smith 
chart  to  find  the  input  impedance  af"200  (MHz)  of  such  a  line  that  is  (a)  1  (m)  long  and  open- 
circuited,  and  (b)  0.8  (m)  long  and  short-circuited.  Then  (c)  determine  the  corresponding  input 
admittances  for  the  lines  in  parts  (a)  and  (b). 
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P.9-29  A  load  impedance  30  >f  JlO(ft)  is  connected  tb  a  lossless  transmission  line  of  length  0.101/ 
and  characteristic  impedance  50  (£2).  Use  a  Smith,  chart  to  find  (a)  the  standing-wave  ratio, 
(b)  the  voltage  reflection  coefficient,  (c)  the  input  impedance,  (d)  the  input  admittance,  and 
(e)  the  location  of  the  Vbltagejtninimum  on  the  line. 

.  :*•  ;  '  {■ 

P-9-30  Repeat  proble^l  P,9v29  for  a  load  impedanie  30  -;10  (ft). 

P.9-31  In  a  laboratory,  experiment  conducted  on  a  50-(ft)  lossless  transmission  line  terminated 
in  an  unknown  load  impedance,  it  is  found  that  the  standing-wave  ratio  is  2.0.  The  successive 
voltage  minima  are  25jcm)  apart  and  the  first  minitnum  occurs  at  5  (cm)  from  the  load.  Find 
(a)  the  load  impedandjSj  and  (b)  the  reflection  coefficient  of  the  load,  (c)  Where  would  the  first 
voltage  minimum  be  lOpated  if  the  load  were  replaced  by  a  short-circuit? 

P -9  -32  The  input  impedance  of  a  short-circuited  lossy  transmission  line  of  length  1 .5  (m)  ( <  A/2) 
and  characteristic  impedance  100  (ft)  (approximately  real)  is  40  -  ;280  (ft). 

a)  Find  a  and /?  of  the  line. 

b)  Determine  the  input  impedance  if  the  short-circuit  is  replaced  by  a  load  impedance 
ZL  =  50  +  j 50  (ft). 

c)  Find  the  input  impedance  of  the  short-circuited  line  for  a  line  length  0.15A. 

P.9-33  A  dipole  antetina  having  an  input  impedance  of  73  (ft)  is  fed  by  a  200-(MHz)  source 
through  a  300-(ft)  two-wire  transmission  line.  Design  a  quarter-wave  two-wire  air  line  with  a 
2-(cm)  spacing  to  match  the  antenna  to  the  300-<ft)  line. 

P.9-34  The  single-stub  method  is  used  to  match  a  load  impedance  25  +  j25  (ft)  to  a  50-(ft> 
transmission  line. 

a)  Find  the  required  length  and  position  of  a  short-circuited  stub  made  of  a  section  of  the 
same  50-(ft)  line. 

b)  Repeat  part  (a)  assuming  the  short-circuited  stub  is  made  of  a  section  of  a  line  that  has 
a  characteristic  impedance  of  75  (ft).  ' 

P.9—35  A  load  impedance  can  be  inatched  to  a  transmission  line  also  by  using  a  single  stub  placed 
in  series  with  the  load  at  an  appropriate  location,  as  shown  in  Fig.  9-27.  Assuming  ZL  -  25  + 
j'25  (ft),  R0  =  50  (ft),  and  R'0  =  35  (ft),  find  d  and  (  required  for  matching. 


Fig.  9-27  Impedance  matching  by  a  series  stub. 

P.9-36  The  double-stub  method  is  used  to  match  a  load  impedance  100  +  ;100  (ft)  to  a  lossless 
transmission  line  of  characteristic  impedance  300  (ft).  The  spacing  between  the  stubs  is  32/8,  with 


442  THEORY  AND  APPLICATIONS  OF  TRANSMISSION  LINES  /  9 


^  „one  stub  connected  directly  in  parallel  with  the  load.  Determine  the  lengths  of  the  stub  tuners  if 
(a)  they  are  both  short-circuited,  and  (b)  if  they  are  both  open-circuited. 

•’  P.9-37  If  the  load  impedance  in  Problem  P.9-36  is  changed  to  100  +  j50  (fl),  one  discovers 
that  a  perfect  match  using  the  double-stub  method  with  d0  =  32/8  and  one  stub  connected 
directly  across  the  load  is  not  possible.  However,  the  modified  arrangement  shown  in  Fig.  9-26 
can  be  used  to  match  this  load  with  the  line. 

a)  Find  the  minimum  required  additional  line  length  dL. 

b)  Find  the  required  lengths  of  the  short-circuited  stub  tuners,  using  the  minimum  dL  found 

in  part  (a).  ,  ...  -  .  ; 

P.9-38  The  double-stub  method  shown  in  Fig.  9-24  cannot  be  used  to  match  certain  loads  to 
a  line  with  a  given  characteristic  impedance.  Determine  the  regions  of  load  admittances  on  a 
Smith  admittance  chart  for  which  the  double-stub  arrangement  in  Fig.  9-24  cannot  lead  to  a 
match  for  d„  =  2/16,  2/4,  32/8,  and  72/16- 


■  •  cr-r1..’  •  •  ;  -•  \ 


veguides  and  Cavity  Resonators  ;  SSSSl : 


■;:  •(:>?;  ..;'  ■■'•  ‘  .  -.'/, T,'. ‘TT-.  *»  ,  ,  .  >•■■  >■*■■'■  •  . 

.  .  ";■  ;;V'Vv'-  -;  •-•  •'•■•'■  ’T  •_  £  '  '  _  '  .-- 

covers  *£*«?  irfTiT*— j '  *  "'-‘v  •'•  ;  •  ’  ;ri  '.-  •  ••  ..- 

nectedf|p»|  “  !  ^  V 


discovers 
x>nnected 
Fjg.  9-26 

v  •  '-.'•  < 

,  •  •  \  .  • 

dL  found 

loads  to  ; , 

'.ces  on  a  ;  [  f 

.ead  to  a  ' 


10-1  INTRODUCTION 

In  the  preceding  chapler  we  studied  the  characteristic  properties  of  transverse  elec¬ 
tromagnetic  (TE&4)  waves  guided  by  transmission  lines.  The  TEM  mode  of  guided 
waves  is  one  in  which  the  electric  and  magnetic  fields  are  perpendicular  to  each  other 
and  both  are  transverse  tc  the  direction  of  propagation  along  the  guiding  line.  One 
of  the  salient  properties  of  TEM  waves  guided  by  conducting  lines  of  negligible 
resistance  is  that  the  velocity  of  propagation  of  a  wave  of  any  frequency  is  the  same 
.  as  that  in  an  unbounded  dielectric  medium.  This  was  pointed  out  in  connection  with 
Eq.  (9-^21)  and  was- reinforced  by  Eq.  (9-55). 

TEM  waves,  however,  are  not  the  only  mode  of  guided  waves  that  can  propagate 
on  transmission  lines;,  nor  are  the  three  types. of  transmission  lines  (parallel-plate, 
two-wire,  and  coaxial)  mentioned  in  Section  9-1  the  only  possible  wave-guiding 
structures.  As  a  matter  of  fact,  wc  see  from  Eqs.  (9-45a)  and  (9  —49a )  that  the  atten¬ 


uation  constant  resulting  from  the  finite  conductivity  of  the  lines  increases  with  R. 
the  resistance  per  unit  line  length,  that,  in  turn,  is  proportional  to  J~f  in  accordance 
with  Tables  9-1  and  9-2.  Hence  the  attenuation  of  TEM  waves  tends  to  increase 
monotonically  with  frequency  and  would  be  prohibitively  high  in  the  microwave 
range. 

In  this  chapter  we  first  present  a  general  analysis  of  the  characteristics  of  the 
waves  propagating  along  uniform  guiding  structures.  Waveguiding  structures  are 
called  waveguides,  of  which  the  three  types  of  transmission  lines  are  special  cases. 
The  basic  governing  equations  will  be  examined.  We  will  see  that,  in  addition  to 
transverse  electromagnetic  (T EM )  waves,  which  have  no  field  components  in  the 
direction  of  propagation,  both  transverse  magnetic  ( TM )  waves  with  a  longitudinal 
electric-field  component  and  transverse  electric  ( TE )  waves  with  a  longitudinal 
magnetic-fielii  component  can  also  exist.  Both  TM  and  TE  modes  have  characteristic 


cutoff  frequencies.  Waves  of  frequencies  below  the  cutoff  frequency  of  a  particular 
mode  cannot  propagate,  and  power  and  signal  transmission  at  that  mode  is  possible 
only  for  frequencies  higher  than  the  cutoff  frequency.  Thus,  waveguides  operating 
in  TM  and  TE  modes  are  like  high-pass  filters. 

Also  in  this  chapter  we  will  reexamine  the  field  and  wave  characteristics  of 
parallel- plate  waveguides  with  emphasis  on  TM  and  TE  modes  and  show  that  all 
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■  transverse  field  components  can  be  expressed  in  terms  of  Ez  (z  being  the  direction 
si;  -  .  .Pf  propagation)  for  TM  waves,  and  in  terms  of  Hz  lor  TE  waves.  The  attenuation 
.  constants  resulting  from  imperfectly  conducting  plates  will  be'  determined  for  TM 
and  TE  waves,  and  we  will  find  that  the  attenuation  constant  depends,  in  a  com¬ 
plicated  way,  on  the  mode  of  the  propagating  wave,  as  well  as  on  frequency.  For 
some  modes  the  attenuation  may  decrease  as  the  frequency  increases;  for  other 
modes,  the  attenuation  may  reach  a  minimum  as  the  frequency  exceeds  the  cutoff 
frequency  by  a  certain  amount. 

Electromagnetic  waves  can  propagate  through  hollow  metal  pipes  of  an  arbitrary 
cross  section.  Without  electromagnetic  theory  it  would  not  be  possible  to  explain 
the  properties  of  hollow  waveguides.  We  will  see  that  single-conductor  waveguides 
cannot  support  TEM  waves.  We  will  examine  in  detail  the  fields,  the  current  and 
charge  distributions,  and  the  propagation  characteristics  of  rectangular  waveguides. 
Both  TM  and  TE  modes  will  be  discussed.  An  analysis  of  the  properties  of  circu¬ 
lar  waveguides  requires  a  familiarity  with  Bessel  functions  as  a  consequence  of 
manipulating  Maxwell's  equations  in  cylindrical  coordinates.  Circular  waveguides 
will  not  be  studied  in  this  book.  In  many  applications  wave  propagation  in  a  rectan¬ 
gular  waveguide  in  the  dominant  (TE10)  mode  is  desirable  because  the  electric  field 
in  the  guide  is  polarized  in  a  fixed  direction. 

Electromagnetic  waves  can  also  be  guided  by  an  open  dielectric-slab  waveguide. 
The  fields  are  essentially  confined  within  the  dielectric  region  and  decay  rapidly 
away  from  the  slab  surface  in  the  transverse  plane.  For  this  reason,  the  waves  sup¬ 
ported  by  a  dielectric-slab  waveguide  are  called  surface  waves.  Both  TM  and  TE 
modes  are  possible.  We  will  examine  the  field  characteristics  and  cutoff  frequencies 
of  those  surface  waves. 


At  microwave  frequencies,  ordinary  lumped-parameter  elements  (such  as  in¬ 
ductances  and  capacitances)  connected  by  wires  are  no  longer  practical  as  resonant 
circuits  because  the  dimensions  of  the  elements  would  have  to  be  extremely  small, 
because  the  resistance  of  the  wire  circuits  becomes  very  high  as  a  result  of  the  skin 
effect,  and  because  of  radiation.  All  of  these  difficulties  are  alleviated  if  a  hollow 
conducting  box  is  used  as  a  resonant  device.  Because  the  box  is  enclosed  by  conducting 
walls,  electromagnetic  fields  are  confined  inside  the  box  and  no  radiation  can  occur. 
Moreover,  since  the  box  walls  provide  large  areas  for  current  flow,  losses  are  extremely 
small.  Consequently,  an  enclosed  conducting  box  can  be  a  resonator  of  a  very  high  Q. 
Such  a  box,  which  is  essentially  a  segment  of  a  waveguide  with  closed  end  faces,  is 
called  a  cavity  resonator.  We  will  discuss  the  different  mode  patterns  of  the  fields 
inside  rectangular  cavity  resonators. 


10-2  GENERAL  WAVE  BEHAVIORS  ALONG. 

UNIFORM  GUIDING  STRUCTURES 

In  this  section  we  examine  some  general  characteristics  for  waves  propagating  along 
straight  guiding  structures  with  a  uniform  cross  section.  We  will  assume  that  the 
waves  propagate  in  the  +r  direction  with  a  propagation  constant  y  =  a  +  jp  that 
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is  yet  to  be  determined.  For  harmonic  time  dependence  with  an  angular  frequency  co, 
the  dependence  on  z  ahd  t  for  all  field  components  can  be  described  by  the  exponential 
factor 

g-ySgj'oH  _  gUm-n)  _  g-oxgj^-Oi)  (10-la) 

As  an  example,  for  a  fcosine  reference  we  may  write  the  instantaneous  expression  for 
the  E  field  as.  f>  '  , 

E(x,  y,z;  t)  =  ^[E°(x,  y)e(-'“,~Ti!)],  (10-lb) 

where  E°(x,  y)  is  k  two-dimensional  vector  phasor  that  depends  only  on  the  cross- 
sectional  coordinates.  The  instantaneous  expression  for  the  H  field  can  be  written 
in  a  similar  way.  Hence,  in  using  a  phasor  representation  in  equations  relating  field 
quantities,  we  may  replace  partial  derivatives  with  respect  to  i  and  a  simply  by 
products  with  (jeo)  ahd  ( -  y)  respectively ;  the  common  factor  eljw  ~  ‘:)  can  be  dropped.- 
We  consider  a  stra.ght  waveguide  in  the  form  of  a  dielectric-filled  metal  tube 
having  an  arbitrary  Cross  section  and  lying  along  the  r  axis,  as  shown  in  Fig.  10-1. 
According  to  Eqs.  (7-86)  and  (7-87),  the  electric  and  magnetic  field  intensities  in 
the  charge-free  diclcfctnc  region  inside  satisfy  the  following  homogeneous  vector 
Helmholta’s  equations: 

V2E  +  k2E  =  0  (10  —2a) 

and 

V2H  +  ArH  =  0,  { 10— 2b) 

where  E  and  H  are  three-dimensional  vector  phasors;  and  k  is  the  wavenumber 

=  (10-3) 

The  three-dimensional  Laplacian  operator  V2  may  be  broken  into  two  parts: 
VU|U2  for  the  cross-sectional  coordinates  and  V2  for  the  longitudinal  coordinate. 
For  waveguides  with  a  rectangular  cross  section,  we  use  Cartesian  coordinates: 


WE  =  (V2v  +  V2)E  =  ^2).  +  |^jE 
=  V2vE  +  -/2E. 

Combination  of  Eqs.  (l(/-2a)  and  (10-4)  gives 

t  (y2  +  k") E  =  0. 


(10-4) 


(10-5) 


Fig.  10-1  A  uniform  wave¬ 
guide  with  an  arbitrary  cross 
section. 
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Similarly,  from  Eq.  (10-2b)  we  have  ... 

V^,H  +  (y2  +  k2)H  =  0. 


(10-6) 


We  note  that  each  of  Eqs.  (10—5)  and  (10-6)  is  really  three  second-order  partial 
differential  equations,  one  for  each  component  of  E  and  H.  The  exact  solutidn  of 
these  component  equations  depends  on  the  cross-sectional  geometry  and  the  bound¬ 
ary  conditions  that  a  particular  field  component  must  satisfy  at  conductor-dielectric 
interfaces.  We  note  further  that  by  writing  for  the  transversal  operator  V*,, 
Eqs.  (10-5)  and  (10-6)  become  the  governing  equations  for  waveguides  with  a 
circular  cross  section. 

Of  course,  the  various  components  of  E  and  H  are  not  all  independent,  and  it  is 
not  necessary  to  solve  all  six  second-order  partial  differential  equations  for  the  six 
components  of  E  and  H.  Let  us  examine  the  interrelationships  among  the  six  com¬ 
ponents  in  Cartesian  coordinates  by  expanding  the  two  source-free  curl  equations, 
Lqs.  (7-S5a)  and  (7  -S5h) : 


From  V  x  E  =  —jcofiH: 

From  V  x'H-^yweE: 

cE° 

+  yEy  =  —j(OfiH° 

cy 

(10— 7a)  '' 

dH° 

z  +y  H?  =  jcoeE°x 
cy  * 

(10-8a) 

7 Ex  -  4*-  =  -jojfiH0 
cx  } 

(10— 7b) 

~yH°x  -  ^  =  jcoeE0 
ox 

( 10— 8b) 

SE°r  cE°x  . 

-i - x—  =  -jowH: 

cx  dy 

(10-7c) 

cH°  dH°  .  n0 
_  _£  =  jweE2 

cx  cy 

(10-8c) 

Note  that  partial  derivatives  with  respect  to  z  have  been  replaced  by  multiplications 
by  (  —  }')•  All  the  component  field  quantities  in  the  equations  above  are  phasors  that 
depend  only  on  x  and  y,  the  common  e~,:  factor  for  z-dependence  having  been 
omitted.  By  manipulating  these  equations,  we  can  express  the  transverse  field  com¬ 
ponents  Hx,  Hy,  Ex,  and  £°  in  terms  of  the  two  longitudinal  components  £?  and 
H2.  For  instance,  Eqs.  (10-7a)  and  (10— 8b)  can  be  combined  to  eliminate  £°  and 
obtain  H°  in  terms  of  £?  and  H ?.  We  have 


H°x 

E°r 


cH?\ 

+mi~s7) 


(10-9) 

(10-10) 

(10-11) 

(10-12) 
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h2  -  y2  +  k2 


(10-13) 

The  wave  behavior  in  a  waveguide  can  be  analyzed  by  solving  Eqs.  (10—5)  and  (10-6) 
respectively  for  the  longitudinal  components,  E?  and  H°,  subject  to  the  required 
boundary  conditions,  and  then  by  using  Eqs.  (10-9)  through  (10-12)  to  determine 
the  other  components. 

It  is  convenient  to  classify  the  propagating  waves  in  a  uniform  waveguide  into 
three  types  according  to  whether  E.  or  H.  exists. 

1.  Transverst'Electromagnetic  (TEM)  Waves.  These  are  waves  that  contain  neither 
E.  nor  H..  We  ehcountered  TEM  waves  in  Chapter  8  when  we  discussed  plane 
waves  and:  in  CMpter  9  on  waves  along  transmission  lines. 

2.  Transverse  Magnetic  ( TM )  Waves.  These  are  waves  that  contain  a  nonzero 
'  but  Hz  =  0. 

3.  Transverse  Electric  [TE]  Waves.  These  are  waves  that  contain  a  nonzero  H., 
but  E,  =  0. 

The  propagation  charac. eristics  of  the  various  types  of  waves  are  different;  they  will 
be  discussed  in  subsequent  subsections. 

10-2.1  Transverse  Electromagnetic  Waves 

Since  Ez  =  0  and  H.  =  0  for  TEM  waves  within  a  guide,  we  see  that  Eqs.  (10-9) 
through  (10-12)  constitute  a  set  of  trivial  solutions  (all  field  components  vanish) 
unless  the  denominator  h 2  also  equals  zero.  In  other  words,  TEM  waves  exist  only 
when 

ITem  +  k~  =  0  (10-14) 

or 

7tem  =  )*  =jcov/pe,  \10-15) 

which  is  exactly  the  same  expression  for  the  propagation  constant  of  a  uniform  plane 
wave  in  an  unbounded  medium  characterized  by  constitutive  parameters  e  and  /t. 
We  recall  that  Eq.  (10—1 5)  also  holds  for  a  TEM  wave  on  a  lossless  transmission 
line.  It  follows  that  the  velocity  of  propagation  (phase  velocity)  for  TEM  waves  is 
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rt’ITMl 


CO 
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(m/s). 


ut 


(10-16) 


We  can  obtain  the  ratio  between  and  from  Eqs.  (10— 7b)  and  (10— 8a)  by 
setting  £.  and  H.  to  zero.  This  ratio  is  called  the  wave  impedance.  We  have 


E°  _.joju 

-^TEM  ~  CTE  — 


7tem 


7tem  jE€ 


(10-17) 


; * •■  m ***^ ■^t^;‘fVi,w*;:sv ;*?->**** ~ •'  ■»•  ■•'  •*- >  : M ■  ■  ^'r  ■ 

,  448  WAVEGUIDES  AND  CAVITY  RESONATORS  /  10 

which  becomes,  in  view  of  Eq.  (10-15), 


Ztf«  — 


(10-18) 


We  note  that  ZXEM  is  the  same  as  the  intrinsic  impedance  of  the  dielectric  medium, 
as  given  in  Eq.  (8—25).  Equations  (10-16)  and  (10— 18)  assert  that  the  phase  velocity 
and  the  wave  impedance  for  TEM  waves  are  independent  of  the  frequency  of  the  waves. 
Letting  E?  =  0  in  Eq.  (10— 7a)  and  H°  =  0  in  Eq.  (10-8b),  we  obtain 


E°v  _  ff 

Ho--ZTEM-  - 


(10-19) 


Equations  (10—17)  and  (10—19)  can  be  combined  to  obtain  the  following  formula  for 
a  TEM  wave  propagating  in  the  +  z  direction: 


(10-20) 


which,  again,  reminds  us  of  a  similar  relation  for  a  uniform  plane  wave  in  an  un¬ 
bounded  medium — see  Eq.  (8-24). 


H  =  -i-  a:  x  E 

(A/m). 

■^TEM 

Single-conductor  waveguides  cannot  support  TEM  waves.  In  Section  6-2  we 
pointed  out  that  magnetic  flux  lines  always  close  upon  themselves.  Hence,  if  a  TEM 
wave  were  to  exist  in  a  waveguide,  the  field  lines  of  B  and  H  would  form  closed  loops 
in  a  transverse  plane.  However,  the  generalized  Ampere's  circuital  law,  Eq.  (7— 38b), 
requires  that  the  line  integral  of  the  magnetic  field  (  the  magnetomotive  force)  around 
any  closed  loop  in  a  transverse  plane  must  equal  the  sum  of  the  longitudinal  conduc¬ 
tion  and  displacement  currents  through  the  loop.  Without  an  inner  conductor,  there 
is  no  longitudinal  conduction  current  inside  the  waveguide.  By  definition,  a  TEM 
wave  does  not  have  an  Ez  component;  consequently,  there  is  no  longitudinal  dis¬ 
placement  current.  The  total  absence  of  a  longitudinal  current  inside  a  waveguide 
leads  to  the  conclusion  that  there  can  be  no  closed  loops  of  magnetic  field  lines  in 
any  transverse  plane.  Therefore,- we  conclude  that  TEM  waves  cannot  exist  in  a 
single-conductor  hollow  [or  dielectric-filled)  waveguide  of  any  shape.  On  the  other 
hand,  assuming  perfect  conductors,  a  coaxial  transmission  line  having  an  inner  con¬ 
ductor  can  support  TEM  waves;  so  can  a  two-conductor  stripline  and  a  two-wire 
transmission  line,  When  the  conductors  have  losses,  waves  along  transmission  lines 
are  strictly  no  longer  TEM,  as  noted  in  Section  V  2. 

10-2.2  Transverse  Magnetic  Waves 

Transverse  magnetic  (TM)  waves  do  not  have  a  component  of  the  magnetic  field  in 
the  direction  of  propagation,  H:  —  0.  The  behavior  of  TM  waves  can  be  analyzed  by 
solving  Eq.  ( 10-5)  lor  E.  subject  to  the  boundary  conditions  of  the  guide  and  using 
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Eqs.  (10-9) Through  (10—12)  to  detennine  the  other  components.  Writing  Eq.  (10-5) 
for£j,  we  have.  '  [  ’. 

1  Vxy£°  +  (y2  +  k^Ej  =0  (10-21) 


:diuni, 

elocity 


10-19) 


ula  for 


.0-20) 


V*y£°  +  h-E°z  =  0. 


(10-22) 


Equation  (10*-22)  is  a  second-order  partial  differential  equation,  which  can  be  solved 
for  £°.  In  thiS:  section  we  wish  only  to  discuss  the  general  properties  of  the  various 
wave  types.  The  dcttlal  solution  of  Eq.  (10-22)  will  wait  until  subsequent  sections 
when  we  examine  particular  waveguides. 

For  TM  waves,  we  set  Hz  =  0  in  Eqs.  (10—9)  through  (10-12)  to  obtain 
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F°  =  ——  1ZL 
h  ax 

E°--LdJl 

h~  ay 

It  is  convenient  to  combine  Eqs.  (10— 23c)  and  (10— 23d)  and  write 


=  a XE°X  +  a,.£y  =  -  X  Vxy£?  ( V/m) , 


where 


VxyE°z  Vx5x' 


(10-23c) 


(10— 23d) 


(10-24) 


(10-25) 


denotes  the  gradient  of  E?  in  the  transverse  plane.  Equation  (10-24)  is  a  concise 
formula  for  finding  E°  and  £y  from  E2. 

The  transverse  components  of  magnetic  field  intensity,  Hx  and  Hy,  can  be  deter¬ 
mined  simply  from  Ex  ar.d  Ey  on  the  introduction  of  the  wave  impedance  for  the 
TM  mode.  We  have,  from  Eqs.  (10-23), 


£?  =  _  £?  =  x 

Hy  jcoe 


(10-26) 


Tt  is  important  to  note  that  ZTM  is  not  equal  to  jton/y,  because  y  for  TM  waves,  unlike 
?tem>  is  not  equal  to  jco-JJiz.  The  following  relation  between  the  electric  and  magnetic 
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field  intensities  holds  For  TM  waves: 


'  fKqi--’*/’'.  ;  j  ■  y 

"iuV  t-  .. 


.  H  =  ~ —  (a.  x  E)  (A/m). 
Ztm 


(10-27) 


Equation  (10-27)  is  seen  to  be  of  the  same  form  as  Eq.  (10-20)  for  TEM  waves. 

When  we  undertake  to  solve  the  two-dimensional  homogeneous  Helmholtz 
equation,  Eq.  (10-22),  subject  to  the  boundary  conditions  of  a  given  waveguide,  we 
will  discover  that  solutions  are  possible  only  for  discrete  values  oj  h.  There  may  be 
an  infinity  of  these  discrete  values,  but  solutions  are  not  possible  for  all  values  of  A. 
The  values  of/;  for  which  a  solution  of  Eq.  (10-22)  exists  are  called  the  characteristic 
values  or  eigenvalues  of  the  boundary-value  problem.  Each  of  the  eigenvalues  deter¬ 
mines  the  characteristic  properties  of  a  particular  TM  mode  of  the  given  waveguide. 

In  the  following  sections  we  will  also  discover  that  the  eigenvalues  of  the  various 
waveguide  problems  arc  real  numbers.  From  Eq.  (10- la)  we  have 


7  =  sJh 


k 1 


=  sjJr  —  oj2jj.e.  (10-28) 

Two  distinct  ranges  of  the  values  for  the  propagation  constant  are  noted,  the  dividing 
point  beina  y  =  0,  where 

o>;ue  =  /r  (10-29) 


or 


(10-30) 


The  frequency,  ./c,  at  which  y  =  0  is  allied  a  cutoff  frequency.  The  value  of  fc  for  a 
particular  mode  in  a  waveguide  depends  on  the  eigenvalue  oj  this  mode.  Using  Eq. 
(10-30),  we  can  write  Eq.  (10-28)  as 


(10-31) 


The  two  distinct  ranges  of  y  can  be  defined  in  terms  of  the  ratio  (j  /Jc)2  us  compared 
to  unity. 

^  >  1,  or  /  >  ft.  In  this  range,  or  pc  >  h 1  and  y  is  imaginary.  We  have,  from 


j: 

Eq.  (10-28), 


It  is  a  propagating  mode  with  a  phase  constant  /i: 


hV 
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(10-32) 


(10-33) 


a;  .  •  •  '*?'*  ' **;.'!? **••' 

is>i jii  WE 

■  ■'  '  .■;  v..--  * ?* J  r 

'  -u  "F  -^.iV 


' ■  *S>v  i— .***-  --  ,|"Wi’1'  ’  ***' ■!1,  *  W'.vSte^.w J*>*>  ' 

•«j.'AV-N  10-2  /  GENERAL  WAVE  BEHAVIORS  ALONG  UNIFORM  GUIDING  STRUCTURES  451 


The  corresponding  wavelength  in  the  guide  is 
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where 


,  in  1  u 
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(10-34) 


(10-35) 


is  the  wavelength  of  a  plane  wave  with  a  frequency  /  in  an  unbounded  dielectric 
medium  characterized  by  \i  and  e,  and  u  -  l/sfjxe  is  the  velocity  of  light  in  the 
medium. 

The  phase  velocity  of  the  propagating  wave  in  the  guide  is 


Up  »  T7=s===ss====  >  u.,  (10-36) 

fi  vi  -ifjf)-  : 

We  see  from  Eq.  (10  36)  that  the  phase  velocity  within  a  waveguide  is  always 
higher  than  that  in  an  unbounded  medium  and  is  frequency-dependent.  Hence 
single-conductor  waveguides  are  dispersive  transmission  systems.  The  group  velocity 
for  a  propagating  wave  in  a  waveguide  can  be  determined  by  using  Eq.  (8-52): 


*T  **•«  4-1 


Substitution  of  Eq.  (10-32)  in  Eq.  (10-26)  yields 


I  ZTM  _  '1  .  /  1 


(10-37) 


(10-38) 


The  wave  impedance  t<)  propagating  TM  modes  in  a  waveguide  is  purely  resistive 
and  is  always  less  than  the  intrinsic  impedance  of  the  dielectric  medium.  The  vari¬ 
ation  of  ZTM  versus  ffe  for  /  >  fc  is  sketched  in  Fig.  10-2. 


:om  pared 
,ave.  from 
t^  32) 


1 

] 

(ld-33)  I 


Fig.  Ip— 2  Normalized  wave  imped¬ 
ances  for  propagating  TM  and  TE 
waves. 
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,,  b)  |^— J  <  1,  or  /</«•  When  the  operating  frequency  is  lower  than  the  cutoff 
frequency,  y  is  real  and  Eq.  (10-31)  can  be  written  as 


7=a-',V‘iij'  /</- 


(10-39) 


which  is,  in  fact,  an  attenuation  constant.  Since  all  field  components  contain  the 
propagation  factor  e~yz  =  e-“,  the  wave  diminishes  rapidly  with  z  and  is  said 
to  be  evanescent.  Therefore  a  waveguide  exhibits  the  property  of  a  high-pass 
filter.  For  a  given  mode,  only  waves  with  a  frequency  higher  than  the  cutoff 
frequency  of  the  mode  can  propagate  in  the  guide. 

Substitution  of  Eq.  (10—39)  in  Eq.  (10-26)  gives  the  wave  impedance  of 
TM  modes  for  /  <  f: 


(10-40) 


Thus,  the  wave  impedance  of  evanescent  TM  modes  at  frequencies  below  cutoff 
is  purely  reactive,  indicating  that  there  is  no  power  llow  associated  with  evanescent 
waves. 


10-2.3  Transverse  Electric  Waves 

Transverse  electric  (TE)  waves  do  not  have  a  component  of  the  electric  field  in  the 
direction  of  propagation,  E.  =  0.  The  behavior  of  TE  waves  can  be  analyzed  by 
first  solving  Eq.  (10-6)  for  H.: 

I  V2xyH._  4-  h2H.  =  0,  (10-41) 

I — - 1 _ I _ 

Proper  boundary  conditions  at  the  guide  walls  must  be  satisfied.  The  transverse 
field  components  can  then  be  found  by  substituting  H,  into  the  reduced  Eqs.  (10-9) 
through  (10-12)  with  Ez  set  to  zero.  We  have 


/•/.?  = 
/f?  = 
£*°  = 


h1  ox 
y  oH? 
If-  vy 
jgjp  cH ? 
h2  5y 


0  jcop  cH°. 
h2  ox  ' 


( 1 0— 42a) 
( 10— 42b) 
(10-42c) 


(10-42d) 
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Combining  Eqs.  (10-42aj  and  (10— 42b),  we  obtain 


(*4)m=  a  Jl*  +  ayH°  =  V^°  (A/m). 


(10-43) 


We  note  that  Eq.  (10-43)  is  entirely  similar  to  Eq.  (10-24)  for  TM  modes. 

The  transverse  components  of  electric  field  intensity,  £°  and  E°,  are  related  to 
those  of  magnetic  field  intensity  through  the  wave  impedance.  We  have,  from  Eqs. 
(10-42a,  b,  c,  and  d), 


Z  =  ^  (Q) 
TE  H°,  H°  v  ' 


(10-44) 


Note  that  ZTE  in  Eq.  (10-44)  is  quite  different  from  ZTVI  in  Eq.  (10-26)  because  v 
for  TE  waves,  unlike  yTRM,  is  not  equal  to  jm -Jjte.  Equations  (!0  42c),  (IO-42dl, 
and  (10  44)  can  now  be  combined  to  give  the  following  vector  formula; 


E  =  -ZTE(a.  x  H)  (V/m). 


(10-43) 


Inasmuch  as  we  have  not  changed  the  relation  between  y  and  h,  Eqs.  (10-28) 
through  (10-31)  pertaining  to  TM  waves  also  apply  to  TE  waves.  There  are  also 
two  distinct  ranges  of  y,  depending  on  whether  the  operating  frequency  is  higher  or 
lower  than  the  cutolt  frequency,  Jc,  given  in  Eq.  (10-30). 

a)  (dj'j  >  1,  or  /  >  Jc.  In  this  range  y  is  imaginary,  and  we  have  a  propagating 
mode.  The  expression  for  y  is  the  same  as  that  given  in  Eq.  (10-32): 


(10-46) 


Consequently,  the  formulas  for  fi,  lg,  up,  and  ug  in  Eqs.  (10-33),  (10-34),  (10-36), 
and  (10—37),  respectively,  also  hold  for  TE  waves.  Using  Eq.  (10-46)  in  Eq. 
(10-44),  we  obtain 


V1  -Ucti? 


(10-47) 


which  is  obviously  diTorent  from  the  expression  for  ZTM  in  Eq.  ( 10  -38).  Equation 
( 10-47)  indicates  ilia l  the  ware  impedance  oj  propaijatinii  TE  modes  in  a  waret/uide 
is  purely  resistive  and  is  always  larger  Ilian  the  intrinsic  impedance  a)  the  dielectric 
medium.  The  variation  of  ZXE  versus  f/Jc  for  /  >  Jc  is  also  sketched  in  Fig.  10-2. 


Example  10-1  (a)  Determine  the  wave  impedance  and  guide  wavelength  at  a  fre¬ 

quency  equal  to  twice  the  cutoff  frequency  in  a  waveguide  for  TEM,  TM,  and  TE 
modes,  (b)  Repeat  part  (a)  for  a  frequency  equal  to  one-half  of-tbe  cutoff  frequency. 

Solution 

a)  At  /  =  2fc.  which  is  above  the  cutoff  frequency,  we  have  propagating  modes. 
The  appropriate  formulas  are  listed  in  Table  10-1. 

At  /  =  2f„  (JJf)2  =  i  v'l  -  (fc/f?  =  75/2  =  (5.866.  Thus, 


■^tem  —  fj 

ZTM  =  0.86 6rj  <  r\ 
ZTE  —  1 .155^7  >  r 7 


^tem  —  /- 

atm  ~  1.155a  ^  X 
ate  =  1.155;.  >  X. 


Table  10-1  Wave  Impedances  and  Guide  Wavelengths 
for  f>fc 


For  propagating  modes,  y  =  j/S  and  the  variation  of  fl  versus  frequency  deter¬ 
mines  the  characteristics  of  a  wave  along  a  guide.  It  is  therefore  useful  to  plot  and 
examine  an  at-/?  diagram/  Figure  10-3  is  such  a  diagram  in  which  the  dashed  line 
through  the  origin  represents  the  cu-fi  relationship  for  TEM  mode.  The  constant 
slbpe  of  this  straight  iine  is  a>//f  —  u  =  which  is  the  same  as  the  velocity  of 

light  in  an  unbounded  dielectric  medium  with  cbnstitutive  parameters  p  and  e. 

The  solid  curve  above  the  dashed  line  depicts  a  typical  co-/?  relation  for  either 
a  TM  or  a  TP,  propagating  mode,  given  by  litj.  (10  33).  Wo  can  write 


( 


co  = 


Pu 

yfl-i fdf f 


(10-50) 


The  (D-p  curve  intersects  the  co-axis  (ft  =  0)  at  co  =  coc.  The  slope  of  the  line  joining 
the  origin  and  any  point,  such  us  P,  on  the  curve  is  equal  to  the  phase  velocity,  up, 
foe  a  particular  mode  having  a  cutoff  frequency  fc  and  operating  at  a  particular 


1  Also  referred  to  as  a  Brillouin  diagram. 
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Fig.  10-4  Relation  between 
attenuation  constant  and  operating 
frequency  for  evanescent  modes 
(Example  10-2). 


10- 


frequency.  The  local  slope  of  the  a)-/?  curve  at  P  is  the  group  velocity,  ug.  We  note 
that,  for  propagating  TM  and  TE'waves  in  a  waveguide.  up  >  u  and  ug  <  u.  In  fact, 
Eqs.  (10-36)  and  (10-37)  show  that 


UpUg  =  n 


(10-51) 

As  the  operating  frequency  increases  much  above  the  cutoff  frequency,  both  up  and  ug 
approach  u  asymptotically.  The  exact  value  of  a>c  depends  on  the  eigenvalue  h  in 
Eq.  (10-30) — that  is,  on  the  particular  TM  or  TE  mode  in  a  waveguide  of  a  given 
cross  section.  Methods  for  determining  h  will  be  discussed  when  we  examine  different 
types  of  waveguides. 

Example  10-2  Obtain  a  graph  showing  the  relation  between  the  attenuation  con¬ 
stant  a  and  the  operating  frequency  /  for  evanescent  modes. 

Solution:  For  evanescent  TM  or  TE  modes,  f  <fc  and  Eq.  (10-39)  or  (10-48) 
applies.  We  have 

f *)  +/2  =  /c-  (10-52) 

Hence  the  graph  of(/ca/h)  plotted  versus /  is  a  circle  centered  at  the  origin  and  having 
a  radius  fc.  This  is  shown  in  Fig.  10-4.  The  value  of  a  for  any  f  <  J'c  can  be  found  from 
this  quarter  of  a  circle. 


10-3  PARALLEL-PLATE  V/AVEGUIDE 

In  Section  9-2  we  discussed  the  characteristics  of  TEM  waves  propagating  along  a 
parallel-plate  transmission  line.  It  was  then  pointed  out,  and  again  emphasized  in 
subsection  10—2.1,  that  the  field  behavior  for  TEM  modes  bears  a  very  close  re¬ 
semblance  to  that  for  uniform  plane  waves  in  an  unbounded  dielectric  medium. 
However,  TEM  modes  are  not  the  only  type  of  waves  that  can  propagate  along 


\  'ft  *»«»•  r^T*  ~>5  * *\  V‘ 


•■  /r-;  •  •  .s(> 
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perfectly  conducting  parallel-plates  separated  by  a  dielectric.  A  parallel-plate  wave¬ 
guide  can  also  support  TM  and  TE  waves.  The  characteristics  of  these  waves  are 
examined  separately  in  following  subsections. 


/e  note  ~ 
In  fact, 

! 

10-51) 


a  ■  n 

lllCiC.lt 


10-48) 

■10-52) 

having 
~.d  from 


,izcu  in 
.esc  re- 
aedium. 
e  along 


10—3.1  TM  Waves  between  Parallel  Plates 

Consider  the  parallel-plate  waveguide  of  two  perfectly  conducting  plates  separated 
by  a  dielectric  medium  with  constitutive  parameters  e  and  ^  as  shown  in  Fig.  10-5. 
The  plates  arc  assumed  to  be  infinite  in  extent  in  the  x-direction.  This  is  tantamount 
to  assuming  that  the  fields  do  not  vary  in  the  x-direction  and  that  edge  effects  are 
negligible.  Let  us  suppose  that  TM  waves  (H,  -  0)  propagate  in  the  +  -  direction. 
For  harmonic  time  dependence,  it  is  expedient  to  work  with  equations  relating  field 
quantities  with  the  Common  factor  eJ{a,,~yz}  omitted.  We  write  the  phasor  E:(y, z)  as 
E°(y)e~yz.  Equation  (10-22)  then  becomes 


d2E°(y) 


+  h-E?(y)  =  0. 


(10-53) 


The  solution  of  Eq.  ( 1 1) — 5 3)  must  satisfy  the  boundary  conditions 
E;'(y)  =  0  at  y  =  0  and  y  =  b. 

From  Section  4-5  we  conclude  that  E?(y)  must  be  of  the  following  form  (h  =  nx ;b): 


■■  A„  sin 


( 1 0— 54a) 


where  the  amplitude  An  depends  on  the  strength  of  excitation  of  the  particular  TM 
wave.  The  only  other  nonzero  field  components  are  obtained  from  Eqs.  (10— 23a)  and 
(10— 23d).  Keeping  in  mind  that  cE./dx  =  0  and  omitting  the  e~v:  factor,  we  have 


*2(y)-^f 

n 


An  cos 


/■:;:(.)■)  -  - ;  ,i„  a>s 


(10— 54b) 


(10 -54c) 


'I'ig.  10-5  An  infinite  parallel-plate 
'  waveguide. 
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Ji  .•’ \\'S'  : ‘ •#  1> 
ft.-  jf, 


* 

iy.;V :: 


The  y  in  Eq.  (10-54c)  is  the  propagation  constant  that  can  be  determined  from 
Eq.  (10-28): 


y  = 


n% 


—  co^jie. 


(10-55) 


Cutoff  frequency  is  the  frequency  that  makes  y  =  0.  We  have 


L  = 


2  byfjie 


(Hz), 


(10-56) 


which,  of  course,  checks  with  Eq.  (10-30).  Waves  with  /  >  fc  propagate  with  a  phase 
constant  /j,  given  in  Eq.  (10-33);  and  waves  with  /  <  fc  are  evanescent. 

Depending  on  the  value  of  a,  there  are  different  possible  propagating  TM  modes 
(eigenmodcs)  corresponding  to  the  different  eigenvalues  h.  Thus,  there  arc. the  TM, 
modern  =  1)  with  cutoff  frequency  (X),  =  1/26  V/k.  the  TM,.  mode  (n  =  2)  with  (/r),  = 
and  so  on.  Each  mode  has  its  own  characteristic  phase  constant,  guide 
wavelength,  phase  velocity,  group  velocity,  and  wave  impedance t  they  can  be  deter¬ 
mined  from,  respectively,  Eqs.  (10-33),  (10-34),  (10-36),  (10-37),  and  (10-38).  When 
n~  °>  E-  =  °<  and  only  the  transverse  components  Hx  and  Ey  exist.  Hence  TM0  mode 
is  the  TEM  mode,  for  which  Jc  =  0.  The  mode  having  the  lowest  cutoff  frequency  is 
called  the  dominant  mode  of  the  waveguide.  For  parallel-plate  waveguides ,  the  domi¬ 
nant  mode  is  the  TEM  mode. 

Example  10-3  (a)  Write  the  instantaneous  field  expressions  for  TM,  mode  in  a 
parallel-plate  waveguide,  (b)  Sketch  the  electric  and  magnetic  field  lines  in  the  yz-plane. 

Solution 

a)  The  instantaneous  field  expressions  for  the  TM,  mode  are  obtained  by  multi¬ 
plying  the  phasor  expressions  in  Eqs.  (10-54a),  (10-54b),  and  (10-54c)  with 

eAo»  nz)  and  taking  the  real  pan  of  {he  product  We  have>  for  n  =  1( 


where 


Ez(y,  z;  t)  =  M,  sin  cos  (rot  -  (k) 

c  /  .  fib  ( 7rv\ 

Ey\)’,  -';()  =  —  M ,  cos  -f-  j  sin  Unt  -  fid) 

tt  .  \  b  J 

tj  ,  ,  coeh  ( 7tv\ 

Hx(y,  z;  t)  =  — ~  A\  cos  (  — -  j  sin  (cut  —  jiz). 


P-J «  V  ~  r 


n\~ 


(10-57a) 
( 1 0— 57b) 
(10-57c) 

(10-58) 


!WT~ 


:;>*•;  '• ,,  ;.  v./  ///./.  •  •/.  •*  /■•'  ,? 


£  ;?:f :  '•  :■ 


ncd  from 


?E'::.; 


■•;  t-i 


(10-55) 


-(10-56) 


h  a  phase* 

M  modes 
the  TM, 
ith  (X)z  = 
ml,  guide 
be  deqer- 
38)/  en 
~M,  )de 
.•quency  is 
the  domi- 
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*•'  ■■'  >  b)  In  tiie  y-z  plani  E  has  both  a  y  and  a  z  component,  the  equation  of  the  electric 
lines. at  a  g»yen  t  can  be  found  from  the  relation:  •  -  'r,  xx: i 

dy  dz 


Ey  E, 


For  example,  at  t  =  0,  Eq.  (10-59)  can  be  Written  as 


dy  E(y,z;Q)  fib  fny\ 

£-£3I^0)'-7co'  1 1 


(10-59) 


(10-60) 


which  gives  the  slope  of  the  electric  field  lines.  Equation  (10-60)  can  be  integrated 
to  give 

cos  (ny0/h) 


cos  fiz  = 


cos  (ny/b) 


(10-61) 


which  is  the  equation  of  the  electric  field  line  for  a  particular  y0  at  z  =  0.  Different 
values  of  y, ,  give  dilferent  loci.  Several  such  electric  field  lines  are  drawn  in  Fig. 
10-6.  Hie  field  lines  repeat  themselves  for  every  change  o ( (iz  by  2n  rad. 

Since  H  has  only  an  x  component,  tile  magnetic  field  lines  are  everywhere 
perpendicular  to  the  y-z  plane.  For  the  TM ,  mode  at  t  =  0,  Eq.  (10— 57c)  becomes 


f/dj,:;0)=  — dlCosf/)sin/Jz. 

b 


(10-62) 


node  in  a  : 

:  yz-plane.  1 

i 

i 


The  density  of  Hx  lines  varies  as  cos  {ny/b)  in  the  y  direction  and  as  sin  fiz  in 
the  z  direction.  This  is  also  sketched  in  Fig.  10-6.  At  the  conducting  plates  (>•  =  0 
and  y  =  b),  there  arc.  surface  currents  because  of  a  discontinuity  in  the  tangential 
magnetic  field  and  :  urface  charges  because  of  the  presence  of  a  normal  electric 
field.  (Problem  10-2). 


by  multi- 
-54c)  with 


(10-57a) 


(10— 57b) 

r" 

I!  7c) 


j 

i 


i 


(10-58) 


Electric  field  lines. 

Magnetic  field  lines  (.v-axis  intrf the  paper). 


Fig.  10  6  Field  lines  tor  TM,  mode  in  parallel-plate  waveguide. 
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Example  10-4  Show  that  the  field  solution  of  p.  propagating  TMX  wave  in  a  parallel- 
,.  v„r  : ,  plate  waveguide  can  be  interpreted  as  the  superposition  of  two  plane  waves  bouncing 
back  and  forth  obliquely  between  the  two  conducting  plates. 

Solution:  This  can  be  seen  readily  by  writing  the  phasor  expression  of  E?(y)  from 
Eq.  (10-54a)  for  n  =  1  and  with  the  factor  e~ig:  restored.  We  have 

E.(y,  .)  =  A{  sin  ~  ^  (<-'Jnylh  —  e~Jnylh)e~JI>: 

=  [e~M:-*rlb)  _  e-Mz  +  *m ]  _  (10-63) 

From  Chapter  8  we  recognize  that  the  first  term  on  the  right  side  of  Eq.  (10-63) 
represents  a  plane  wave  propagating  obliquely  in  the  +z  and  —y  directions  with 
phase  constants  ji  and  n/b  respectively.  Similarly,  the  second  term  represents,  a  plane 
wave  propagating  obliquely  in  the  +:  and  +y  directions  with  the  same  phase  con¬ 
stants  /)  and  n/b  as  those  of  the  first  plane  wave.  Thus,  a  propagating  TM  t  wave  in 
a  parallel-plate  waveguide  can  be  regarded  as  the  superposition  of  two  plane  waves, 
as  depicted  in  Fig.  10-7. 

In  Subsection  8-6.2  on  reflection  of  a  parallelly  polarized  plane  wave  incident 
obliquely  at  a  conducting  boundary  plane,  we  obtained  an  expression  for  the  lon¬ 
gitudinal  component  of  the  total  Et  field  that  is  the  sum  of  the  longitudinal  com¬ 
ponents  of  the  incident  E,-  and  the  reflected  Er.  To  adapt  the  coordinate  designations 
of  Fig.  8-10  to  those  of  Fig.  10-5,  .x  and  :  must  be  changed  to  z  and  —  y  respectively. 
We  rewrite  Ex  of  Eq.  (8  -  86a)  as 

E.(y,  z)  =  £,o  cos  0I-(«?j7J,v  cos0‘  - 

Comparing  the  exponents  of  the  terms  in  this  equation  with  those  in  Eq.  (10-63), 
we  obtain  two  equations: 

p1smdi  =  p  (10-64a) 

.  cos  0i  =  (10— 64b) 

b 


Fig.  10-7  Propagating  wave  in  parallel-plate  waveguide  as 
superposition  of  two  plane  waves. 
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(The  field  amplitudes  involved  in  these  equations  are  of  no  importance  in  the  present 
consideration.)  Solution  of  Eqs.  (10-64a)  and  (10-64b)  gives 

■  f  ■;•  y-w® =0-w: : 


which  is  the  same  as  Eq.  (10-58),  and 


n  n  X 
COS  0:  =  — -  =  - . 

h  b  ,2b 


(10-65) 


where  X  —  2n/pl  is  the  wavelength  in  the  unbounded  dielectric  medium. 

We  observe  that  h  solution_ol  Eq.  (10-65)  for  0;  exists  only  when  X/2 b  <  1.  At 
'-!-b  =  h  or  ./'  =  k//  =  1/2/) >//<€.  which  is  the  cutoff  frequency  in  Eq.  (10-56)  for 
n  =  1,  cos  0;  =  1,  and  0;  =  0.  This  corresponds  to  the  case  when  the  waves  bounce 
back  and  forth  in  the  y  direction,  normal  to  the  parallel  plates,  and  there  is  no  prop¬ 
agation  in  the  -  direction  (0  =  pt  sin  0;  =  0).  Propagation  of  TM,  mode  is  possible 
only  when  X  <  Xc  =  2b  or  /  >  Jc.  Both  cos  0;  and  sin  0,  can  be  expressed  in  terms  of 
cutoff  frequency  ./;..  Ffom  Eqs.  (10-65)  and  (10-64a)  wc  have 


cos  0,  =  —  =  — 

A  / 


( 10— 66a) 


nations 
.  ctively. 


■  a  /■  u 
sin  6;  =  —  =  —  = 

/s  llp 


Equation  (10— 66b)  is  in  agreement  with  Eqs.  (10-34)  and  (10-36). 


(10-66b) 


10-63), 

:0-64a) 

0-64b) 


10-3.2  TE  Waves  between  Parallel  Plates 

For  transverse  electric  waves,  E.  =  0,  we  solve  the  following  equation  for  H°(  y), 
which  is  a  simplified  version  of  Eq.  (10-41)  with  no  x-dependence. 


d2H°.(y)  ,  . 

,  +  hzH°:(y)  =  0. 


(10-67) 


We  note  that  H.(y,  z)  —  H.'(y)e  The  boundary  conditions  to  be  satisfied  by  H?{y) 
are  obtained  from  Eq.  (l(i-42c(.  Since  Ex  must  vanish  at  the  surfaces  of  the  con¬ 
ducting  plates,  we  require 


dH\  ( y) 

d~ 


■■  0  at  y  =  0  and  y  —  b. 


Therefore  the  proper  solution  of  liq.  (10-67)  is  of  the  form 


H;(y)  =  B„  dbs 


( 10— 68a) 


to.-  tKwwj mjuswb  *»i« 
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where  the  amplitude  Bn  depends  on  the,  strength  of  excitation  of  the  particular  TE 
wave.  We  obtain  the  only  other  nonzero  field  Components  from  Eqs.  (10— 42b)  and 
(10-42c),  keeping  in  mind  that  dH./cx  =  0: 


HO(y)=IBnsin(f). 


(10— 68b) 


_rt.  ,  icon  „  ,  (  nnv  \ 

E°(y)=l^Bn  sm^-J. 


(10-68c) 


The  propagation  constant  y  in-Eq.  (10— 68b)  is  the  same  as  that  for  TM  waves  given 
in  Eq.  (10-55).  Inasmuch  as  cutoff  frequency  is  the  frequency  that  makes  y  =  0,  the 
cutoff  frequency  for  the  TE„  mode  in  a  parallel-plate  waveguide  is  exactly  the  same 
as  that  for  the  TMn  mode  given  in  Eq.  (10-56).  For  n  —  0,  both  H  and  Ex  vanish; 
hence  the  TE0  mode  does  not  exist'in  a  parallel-plate  waveguide. 


Example  10-5  (a)  Write  the  instantaneous  field  expressions  for  the  TEj  mode  in  a 
parallel-plate  waveguide,  (b)  Sketch  the  electric  and  magnetic  field  lines  in  the  v-z 
plane. 


Solution 


a)  The  instantaneous  field  expressions  for  the  TEt  mode  are  obtained  by  taking  the 
real  part  of  the  products  of  the  phasor  expressions  in  Eqs.  ( 10— 68a),  (10-68b), 
and  (10— 68c)  with  We  have,  for  n  =  1, 


Hz(y.  z;  t)  =  St  cos  j  j  cos  (cot  —  /Jr) 


7IV 


Hv(y,  z:  t)  =  — —  Bt  sin  )  sin  (cot  —  /Jr) 
tz  \b 


Efy,  z;  /,)  =  -  --  sin  (—  )  sin  (cot  -  (Iz), 

x  \  h 


{ 10— 69a) 
(10— 69  b) 
(10-69c) 


where  the  phase  constant  /J  is  given  by  Eq.  (10—58),  same  as  that  for  the  TMt 
mode. 


b)  In  the  y-z  plane  E  has  only  an  x  component.  At  t  =  0,  Eq.  (10-69c)  becomes 

(10-70) 


Ex(y.  z:  0)  =  — —  B1  sin  )  sin  /Jz. 


'  Thus  the  density  of  Ex  lines  varies  as  sin  (ny/h)  in  the  y  direction  and  as  sin  /Jr 
in  the  z  direction;  Ex  lines  are  sketched  as  dots  and  crosses  in  Fig.  10-8. 

The  magnetic  field  has  both  a  y  and  a  z  component.  The  equation  of  the 
magnetic  field  lines  at  t  =  0  can  be  found  from  the  following  relation: 


dy  Hy(v,  z:  0)  (lb  f  ny  \ 

—  =  t - r-  =  —  tan  —  tan  Iz . 

dz  H.(y,  z;  0)  tt  \b  1 


(10-71) 
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Fig.  10-8  Field  lines  for  TE,  mode  in  parallel-plate  waveguide. 


.sin  (n\>u/h) 


(10-72) 


Upon  integration,  Hq.  1 10—71)  gives 

cos  /fr  =  . 

sin  ( Try //> ) 

which  is  the  equation  of  the  magnetic  field  line  for  a  particular  y0  at  r  =  0. 
Several  such  lines  are  drawn  in  Fig.  10-8  for  different  values  of  y0.  The  field 
lines  repeat  themselves  for  every  change  of  f}z  by  27r.rad. 


1 0— 69b) 

1 0— 69c) 
ne  TMj 
:omes 


(10-70) 


i 

s  sin  /); 


i  o' 


j  10-3.3  Attenuation  in  Parallel-Plate 

j  Waveguides 

) 

;  Attenuation  in  any  waveguide  (not  just  the  parallel-plate  waveguide)  arises  from  two 

sources:  lossy  dielectric  and  imperfectly  conducting  walls.  Losses  modify  the  electric 
and  magnetic  fields  within  the  guide,  making  exact  solutions  difficult  to  obtain. 
However,  in  practical  waveguides  the  losses  are  usually  very  small,  and  we  will 
assume  that  the  transverse  field  patterns  of  the  propagating  modes  are  not  affected 
|  by  them.  A  real  part  of  the  propagation  constant  now  appears  as  the  attenuation 

j  constant,  which  accounts  for  power  losses.  The  attenuation  constant  consists  of  two 

i  parts : 

\  ..a  =  ad  +  xe,  (10-73) 

1  where  x,  is  the  attenuatio  i  constant  due  to  losses  in  the  dielectric  and  zc  is  that 

due  to  ohmicTpower  loss  in  the  imperfectly  conducting  walls, 
j  We  will  now  consider  the  allemiaiiou  constants  for  TF.M,  TM,  and  TE  modes 

j  sepaiatcly. 


(10-71) 


TEM  Modes  The  attenuation  constant  for-TEM  modes  on  a  parallel-plate  trans¬ 
mission  line  has  been  discussed  in  Subsection  9-3.3.  From  Eq,  (9-72)  and  Table  9-1 
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we  have  approximately . 


G  <7  III  O' 

ct-i~~2Ro~  2  ~  2*1  (NPM)- 


(10-73a) 


where  e,  jx,  and.cr  are,  respectively,  the  permittivity,  permeability,  and  conductivity 
of  the  dielectric  medium.  In  Eq.  (10-73a)  ij  =  JJUe  is  the  intrinsic  impedance  of  the 
dielectric  if  the  dielectric  is  lossless.  Also  from  Eq.  (9-72)  and  Table  9-1  we  have 


R  -1  Injk 

ac  =  — -  =  r  /—  (Np/m), 

~Ro  n  V  <7, 


(10— 73  b) 


where  ac  is  the  conductivity  of  the  metal  plates.  We  note  that,  for  TEM  modes.  xd 
is  independent  of  frequency,  and  ar  is  proportional  to  >Jf.  We  note  further  that 
ccd  — ►  0  as  a  0  and  that  ac  -»  0  as  oc  ->  cc,  as  expected. 

TM  Modes  The  attenuation  constant  due  to  losses  in  the  dielectric  at  frequencies 
above  Jc  can  be  found  from  Eq.  (10-55)  by  substituting  ed  =-€.+  (o/joo)  for  e.  We  have 


7  =J  ojV(  1  -  — 

\  uie 


=  j  I "  /<e  -  —  <  1  -  jauol  c 


2jl(o*n€- 


>■- -(?)T}  (10-74> 


Only  the  first  two  terms  in  the  binomial  expansion  for  the  second  line  in  Eq.  (10-74) 
are  retained  in  the  third  line  under  the  assumption  that 


(.01.10  «  WU€  —  1  —  1  . 


From  Eq.  (10-56)  we  see  that 


■  =  2  nfcyjl*e. 


With  this  relation,  Eq.  (10-74)  becomes 


7 = ad + jP = ^  l~(fJfY' 


from  which  we  obtain 


2/i 


(Np/m) 


(10-75) 


f 


(10-74) 


Eq.  (10-74) 


«w< 

'-.  •-  ...7  :>  -  ;: 

!vty  :;v::' :■:•'■•#] 


:  (l0-73a) 
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0  =  o>VWl  -  (fc/f)2  (rad/m).  (10-76) 

Thus  ad  for  TNl  modes  decreases  when  frequency  increases. 

To  find  the  atteriuation  constant  due  to  josses  in  the  imperfectly  conducting 
plates,  we  use  Eq.  (9—70),  which  was  derived  from  the  law  of  conservation  of  energy. 
Thus, 

Pdz) 

*c=2P(7}’  (10-77) 

where  P(z)  is  the  time-average  power  flowing  through  a  cross  section  (say,  of  width 
w)  of  the  waveguide,  hnd  PL(z)  is  the  time-average  power  lost  in  the  two  plates  per 
unit  length.  For  TM  modes  we  use  Eqs.  (10— 54b)  and  (10-54c): 

P(z)  =  w  J*  -i(£j)(tf“)*  dy 

i  . 


__  wc oep  rb 

2  nn  )  Jo 


(10— 7Sa) 


1  lie  surface  current  densities  on  the  upper  and  lower  plates  have  the  same  magnitude. 
On  the  lower  plate  where  y  =  0,  we  have 

ra-m?=oi|.^. 


The  total  power  loss  per  unit  length  in  two  plates  of  width  w  is 
Substitution  of  Eqs.  (10-T8a)  and  (10-78b)  in  Eq.  (10-77)  yields 


(10— 7Sb) 


110-75) 


vh  >ibs/i  -  Uc/jr- 


(Np/m), 


where,  from  Eq.  (9-26b), 


*,=  & 

!  v  °e 


(10-79) 


(10-80) 


The  use  of  Eq.  (10—80)  in  Eq.  (10-79)  gives  the  explicit  dependence  of  2C  on  /  for 
TM  modes:-- 


a,  -  -■  !  --  ‘~ 


i]b  V  *C  yJ(fjf)  [1  -  (fjffi 


(10-81) 


A  sketch  of  the  normalized  ac  is  shown  in  Eig.  10-9,  which  reveals  the  existence  of  a 
minimum. 
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10-4  RECTANGULAR  WaI/EGUIDES 

:-v  ;«  The  analysis  of  pdrailel-piate  waveguides  in  Section  10-3  assumed  the  plates  to  be 
of  an  infinite  extent  ih  the  transverse  x  direction;  that  is,  the  fields  do  not  vary  with  x. 

In  practice,  these  plates  are  always  finite  in  width,  with  fringing  fields  at  the  edges. 
Electromagnetic  energy  will  leak  through  the  sides  of  the  guide  and  create  undesirable 
stray  couplings  to  other  circuits  and  systems.  Thus,  practical  waveguides  are  usually 
uniform  structures  of  a  cross  section  of  the  enclosed  variety.  The  simplest  of  such 
cross  sections,  in  terms  of  ease  both  in  analysis  and  in  manufacture,  are  rectangular 
and  circular.  In  this  section  we  will  analyze  the  wave  behavior  in  hollow  rectangular 
waveguides.  Circular  waveguides  will  not  be  treated  in  this  book,  because  to  do  so 
requires  a  knowledge  of  the  properties  of  Bessel  functions.  Readers  possessing  such 
_  knowledge,  however;  would  have  little  difficulty  following  an  analysis  of  circular 
waveguides  in  more  advanced  books,  because  the  procedure  is  the  same  as  described 
here.  Rectangular  waveguides  are  much  more  commonly  used  in  practice  than 
circular  waveguides. 

In  the  following  discussion,  we  draw  on  the  material  in  Section  10  2  concerning 
general  wave  behaviors  along  uniform  guiding  structures.  Propagation  of  time- 
harmonic  waves  in  the  f  z  direction  with  a  propagation  constant  y  is  considered, 
i  M  and  TE  modes  will  he  discussed  separately.  As  we  have  noted  previously,  TEM 
wave:.  cannot  exist  in  a  single-conductor  hollow  or  dielectric-filled  waveguide. 


77.,  ••  :\!r  7 

7  ...  -7  '  ...  •  .  7 ;  r  t\ 


10-4.1  TM  Waves  in 
Rectangular  Waveguides 


ri0~82a) 


( 10— 82b) 


Consider  the  waveguide  sketched  in  Fig.  10-10,  with  its  rectangular  cross  section  of 
sides  a  and  b.  The  enclosed  dielectric  medium  is  assumed  to  have  constitutive  param¬ 
eters  e  and  yi.  For  TM  waves,  H,  =  0  and  £.  is  to  be  solved  from  Eq.  (10-22).  Writing 
£-.(*,  y,  z)  as 

E:{x,  y,  z)  =  £?(x,  y)e~n,  (10-84) 


(10  W) 

.  Unlike 
::>  mono- 


Fig.  10-10  A  rectangular  waveguide. 
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we  solve  the  following  second-order  partial  differential  equation: 

(d2  a1  A  „  . 

-^  +  ^  +  *!kV,j)-o.  ,  ;  (10-85) 

Here  we  use  the  method  of  separation  of  variables  discussed  in  Section  4-5  by 
letting 

E°(x,z)  =  X(x)Y{y).  (10-86) 

Substituting  Eq.  (10-86)  in  Eq.  (10-85)  and  dividing  the  resulting  equation  by 
AT(.x)Y(y),  we  have 

1  d2X(x)  1  d2Y(y)  ,, 

~W)—‘yU) -)^r+h-  (,°-87) 

Now  we  argue  that,  since  the  left  side  of  Eq.  (10-87)  is  a  function  of  x  only  and  the 
right  side  is  a  function  of  y  only,  both  sides  must  equal  a  constant  in  order  for  the 
equation  to  hold  for  all  values  of  x  and  y.  Calling  this  constant  k2,  we  obtain  two 
separate  ordinary  differential  equations: 


d2X(x) 


+  k2X(x)  =  0 


(10-88) 


d2Y(y) 


where 


+  k;Y(y)  =  0, 


k2  =  h2  -  k2.  (10-90) 

The  possible  solutions  of  Eqs.  (10-88)  and  (10-89)  are  listed  in  Table  4-1, 
Section  4-5.  The  appropriate  forms  to  be  chosen  must  satisfy  the  following  boundary 
conditions. 

1.  In  the  .x  direction: 

£?(0,y)  =  0  (10-9  la) 

.  E?(a,  y)  =  0.  (10— 91b) 

2.  In  the  y  direction : 

£?(.y.  0)  =  0  (10—9 1  c) 

E?{x,b)  =  0.  (10-9  Id) 

Obviously,  then,  we  must  choose: 

X(x)  in  the  form  of  sin  /cxx. 


(10-89) 


£?(' 0,  y)  =  0 
E?(a,  y)  —  0. 

£?(. v.  0)  =  0 
E°(x,  b)  =  0. 


(10—9  la) 
(10— 91b) 

(10-9  le) 
(10—9 1  d) 


Y(y)  in  the  form  of  sin  kyy. 


m  —  1,  2,  3, 


k  =,  « 

}  b 


n  =  1,2,  3 . 
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f 


Fig.  10-9  Normalized  atten¬ 
uation  constant  due  to  finite 
conductivity  of  the  plates  in 
parallel-plate  waveguide. 
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TE  Modes  In  Subsection  10-3.2  we  noted  that  the  expression  for  the  propagation 
constant  for  TE  waves  between  parallel  plates  is  the  same  as  that  for  TM  waves.  It 
follows  that  the  formula  for  ad  in  Eq.  (10-75)  holds  for  TE  modes  as'well. 

In  order  to  determine  the  attenuation  constant  ac  due  to  losses  in  the  imperfectly 
conducting  plates,  we  again  apply  Eq.  (10-77).  Of  course,  the  field  expressions  in 
Eqs.  ( 1 0— 68a),  (10-68b),  and  (10-68c)  for  TE  modes  must  now  be  used.  We  have 


and 


Consequently, 


p(z)  =  w  J*  l2(£x)UO* 


wcjfi^  (bBn V 
2  \rm) 


-  wco/iftb 


PL(z)  =  2W(i\J°sX\2R,) 

=  wjff?(  V  =  0)|  2RS  =  wBzRs. 


-  P^z>>  _  f 

“c  _  2 P(z)  ~  uj  fifth  V  b) 

2  RJ2 

r\bf2J  1  -  (fjf)1 
=  2_  fcjc  I  (fjf) 
>fh\j  <rc  V  1  -  (fjf)2' 


(10— 82a) 


(10— 82b) 


(10-83) 


A  normalized  ac  curve  based  on  Eq.  (10-83)  is  also  sketched  in  Fig.  10-9.  Unlike 
ac  for  TM  modes,  ac  for  TE  modes  does  not  have  a  minimum  but  decreases  mono- 
tonically  as  /  increases. 
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and  the  proper  solution  for  E°(x,  y)  is 


E°(x,  y)  =  E0  sin  (~-x)  sin iTy  y 


(V/m). 


(10-92) 


From  Eq.  (10-90),  we  have 


(10-93) 


The  other  field  components  are  obtained  from  Eqs.  (10-23a)  through  ( 10— 23d): 


where 


c 0/  ,  '/  1 1 mx  \  _  fmn\.(  mi 

EAx- *  ~  ~t?  (tJ£“  “s  (t  V  s“  {Ty 

co/v  _  y  fnn\c-  ■  (mn  \  fnn  N 

E>(x  =  ~p  £« sm  (v  XJ cos  U 

„0/  i!M  ( n7C\  n  ■  f m7Z  \  Ant  \ 

«,U,y;-1;rlTj£oSm  °os  -y 


wo,y  ■  jcDe(mn\  f nm  \  .  nn 

Hyi '  >)-~[tjEo  cos  ( t ■ xj sm  T -v 


7  =  jP  =  7  /w V - 


( 10— 94a) 


1 1 0— 94b) 


( 10— 94c) 


( 10~94d) 


(10-95) 


Every  combination  ol  the  integers  m  and  n  defines  a  possible  mode  that  may  be 
designated  as  the  TMm„  mode;  thus  there  are  a  double  infinite  number  of  TM  modes. 
The  first  subscript  denotes  the  number  of  half-cycle  variations  of  the  fields  in  the 
^-direction,  and  the  second  subscript  denotes  the  number  of  half-cycle  variations  of 
the  fields  in  the  y  direction.  The  cutoff  of  a  particular  mode  is  the  condition  that  makes 
y  vanish.  For  the  TM,„„  mode,  the  cutoff  frequency  is 


(/cLn  = 


2xy/Jie' 


Ht  m. 


( 10— 96a) 


which  checks  with  Eq.  (10-30).  Alternatively,  we  may  write 


(10  %h) 


where  ac  is  the  cutoff  Wavelength. 
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For  TM  modes,  neither  m  nor  n  can  be  zero.  (Do  you  know  why?)  Hence^TMn 
mode  has  the  lowest  cutoff  frequency  of  all  TM  modes  in  a  rectangular  waveguide. 
The  expressions  for  the  phase  constant  /?  and  the  wave  impedance  ZTM  for  propagating 
modes  in  Eqs.  (10-33)  and  (10-38),  respectively,  apply  here  directly. 

Example  10-6  (a)  Write  the  instantaneous  field  expressions  for  the  TMU  mode  in 
a  rectangular  waveguide  of  sides  a  and  b.  (b)  Sketch  the  electric  and  magnetic  field 
lines  in  a  typical  x-y  plane  and  in  a  typical  y-z  plane. 


Solution 

a)  The  instantaneous  field  expressions  for  the  TMn  mode  are  obtained  by  multi¬ 
plying  the  phasor  expressions  in.Eqs.  (10-92)  and  (10-94a)  through  (10-94d) 
with  eJ{w,~l>:)  and  then  taking  the  real  part  of  the  product.  We  have,  for  m  —  n  =  1. 


Ex(x.  y.  z:  /) 


E{)  cos  ,v^  sin  y  ]  sin  (<oi  -  />:)  ( 10- 97a) 

Ey{x,  y,  z;  t)  =  s'n  -x )  cos  y  j  sin  (cor  —  /?z)  (10— 97b) 


E.{x,  y,  z;  t)  =  E0  sin  [  ~  xj  sin  yj  cos  (cot  -  /?z) 


Hx{x,  y,  z;  r)  =  —~^^\eo  sin  (-  x\  cos  (ry)  sin  (cot  _  /?z)  (10— 97d) 


(10-97c) 


Hy(x,  y,  z;  t)  =  ~  E0  cos  x  )  sin  1 71 


H.(x,  y,  z;  r)  =  0, 


-  y  j  sin  (cot  -  (lz)  (10— 97e) 
(10-97F) 


where 


u.- =  - : : 


(10-98) 


b)  In  a  typical  x-y  plane,  the  slopes  of  the  electric  field  and  magnetic  field  lines  are 

(10— 99a) 


dy\  a  (it  \  (n 

—  I  =  -  tan  -  x  cot  -  v 

dxJE  b  \a  j  \b 

dv\  b  ( k  \  ( it  \ 

-j-)  =  — cot  -x  tan  -y  • 
dxJH  a  \a  J  \b 


(10— 99b) 


These  equations  are  quite  similar  to  Eq.  (10—60)  and  can  be  used  to  sketch  the 
E  and  H  lines  shown  in  Fig.  10-1 1(a).  Note  that  from  Eqs.  (10-99a)  and  (10— 99b) 


■  .  I:  •  ': 
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TMtl  li  j 

iguide.  ,  w'n*  1 

2  *  ...  ...  .  'tJU,  J. 

gating  ; 


.ode  in 
:c  field 


multi-  X- 


)-94d) 

a  =  1, 

0  -97  a) 


0  -97c) 


0-97d) 


0  0 


■  Electric  field  li.ies 


(b) 

-  Magnetic  field  lines 


Fig.  10-11  Field  lines  for  TMU  mode  in  rectangular  waveguide. 


indicating  that  E  and  11  lines  are  everywhere  perpendicular  to  one  another.  Note 
also  that  E  lines  are  normal  and  that  H  lines  are  parallel  to  conducting  guide 
walls. 

Similarly,  in  a  typical  y-z  plane,  say.  lor  x  —  a/2  or  sin  (nx/u)  —  1  and 
cos  (t ix/ci)  =  0,  we  have 

l.il=F©C0!(^),a°(“_w- 

and  H  has  only  an  x-component.  Some  typical  E  and  H  lines  are  drawn  in 
Fig.  10-1 1(b)  for  r  =  0. 


1 0— 97e) 

10-970 

(10-98) 
.ines  are 
10-99a) 

"M-  ) 

etch  me 
1 0— 99b) 


10-4.2  TE  Waves  in 
Rectangular  Waveguides 

For  transverse  electric  waves,  £.  =  0,  we  solve  Eq.  (10-41)  for  H,.  We  write 

H:(x,  y,  z)  =  H?{x,  y)e~v:,  (10-100) 

where  H°{x,  z)  satisfies  the  following  second-order  partial  differential  equation: 

(->2  ^2  \ 

~  +  ~  +  hr  )E/?(x,y)  =  0.  (10-101) 

ox  oy-  J 

Equation  (10-101)  is  seen  to  be  of  exactly  the  same  form  as  Eq.  (10-85).  The  solution 
for  H%x,  ]:)..must  satisfy  the  following  boundary  conditions. 

1.  In  the  .v-direction: 


■  =  0  (£  =0)  at  x  =  0 


( 10—  102a) 


=  0  (Ey  —  0)  at 


( 10— 1 02b) 


t{  V  ' 
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2.  In  the  y  direction: 


=  0  (£,  =  0)  at  y  =  0 

cH?  n  /r. 

—  0  (£*  =  0)  at  y  —  b. 

It  is  readily  verified  that  the  appropriate  solution  for  H%x,  y)  is 


(10-102c) 


(10-102d) 


H%x,  y)  =  H0  cos  xj  cos  \~  yj  (A/m).  (10-103) 

The  relation  between  the  eigenvalue  h,and  {mnja)  and  (nn/b)  is  the  same  as  that  aiven 
in  Eq.  (10-93)  for  TM  modes. 

The  other  field  components  are  obtained  from  Eqs.  (10-42a)  through  (10-42d): 


p0/Y  fnn\ 

^jcv^  y)  ,  2  i  I H0  cos 


J0)fi  nn\  mk  V  .  nn 

p-(Tj"«cos  T*  s,n \Ty 


rO/Y  ,a  _  /  nnr\  „  ..  / mn  \  (nn 

Ey(x,y)~~jr[—)H  o  sra^—xj  cos  j-y 

H“(x* y) = £  (v)  H° sin  (t x)  cos  (t  y) 

H%X,  y)  =  £  (  y)  eos  (—  xj  sin  fe  A 


(10- 104a) 


(10- 104b) 


(10-104c) 


(10— 104d) 


where  y  has  the  same  expression  as  that  given  in  Eq.  (10-95)  for  TM  modes. 

Equation  (10— 96a.)  for  cutoff  frequency  also  applies  here.  For  TE  modes,  either 
m  or  n  (but  not  both)  can  be  zero.  If  a  >  h,  the  cutoff  frequency  is  the  lowest  when 
m  =  1  and  n  =  0: 


UchBla  -  - — —  (Hz). 

2  dyjnz 


(10-105) 


The  corresponding  cutoff  wavelength  is 


('•c)rF.,„  =  2a  (m). 


(10-106) 


Hence  the  TE10  mode  is  the  dominant  mode  oj  a  rectangular  waveguide  with  a  >  b. 
Because  the  TEi0  mode  has  the  lowest  attenuation  of  all  modes  in  a  rectangular 
waveguide  and  its  electric  field  is  definitely  polarized  in  one  direction  evervwhere, 
it  is  of  particular  practical  importance. 
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Example  10-7  (a)  Write  the  instantaneous  field  expressions  for  the  TE10  mode  in 
a  rectangular  waveguide  having  sides  a  and  b.  (b)  Sketch  the  electric  and  magnetic 
field  lines  in  typical  pc-ry,  y-z,  and  x-z  planes,  (c)  Sketch  the  surface  currents  on  the 
guide  walls.  ...  <  ■/■■■ 


Solution  , 

a)  The  instantaneous  field  expressions  for  the  dominant  TE,0  mode  are  obtained 
by  multiplying  the  phasor  expressions  in  Eqs.  (10-103)  and  (10-104a)  through 
(10-104d)  with  e^a,~ll2)  and  then  taking  the  real  part  of  the  product.  We  have, 
for  m  =  1  and  ;t  =  0, 


EJx,  y. 

r;  t)  =  0 

Ey(x,  y. 

Ir  \aj 

B,(x,  y. 

0  =  0 

I-Ix(x,  y, 

IS  (i i\ 
!,=(;) 

Hy(x,  y, 

0  =  0 

H.Jx, 

r;  0  =  Hn  cos  (- 

where 


/J  =  \j'kz  —  Ir  =  /  ce2ge 
\ 


(10— 107a) 
(10— 107b) 
(10- 107c) 
(10— I07d) 
(10  —  1 07e) 
1 10— I07f) 

(10-108) 


b)  We  see  Irom  Eqs.  (10  107a)  through  (10  -1071')  that  the  TE,„  mode  has  oniv 
three  nonzero  field  components —  namely,  Ey,  Hx,  and  H,.  In  a  typical  .v-v 
plane,  say,  when  sin  (ter  —  ji r)  =  1,  both  £,,  and  Hx  vary  as  sin  (n.v/a)  and  are 
independent  of  y,  as  shown  in  Fig.  10— 12(a). 

In  a  typical  y-z  plane,  for  example,  at  x  =  aj 2  or  sin  (roc/a)  =  1  and 
cos  (nx/a)  =  0,  we  only  have  £v  and  Hx,  both  of  which  vary  sinusoidally  with 
/ir.  A  sketch  of  Ey  and  II x  at  t  —  0  is  given  in  Fig.  10- 12(b). 

The  sketch  in  an  x—z  plane  will  show  all  three  nonzero  field  components  — 
Ey,  /•/„,  and  //..  The  slope  of  the  H  lines  at  /  =  0  is  governed  by  the  following 
equation: 


dx' 
~dz,« 


P(* 


Ir  \aJtanU'V,tan^ 


110-109) 


which  can  be  used  to  draw  the  H  lines  in  Fig.  10- 12(c).  These  lines  are  indepen¬ 
dent  of  y. 

c)  The  surface  current  density  on  guide  walls,  Js,  is  related  to  the  magnetic  field 
intensity  by  Eq.  (7— 50b) : 

J,  -  a,  x  H ,  (10-110) 


*•  ■»  v  Jjwiguv 


mifciiiiii^iifei  itf  i:ir  •  ********* ■'- 

-  -  •  '•  '  ■  .-!•  4  •  '  V-  ' 


!.  t! 
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2r  0Z 


33 


2? 


r' 


where  a„  is  th e  outward  normal  to  the  wall  surface  and  H  is  the  magnetic  field 
intensity  at  the  wall.  We  have,  at  £  =  0, 

-  Js(.x  =*  0)  =  -a}JL.(0, y,  z;  0)  =  -ayff0  cos  ftz '  (10-Ilia) 

J,(x  =  a)  =  Zyh^a,  y,  z;  0)  =  Js(x  =  0)  (10-11  lb) 

Js( y  =  0)  =  a xH.(x,  0,  2;  0)  -  a :Hx(x,  0,  2;  0) 

=  a^o  cos  xj  cos  jiz  -  a.  ~  H0  sin  ^  xj  sin  [iz  (10-1 11c) 

JJy  -  b)  -  -  J s(y  =  0).  (10_1 1  id) 

The  surface  currents  on  the  inside  walls  at  x  =  0  and  at  y  =  b  are  sketched  in 
Fig.  10-13. 

10-4.3  Attenuation  in  Rectangular 
Waveguides 

Attenuation  for  propagating  modes  results  when  there  are  losses  in  the  dielectric 
and  in  the  imperfectly  conducting  guide  walls.  Because  these  losses  are  usually  very 
small,  we  will  assume,  as  in  the  case  of  parallel-plate  waveguides,  that  the  transverse 
field  patterns  are  not  appreciably  affected  by  the  losses.  The  attenuation  constant 
due  to  losses  in  the  dielectric  can  be  obtained  by  substituting  ed  -  e  -f  (a.'ju/)  for  e 
in  Eq.  (10-95).  The  result  is  exactly  the  same  as  that  given  in  Eq.  (10-75),  which  is 
repeated  below: 

<71 7 

xd  =  — -=======,  (10-112) 

2V  1  -  (Jjf)2 

where  <r  and  ;j  are  the  conductivity  and  intrinsic  impedance  of  the  dielectric  medium 
respectively,  and  Jc  is  given  by  Eq.  (I0-96aj. 

To  determine  the  attenuation  constant  due  to  wail  losses,  we  make  use  of  Eq. 
(10-77).  The  derivations  of  ac  for  the  general  TMm„  and  TEm„  modes  tend  to  be 
tedious.  Below  we  Obtain  the  formula  for  the  dominant  TE10  mode,  which  is  the 
most  important  of  all  propagating  modes  in  a  rectangular  waveguide. 

For  the  TE10  rtlode  the  only  nonzero  field  components  are  Hx,  and  H.. 
Letting  m  —  1,  n  =  0,  and  h  =  (nja)  in  Eqs.  (10— 104b)  and  (10-104c),  we  calculate 
the  time-average  power  flowing  through  a  cross  section  of  the  waveauide: 


/’It) 


j11  j" 


■  1  /■:;.')(  ny  </  \  t/v 


H°Io  5°osm2(^ax)dxdy 


=:  o)ftfkib I  ; 


(10-113) 


m  ■; 1  yy ty  ?  ■ 
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mm 


and 


In  order  to  calculate  the  time-average  power  lost  in  the  conducting  walls  per 
-unit-length,  we  must  consider  all  four  walls.  From  Eqs.  (10—110),  (10-103),  and 
(10— 104c)  we  see  that 

J°(.x  =  0)  =  Js°(x  =  a)  =-a,H_?(x  =  0)  =  -a  yH0  (10-114a) 
J?(}'  =  0)  =  -  Js°(y  =  b)  =  a  ji°(y  =  0)  -  a .H°(y  =  0) 

=  a^o  cos  ^  xj  -  zz  ^  H0  sin  x 

(10-1 14b) 

The  total  power  loss  is  then  double  the  sum  of  the  losses  in  the  walls  at  x  =  0  and 
at  v  =  0.  We  have 


where 


and 


PL(z)  =  2[Pi(r)],  =  0  +  2[PL(r)]y=0, 

[^W]-o  =  J0‘  5  Wix  =  0)\*RS  dy  =  b-  HlR 

=  Jo  5  [Kx(  v  =  0)j2  +  | |J°  (y  =  0)|2]*s  dx 


(10-115) 
(10—1 1 6a) 


1  + 


M2 


HlR,. 


(10-1 16b) 


Substitution  of  Eqs.  (10—1 16a)  and  (10-1 16b)  in  Eq.  (10-115)  yields 


Piiz)  =  {b  +  ^ 


1  + 


M- 

7T 


HlR . 


The  last  expression  is  the  result  of  recognizing  that 


=ai'/iieJi -{j 

Inserting  Eqs.  (10-113)  and  (10-117)  in  Eq.  (10-77),  we  obtain 


(10-117) 


(10-118) 


Rll  +  (2hja){fjff\ 

lac/TEl0  ,  , - - 

ibyjl  -  (JJJ)- 

_  1  / 

[-f(F] 

(Np/m). 

fib  V  ff,[  1  -  (7c//)2] 

(10-119) 


\f 


;  ,  *. . 4 

•  V  •  ■  •*sr  ».**'  V  ?> .-  •’ 

.  .  tn  ,  »  , 

i  per 
and 


114a) 


114b) 
j  and 

-115) 

116a) 

r " 

116b) 


i-117) 


0-118) 


r ' 


)-4 19) 


Mm 
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t  ; 
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Equation  (10-ll;8)  reveals  a  rather  complicated  dependence  of  (aJTEl0  on  the 
ratio ~{  fe/f).  It  tends  to  infinity  when  /  is  close  to  the  cutoff  frequency,  decreases 
toward  a  minimum  as  /  increases,  and  increases  again  steadily  for  further  increases 
in/.  'rj  i  •/  V;  XX;  ■  -  '  2;. 

For  a  given  guide  width  a,  the  attenuation  decreases  as  b  increases.  However, 
increasing  b  also  decreases  the  cutoff  frequency  of  the  next  higher-order  mode  TE,  l 
(or  TM  u),  with  the  consequence  that  the  available  bandwidth  for  the  dominant 
TE10  mode  (the  range  of  frequencies  over  which  TEl0  is  the  only  possible  propagating 
mode)  is  reduced.  The  usual  compromise  is  td  choose  the  ratio  bja  in  the  neighbor¬ 
hood  of  4-. 

.  V 

Example  10-8  A  TE10  wave  at  10  (GHz)  propagates  in  a  brass  —  ac  =  1.57  x 
107  (S/m)  —  rectangular  waveguide  with  inner  dimensions  a  -  1.5  (cm)  and  b  = 
0.6  (cm),  which  is  filled  with  polyethylene  —  er  =  2.25,  jir  =  l,  loss  tangent  =  4  x  10-4. 
Determine  (a)  the  phase  constant,  (b)  the  guide  wavelength,  (c)  the  phase  velocity, 
(d)  the  wave  impedance,  (e)  the  attenuation  constant  due  to  loss  in  the  dielectric, 
and  (f)  the  attenuation  constant  due  to  loss  in  the  guide  walls. 

Solution:  At  /  =  l010  (Hz),  the  wavelength  in  unbounded  polyethylene  is 


-  _  u 


3  x  108 


2  x  108 

=  0.02  (m). 


f  v  2.25  x  10 10 
The  cutoff  frequency  for  the  TE10  mode  is,  from  Eq.  (10-105), 

2  x  10* 


Jc  2c  2  x  (1.5  x  10~2) 


—  0.667  x  1010  (Hz). 


a)  The  phase  constant  is,  from  Eq.  (10-118), 


OJ 


n  =  - 

u 


=  74.57:  =  234  (rad/m). 
b)  The  guide  wavelength  is,  from  Eq.  (10-34), 

'  A  0.02 


9  yfl-  (Jcljy  °-745 

c)  The  phase  velocity  is,  from  Eq.  (10-36), 

u  2  x  10s 


=  0.0268  (m). 


up  = 


Vi  -U'Jf)2 


■0.745 


■  =  2.68  x  108  (m/s). 


i  1 1  in 
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d)  The  wave  impedance  is,  from  Eq.  (10—47), 

:t;  ':  '  ,,'Vd  7» V:\mJ2j5 ' 

(  (Ii) 

e)  The  attenuation  constant  due  to  loss  in  dielectric  is  obtained  from  Eq.  (10-112). 
The  effective  conductivity  for  polyethylene  at  10  (GHz)  can  be  determined  from 
the  given  loss  tangent  by  using  Eq.  (7-93): 

ff  =  4x  10-“W  =  4  x  10"4  x  (2k  x  1010)  x  (~  x  10-9 

V  3671 


Thus, 


=  5  x  10"4  (S/m). 


ad  —  2  ^TE  _ 


5  x  10- 


X  337.4  =  0.084  (Np./m) 
=  0.73  (dB/m). 


f)  The  attenuation  constant  due  to  loss  in  the  guide  walls  is  found  from  Eq.  ( 10-1 11)). 
We  have,  from  Eq.  (9 -26b),  '~--- 


R.  = 


nfiie  /7ri0lo(47ri0"7) 


1.57  x  107 


=  0.0501  (Q) 


_  Rs[l  +  (2b/a)(fc/m  0.0501  [1  +  (0.6/1.5)(0.667)2] 

- nbJ—U-Jf)1  ~  "  "251  x  0.006"x  0.745  =  0'°526  (NpM) 

7  V  Uc/J )  =  0.457  (dB/m). 


«r  v, 

Vij :r- 


10-5. 


10-5  DIELECTRIC  WAVEGUIDES 


In  previous  sections  we  discussed  the  behavior  of  electromagnetic  waves  propagating 
along  waveguides  with  conducting  walls.  We  now  show  that  dielectric  slabs  and  rods 
without  conducting  walls  can  also  support  guided-wave  modes  that  are  confined 
essentially  within  the  dielectric  medium. 

Figure  10-14  shows  a  longitudinal  cross  section  of  a  dielectric-slab  waveguide 
of  thickness  d.  For  simplicity  we  consider  this  a  problem  with  no  dependence  on 
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Fig.  10-14  A  longitudinal  cross-section  of  a 
dielectric-slab  waveguide. 
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i  .  -i 
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the  x  coordinate.. Let  ed  and '  jid  be,  respectively,  the  permittivity  and  permeability  of 
the  dielectric  slab, .which  is  situated  in  free  space  (£0,  piQ).  We  assume  that  the  dielectric 
is  lossless  and  that  waves  propagate  in.  the  +z  direction.  The  behavior  of  TM  and 
TE  modes  will  now  be  analyzed  separately. 


10-5.1  TM  Waves  aloftg  a  Dielectric  Slab 

Lor  transverse  magnetic  waves,  H.  =  0.  Since  there  is  no  x-dcpendence,  Eq.  (10-53) 
applies.  We  have 

d2E°;(y) 


where 


dy2  +h2E°{y)  =  0, 

lr  =  y~  4*  oj-fj.e. 


(10-120) 


(10-121) 


Solutions  of  Eq.  (10-120)  must  be  considered  in  both  the  slab  and  the  free-space 
regions,  and  they  must  be  matched  at  the  boundaries. 

In  the  slab  region  we  assume  that  the  waves  propagate  in  the  +  r  direction  without 
attenuation  (lossless  dielectric);  that  is,  we  assume 


7=# 


(10-122) 


The  solution  of  Eq.  (10-120)  in  the  dielectric  slab  may  contain  both  a  sine  term  and 
a  cosine  term,  which  are  respectively  an  odd  and  an  even  function  of  y: 


E-{y)  =  £„  sin  kyy  +  Ee  cos  kyy, 


Ms 


where 


k z  =  orfided  -  /i2  =  ’nd 


(10-123) 


(10-124) 


In  the  free-space  regions  i  y  >  d/2  and  y  <  —  d/2),  the  waves  must  decay  exponentially 
so  that  they  are  guided  along  the  slab  and  do  not  radiate  away  from  it.  We  have 


E°;(y)  =  { 


^  UL  > 

CleMy+dl2\ 


y  >  - 

y~2 

d 

-V  -  ~  9’ 


(10— 125a) 
f 10— 125b) 


-n  a1’ 


7  /)  7  7  .1 

cr  =  /I-  -  a>7i0e0  =  — /15. 


(10-126) 


where 
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Equations  (10-124)  and  (10-126)  are  called  dispersion  relations  because  they  show 
the  nonlinear  dependence  of  the  phase  constant  /Hone o. 

At  this  stage  we  have  not  yet  determined  the  values  of  ky  and  a;  nor  have  we 
found  the  relationships  among  the  amplitudes  £„,  Ec,  C„,  and  Ct.  In  the  following, 
we  will  consider  the  odd  and  even  TM  modes  separately. 

a)  Odd  TM  Modes.  For  odd  TM  modes,  £?(y)  is  described  by  a  sine  function  that  is 
antisymmetric  with  respect  to  the  y  =  0  plane.  The  only  other  field  components, 
£°(y)  and  H°(y),  are  obtained  from  Eqs.  (10— 23d)  and  (10— 23a)  respectively. 


i)  In  the  dielectric  region,  |jj  <  d/2: 

£?(y)  =  E„  sin  kyy 


£?()•)=  -j-E0  cos  Ky 

Ky 


E0  cos  kxy. 

■  K 


ii)  In  the  upper  free-spacc  region,  y  >  4/2: 


E?{y)  =  |  £„  sin  -y -J  e  *iy  i,2) 

Ey{v)  =  -y  f  £0 sin  e~xiy~il2) 


H°(y) 


(10— 127  a) 
(10— 127b) 


(10—1 27c) 


( 1 0— 128a) 


(10— 128b) 


(10-1280 


where  Cu  in  Eq.  (10— 125a)  has  been  set  to  equal  £0  sin  (/<},4/2),  which  is  the 
value  of  £°(y)  in  Eq.  (10— 127a)  at  the  upper  interface,  y  =  d/2. 


iii)  In  the  lower  free-space  region,  y  <  -4/2: 


E-Ay)  =  -(  £„  sin 


£y(v)  =  —  —  ( E„  sin  -y-')  ^ 


Hx(y)  ~  yy  (£"  Sjn  k~2~)  eI,y  +  dl2), 


(10— 129a) 


(10— 129b) 


(10-1290 


where  Ct  in  Eq.  (10— 125b)  has  been  set  to  equal  -£„  sin  (kyd/2),  which  is  the 
value  of  £?(y)  in  Eq.  (10- 127a)  at  the  lower  interface  y  =  -4/2. 

Now  we  must  determine  ky  and  a  for  a  given  angular  frequency  of  excitation 
cu.  The  continuity  of  Hx  at  the  dielectric  surface  requires  that  H*(4/2)  computed 
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from  Eqs.  (!0-127c)  and  (10- 128c)  be  the  same.  We  have 


>.*  .  ' 

J'-', 


■■■  ■  -(Sv-- ■  '  ■ 

— .=t^tan-^-  c  (Odd  TM  modes). 


(10-130) 


By  adding  dispersion  relations  Eqs.  (10—124)  and  (10-126),  we  find 

a2  +  k;  =  a>2(ixjed  -  m0€0)  (10-I31a) 


or 


a  =  [ar(^€d  -  ^0e0)  -  k2]1'2. 


(10— 131b) 


Equations  (10-130)  and  ( 1 0 — 1 3 1  b)  can  be  combined  to  give  an  expression  in 
which  ky  is  the  only  unknown: 


[oj2(plied  -  p0e0)  -  k2]l/2  =  ^  ky  tan  hi. 


(10-132) 


-12., 
-128b) 
)— 1 28c) 

;i  is  (lie 


>— 1 29a) 

)-129b) 

) — 1 29c) 
it  is  I,.. 

citation 

mputed 


Unfortunately  the  transcendental  equation.  Eq.  (10-132).  cannot  be  solved 
analytically.  But  for  a  given  co  and  given  values  of  ed,  and  d  of  the  dielectric 
slab,  both  the  left  and  the  right  sides  of  Eq.  (10-132)  can  be  plotted  versus  ky. 
The  intersections  of  '.he  two  curves  give  the  values  of  ky  for  odd  TM  modes,  of 
which  there  are  ohly  a  finite  number,  indicating  that  there  are  only  a  finite  number 
of  possible  modes.  This  is  in  contrast  with  the  infinite  number  of  modes  possible 
ir  waveguides  with  enclosed  conducting  walls. 

We  note  from  Eq.  (10—1 27a)  that  E?  -  0  for  r  =  0.  Hence,  a  perfectly  con¬ 
ducting  plane  may  no  introduced  to  coincide  with  the  r  -  0  plane  without 
alluding  the  existing  lields.  It  lollnws  lhal  the  eharaclen.slies  of  odd  IM  waves 
propagating  along  a  dielectric-slab  waveguide  of  thickness  d  are  the  same  as 
those  of  the  corresponding  TM  modes  supported  by  a  dielectric  slab  of  a  thickness 
d/2  that  is  backed  by  a  perfectly  conducting  plane. 

The  surface  impedance  looking  down  from  above  on  the  surface  of  dielectric 
slab  is 

E2  a 

Z*=— -~0-=j -  (TM  modes),  (10-133) 

i  x  OJ€0 

which  is  an  inductive  reactance.  Thus,  a  T M  surface  ware  can  be  supported  by  an 
inductive ■  surface. 


b)  Even  TM  Modes.  For  even  TM  modes,  if(y)  is  described  by  a  cosine  function 
that  is  symmetric  with  respect  to  the  v  =  0  plane: 


Ms 


d 

V 


*  9  I  Jf  »  *  tr^  vrm 


£?(y)  =  Ee  cos  \..y, 


(10-134) 


4 ' 


ftTWiiif.in  iy  wn  i  »m;i  if » 


lr.-« VKo. >•  '  ,-■;»■  v *■-  '•  *»  ^  v  •-  'V*^--  ■•Vr’.^^jriW^i-#«.»-- *..;-;•>  '■ 

-  ■482  -  - WAVEGUIDES  AND  CAVITY  RESONATORS  /  10 


The  other  nonzero  field,  components,  E°  and  H°x,  both  inside  and  outside  the 
dielectric  slab  can  be  obtained  in  exactly  the  same  manner  as  in:  the  case  of  odd 
TM  modes  (see  Problem  P.  10-25).  Instead  of  Eq.  (10-130),  the  characteristic 
relation  between  fcv  and  a  now  becomes 


a  €0  k.d 

=  — °cot^- 
e,;  2 

(Even  TM  modes). 

(10-135) 


which  can  be  used  in  conjunction  with  Eq.  (10— 131b)  to  determine  the  transverse 
wavenumber  ky  and  the  transverse  attenuation  constant  a.  The  several  solutions 
correspond  to  the  several  even  TM  modes  that  can  exist  in  the  dielectric  slab 
waveguide  of  thickness  d.  Of  course,  in  this  case  a  conducting  plane  cannot  be 
placed  at  y  =  0  without  disturbing  the  whole  field  structure. 

From  Eqs.  (10-124)  and  (10-126),  it  is  easy  to  see  that  the  phase  constant,  p,  of 
propagating  TM  waves  lies  between  the  intrinsic  phase  constant  of  the  free  space, 
k0  =  tOyjti0e0.  and  that  of  the  dielectric,  kd  =  that  is. 

<  P  <  nj vV</ed. 


As  P  approaches  the  value  of  wff  n0e0,  Eq.  (10-126)  indicates  that  a  approaches  zero. 
An  absence  of  attenuation  means  that  the  waves  are  no  longer  bound  to  the  slab. 
The  limiting  frequencies  under  this  condition  are  called  the  cutoff  frequencies  of  the 
dielectric  waveguide.  From  Eq.  (10-124)  we  have  ky  =  tocff/.idei  -  q0e0  at  cutoff. 
Substitution  into  Eqs.  (10-132)  and  (10-135)  with  a.  set  to  zero  yields  the  following 
relations  for  TM  modes.  At  cut-off: 


Odd  TM  Modes 

( wcod  , - \ 

tan  (  2  "v  -Mo^o  j  =  0 

nfcod  -  /(0e0  =  (n- l)7r, 

n=  1.2,  3,...' 


Even  TM  Modes 

cot  t  ffqded-ia0e0^j  =  0 

KfcJ  y/^d-^o  =  {n~i)n, 
n=*  1,2,3,... 


(10  -136a) 


(10—1 36b)  • 


It  is  seen  that  fco  =  0  for  n  =  1.  This  means  that  the  lowest-order  odd  TM 
mode  can  propagate  along  a  dielectric-slab  waveguide  regardless  of  the  thickness  of 
the  slab.  As  the  frequency  of  a  given  TM  wave  increases  beyond  the  corresponding 
cutoff  frequency,  a  increases  and  the  wave  clings  more  tightly  to  the  slab. 


-••  v‘  ; '  ';^  v/.v  '}•■ 


;.  jb.~ 


ie  the 
)f  odd 
eristic 


-135) 


sverse 
utions 
c  slab 
not  be 

P,  of 
space, 


s  zero. 
5  S. 

of  the 
cutoff, 
lowing 


6b) 


id  1 
ness  of 
one 


■Jr '*  yi."  a  .  yr  •:•  k) 

*' - S';: ^ ; :  ;: 


,  ■  fifty.  r±#gffrH- > Sk*.**  .-' s*.  ' ' 1 

10-5  /  DIELECTRIC  WAVEGUIDES  483 


;,«-A*.l;,  V-j 


10-5.2  TE  Waves  along  a  Dielectric  Slab 

For  transverse  electric  waves,  E,  =  0,  and  Eq.  (10-67)  applies 


(10-137) 


where  ky  has  been  defined  in  Eq.  (10-124).  The  solution  for  H°(y)  may  also  contain 
both  a  sine  term  and  a  cosine  term : 


H°(y)  ==  H„  sin  Iqy  +  He  cos  kyy, 


(10-138) 


In  the  free-space  regions  ( y  >  d/2  and  y  <  —  d/2),  the  waves  must  decay  exponentially 
We  write 


M.y)  =  \ 


Cue~I{y~Jli\ 

C^ex[y-<l/2) 


d 

y  —  2 

< 

V  < 


( 10 — 138a) 
(10- 138b) 


where  a  is  defined  in  Eq.  (10-126).  Following  the  same  procedure  as  used  for  TM 
waves,  we  consider  the  odd  and  even  TE  modes  separately.  Besides  the  only 

other  field  components  are  H°(y)  and  £°(y),  which  can  be  obtained  from  Eqs.  (10- 
42b)  and  U0-42c). 

a)  Odd  TE  Modes 

i)  In  the  dielectric  region,  |y|  ^  d/2: 

H'ziy)  =  H0  sin  kyy 


Hy(y)  =  -7-  H0  cos  kyy 


r0i  \ 

E;Ay)  =  — 7~  11  o  COS  kyy. 
K! 


ii)  In  the  upper  free-space  region,  y  >  d/2: 

///()')-(//„  sn/'^V. 


jfi 


kj 


Hy(j)  =  n0  sin  e-*iy~d‘2) 


c0/  ,  judQfu  kvd\ 

E.Ay)  = - —  I  H0  sin  -7-  j  e 


z(y  -  d;  2 ) 


(10- 139a) 
(10-13%) 

(10-  139c) 


(10  140a) 
(10 -140b) 
(10-  140c) 


\ 
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iii)  In  the  lower  free-space  region,  y  £  —d/2:: 

H?(y)  =  -  (ho  sin  ^  (10-141a) 

H°(y)  =  ~~  (^o  sin  “2”)  ex{y+il2)  (10—141  b) 

E°x{y)= sm^fjefly+dl2).  (10-141c) 

A  relation  between  k}.  and  a  can  be  obtained  by  equating  E°(y),  given  in 
Eqs.  (10-139c)  and  (10-140c),  at  y  =  d/2.  Thus, 


~-  =  —  ta.n~^-  (Odd  TE  modes), 
k,  nd  2 


(10-142) 


which  is  seen  to  be  closely  analogous  to  the  characteristic  equation,  Eq.  (10-130), 
for  odd  TM  modes.  Equations  (10— l?lb)  and  (10-142)  can- be.combined  in  the 
manner  of  Eq.  (10-132)  to  find  ky  graphically.  From  /<,..  x  can  be  found  from 
Eq.  ( 1 0— 131  b). 

From  a  position  of  looking  down  from  above,  the  surface  impedance  of  the 
dielectric  slab  is 

_  E°  cou0 

Z,  =  ~EFo=~J -  (TE  modes).  (10-143) 

ri.  x 

which  is  a  capacitive  reactance.  Hence,  a  TF,  surface  wave  can  he  supported  l>v  a 
capacilire  surface. 

b)  Even  TE  Modes.  For  even  TE  modes,  H(!{y)  is  described  by  a  cosine  function 
that  is  symmetric  with  respect  to  the  y  -  0  plane. 

H?{y)  =  H,  cos  kyy,  |y|  <  d/2 .  (10- i  44) 

The  other  nonzero  field  components,  H°  and  £°,  both  inside  and  outside  the 
dielectric  slab  can  be  obtained  in  the  same  manner  as  for  odd  TE  modes  (see 
Problem  P.10-27).  The  characteristic  relation  between  ky  and  a  is  closely  anal¬ 
ogous  to  that  for  even  TM  modes  as  given  in  Eq.  (10—135): 


k,d 


(Even  TE  modes) , 


(10  145) 


It  is  easy  to  see  that  the  expressions  for  the  cutoff  frequencies  given  in  Eqs. 
(10— 1 36a,  b)  apply  also  to  TE  modes.  The  characteristic  relations  for  all  the 
propagating  modes  along  a  dielectric-slab  waveguide  of  a  thickness  d  are  listed 
in  Table  10-2. 
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Table  10-2  Characteristic  Relations  fox  Dielectric-Slab  Waveguide* 


485 


1  -**S  • 


Mode 

Characteristic  Relation 

Cutoff  Frequency 

TM 

Odd 

(a /ky)  =  (e0/O  tan  (kyd/l) 

fen  ~  (n  0/^V 

Even 

(a/lq.)  =  -(eo/e,)  cot  (k,d/ 2) 

)ce  =  (A  ““  j)/dyJ flj^o  —  fl o^O 

TE 

Odd 

(a/fq.)  =  (,u0/nd)  tan  (A:, i/2) 

Ja  =  («  -  IVdy/fije j  -  jUogy 

Even 

(ot/ky)  =  -(mo/Mj)  cot  {kyd/2) 

=  (n  —  $)/dyJ  fid€d  —  yioeo 

*  a  =  ItaHjift  -  ^0«0;  -  k*]'12. 

Example  10-9  A  dielectric-slab  waveguide  with  constitutive  parameters  nd  =  ,uQ 
and  e,  —  2.50e0  is  situated  in  free  space.  Determine  the  minimum  thickness  of  the 
slab  so  that  a  TM  or  "TE  wave  of  the  even  type  at  a  frequency  20  GHz  may  propagate 
along  the  guide. 

Solution:  The  lowest  TV!  and  TE  waves  of  the  even  type  have  the  same  cutoff 
frequency  along  a  dielectric-slab  waveguide: 


fc  = 


n  — 


Letting  n  =  1.  we  have 


d\!  dde.d  ~  Moe o 


Jc  = 


Therefore, 


2d  I&Zl  -  1 

V  ^o€o 


^min 


2/  /iflli  _  j 
VfMo 
3  x  10s 


2  x  20  <  10\/2.5  -  1 


=  6.12x  10  3  (m)  or  6.12  (mm). 


Example  10-10  (a)  Obtain  an  approximate  expression  for  the  decaying  rate  of  the 
dominant  1M  surface  wave  outside  of  a  very  thin  dielectric-slab  waveguide,  (b) 
Find  the  time- average  posver  per  unit  width  transmitted  in  the  transverse  direction 
along  the  guide. 

Solution 

a)  Tne  dominant  TM  wave  is  the  odd  mode  having  a  zero  cutoff  frequency  — 
fco  =  0  for  n  =  i,  independent  of  the  slab  thickness  (see  Table  10-2).  With  a  slab 


.  t  ^ 
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that  is  very  thin  compared  to  the  operating  wavelength,  kyd/2  «  1,  tan  {kyd/2) 
=  kyd/ 2,  and  Eq.  (10-130)  becomes 


a  =  ~~kyd.  (10-146) 

Using  Eq.  (10-131a),  Eq.  (10-146)  can  be  written  approximately  as 

<*  =  §-< O2^  -  it0e0)d  (Np/m).  (10-147) 

4€d 

In  Eq.  (10-147),  it  has  been  assumed  that  a.d/2  «  ed/e0. 
b)  The  time-average  Poynting  vector  in  the  +r  direction  in  the  dielectric  slab  is 

~  ~  a, £y  x  a XHX) . 

* 

Using  Eqs.  (10—1 27b)  and  ( 1 0—1 27c).  we  have  P,„,  =  a.P„,.-and 


cos2  (kyy)  dv 


where 

and 


d  +  jy  sin  (kyd)  (W/m),  (10-148) 

Ky 

(10-148a) 

/JscuV/^.  (10-I48b) 


_  r2 
m.2  c» 


In  this  section  we  have  studied  the  characteristics  of  TM  and  TE  waves  guided 
by  dielectric  slabs.  The  same  principles  govern  the  transmission  of  light  waves  along 
round  quartz  fibers  that  form  optical  waveguides.  Optical  waveguides  are  of  great 
importance  as  transmission  media  for  communication  systems  because  of  their  low- 
loss  and  large-bandwidth  properties.  Their  analysis  requires  the  knowledge  of  Bessel 
functions  which  we  do  not  assume  in  this  book. 


10-6  CAVITY  RESONATORS 

We  have  previously  pointed  out  that  at  UHF  (300  MHz  to  3  GHz)  and  higher  fre¬ 
quencies,  ordinary  lumped-circuit  elements  such  as  R,  L.  and  C  are  difficult  to  make. 
•  and  stray  fields  become  important.  Circuits  with  dimensions  comparable  to  the 
operating  wavelength  become  efficient  radiators  and  will  interfere  with  other  circuits 
and  systems.  Furthermore,  conventional  wire  circuits  tend  to  have  a  high  effective 
resistance  both  because  of  energy  loss  through  radiation  and  as  a  result  of  skin  effect. 
To  provide  a  resonant  circuit  at  UHF  and  higher  frequencies,  we  look  to  an  enclosure 
(a  cavity)  completely  surrounded  by  conducting  walls.  Such  a  shielded  enclosure 
confines  electromagnetic  fields  inside  and  furnishes  large  areas  for  current  flow, 
thus  eliminating  radiation  and  high-resistance  effects.  These  enclosures  have  natural 


ttjUkjb 


Fig.  10-15  Excitation  of  cavity  modes  by  a  coaxial  line. 
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resonant  frequencies  anc:  a  very  high  O  (quality  factor),  and  are  called  cavity  reso¬ 
nators.  In  this  section  we  wili^study  the  properties  of  rectangular  cavity  resonators. 

Consider  a  rectanguiar  waveguide  with  both  ends  closed  by  a  conducting  wall. 
The  interior  dimensions  ol  the  cavity  are  a,  b ,  and  d,  as  shown  in  Fig.  10-  15.  Since 
:  both  TM  and  TE  modet  can  exist  in  a  rectangular  guide,  we  expect  TM  and  TE 

modes  in  a  rectangular  resonator  too.  However,  the  designation  of  TM  and  TE 
modes  in  a  resonator  is  not  unique  because  we  are  free  to  choose  ,\-  or  y  or  r  as  the 
direction  of  propagation";  that  is,  there  is  no  unique  “longitudinal  direction.” 
|  For  example,  a  TE  mode  with  respect  to  the  r  axis  could  be  a  TM  mode  with  respect 

i  to  the  y  axis. 

F or  our  purposes,  we  choose  the  z  axis  as  the  reference  “direction  of  propagation." 
In  actuality,  the  existence  of  conducting  end  walls  at  a  =  0  and  z  =  d  gives  rise  to 
i  multiple  reflections  and  sets  up  standing  waves;  no  wave  propagates  in  an  enclosed 

j  cavity.  A  three-symbol  (mnp)  subscript  is  needed  to  designate  a  TM  or  TE  stand¬ 

ing-wave  pattern  in  a  cavity  resonator. 

J 

j  10-6.1  TWlm„p  Modes 

' 

The  expressions  for  the  transverse  variations  of  the  field  components  for  TMm„ 
modes  in  a  waveguide  have  been,  given  in  Eqs.  (10-92)  and  (10  94a,  b,  c,  d).  Note 
that  the  longitudinal  variation  lor  a  wave  traveling  in  the  +  r  direction  is  described 
•  oy  tue  uleior  e  ■'  or  e  j‘‘  \  as  indicated  in  Eq.  (10-84).  This  wave  will  be  reflected  by 

i  enc*  wall  at  z  =  d\  and  the  reflected  wave,  going  in  the  —  r  direction,  is  described 

j  by  a  factor  e The  superposition  of  a  term  with  e~^z  and  another  of  the  same 

1  amplitude1  with  ejP‘:  results  in  a  standing  wave  of  the  sin  /Jr  or  cos  /Jr  type.  Which 

should  it  be  ?  The  answer  to  this  question  depends  on  the  particular  field  component. 

!  *  The  reflection  coefficient  at  a  perfect  conductor  is  -  I. 


1 
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Consider  the  transverse  component  Ey(x,  y,  z).  Boundary  conditions  at  the 
conducting  surfaces  require  that  it  be  zero  at  z  =  0  and  z  =  d.  This  means  that  (1) 
its  z-dependence  be  of  the  sin  fiz  type  and  that  (2)  /?  =  pn/d.  The  same  argument 
applies  to  the  other  transverse  electric  field  component  Ex(x,  y,  z). 

Recalling  that  the  appearance  of  the  factor  (— y)  in  Eqs.  (10-94a)  and  (10— 94b) 
is  the  result  of  a  differentiation  with  respect  to  z;  we  conclude  that  the  other  com¬ 
ponents  E.{x,  y,  z),  Hx(x,  y,  z),  and  Hy(x,  y,  z),  which  do  not  contain  the  factor  ( -  y), 
niust  vary  according  to  cos  ftz.  We  have  then,  from  Eqs.  (10-92)  and  (10-94a,  b,  c,  d), 
the  following  phasors  of  the  field  components  for  modes  in  a  rectangular 

cavitv  resonator. 


E.(x,  y,  z)  =  E0  sin  y  xj  sin  ^  yj  cos  zj  (10— 149a) 

E,(x.  y,  --)  =  -4  (yj  (sj £„  sin  fe *)  cos  (~  y\  sin  fer)  (10-1490 


Hx(x.  y,  z)  =  k  sin  x\  co*  (y  y)  cos  * 


Hy(x,  y,  z)  =  -f? (^j £0  cos  x  sin  (f  y  )  cos  (f  z).  (10-149e) 


where 


, ,  / maV  ( nn\2 

h‘=  T  +  T  ' 


(10—  149d) 


(10—149  f) 


From  Eq.  (10-95),  we  obtain  the  following  expression  for  the  resonant  frequency 


for  TMmnp  modes: 


--7T.M MFW 


(10-150) 


10-5.2  TEmitp  Modes 


For  TEmnp  modes  (E.  =  0),  the  phasor  expressions  for  the  standing-wave  field  com¬ 
ponents  can  be  written  from  Eqs.  (10-103)  and  (10-104a,  b,  c,  d).  We  follow  the  same 
rules  as  those  we  used  for  TMmnp  modes;  namely,  (1)  the  transverse  (tangential) 
electric  field  components  must  vanish  at  z  =  0  and  z  =  d,  and  (2)  the  factor  y  indicates 
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a  negative  partial idillcrcntiation  with  respect  to  z.  The  first  rule  requires  a  sin  (pnz/d) 
factor  in  £x(jcj  y;  z)*4nd  £y(x,  y,  z), as  well  as  in  //z(x,  y,  z);  and  the  second  rule 
indicates  a  cos  (p«z/d)  factor  in  Hx(x,  >•,  r)  and  Hy(x,  y,  z),  and  the  replacement  of  y 
by  —(pn/d).  Thus, 


„  ,  ,  d  ’  (mit  \  (nit  \  .  fpit  1 

H.(x,  y,  z)  =  H0  cos  f —  xj  cos  I  —  y  I  sih  I  —  2 


_  ,  ,  juju  ( mt\  „ 

Ex(x,  y,  z)  =  (  —  I  #0  cos 


,  (nit  \  .  (pit 
in  -r  v  sin  — 


mit 

x  |  sm  I  —  y  I  sin  I  , 
a  j  V  b  J  \d 


jtop  fmit 


E  (x,  y,  z)  =  — —  ■  —  }H0  sin  I 


(  mit 


h 2  iai"u""\c  "r^Kb  '  )~‘~\d 


nit  \  .  (  pit 
xlcosl— y  sin  —  z 


Hx(x ,  y,  z)  = 


1  (■nr.\(pit\iJ  „._imn 


li2\  a~)l‘j)H°Sin{JVX}C°S^y  *  C°S  '  P ‘ 


1  (  tA(pit\  ( mit  \  .  ( mt  \  (pit 

Hy(x *  *  -_)  =  ~1?  b)[T) cos  T -v  sm  T ■ y  cos  [T : 


(10— L51a) 
(10— 15  lb) 
(10— 151c) 
(10— 15  Id) 
(10—15  le) 


where  Jr  has  been  given  in  Eq.  (10— 149f).  The  expression  for  resonant  frequency, 
fmnp,  remains  the  satne  as  that  obtained  for  TMmnp  modes  in  Eq.  (10-150).  Different 
modes  having  the  same  resonant  frequency  are  called  degenerate  modes.  The  mode 
with  the  lowest  resohani  frequency  for  a  given  cavity  size  is  referred  to  as  the  dominant 
mode. 

A  particular  mode  n  a  cavity  resonatorffor  a  waveguide)  may  be  excited  from 
a  coaxial  line  by  means  of  a  small  probe  or  loop  antenna.  In  Fig.  1 0—  15(a)  a  probe 
is  shown  that  is  the  tip  of  the  inner  conductor  of  a  coaxial  cable  and  protrudes  into  a 
cavity  at  a  location  where  the  electric  field  is  a  maximum  for  the  desired  mode.  The 
probe  is,  in  fact,  an  antenna  that  coupies  electromagnetic  energy  into  the  resonator. 
Alternatively,  a  cavity  resonator  may  be  excited  through  the  introduction  of  a  small 
loop  at  a  place  where  the  magnetic  flux  of  the  desired  mode  linking  the  loop  is  a 
maximum.  Figure  10— 1 5(b)  illustrates  such  an  arrangement.  Of  course,  the  source 
frequency  from  the  coatial  line  must  be  the  same  as  the  resonant  frequency  of  the 
desired  mode  in  the  cavity. 

As  an  example,  for  the  TE101  mode  in  an  a  x  b  x  d  rectangular  cavity,  there  are 
only  three  nonzero  field  components : 


£y  "  “tSt  H,y  sin  W *7 sin  w  2 


Hr  =  — 


Irad 


Hn.  sin  (  -  x\  cos  ( ~  z 


H.  =  H 


oocs^.v  sin  -2 


(10—1 52a) 


(10— 152b) 


(10-  152c) 


This  mode  may  be  excited  by  a  probe  inserted  in  the  center  region  of  the  top  or 
bottom  face  where  Ey  is  maximum,  as  shown  in  Fig.  10- 15a,  or  by  a  loop  to  couple 
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. 


r 


a.  maximum  Hx  placed  inside  the  front  or  back  face,  as  shown  in  Fig.  10-15b.  The 
best  location  of  a  probe  or  a  loop  is  affected  by  the  impedance-matching  requirements 
of  the  microwave  circuit  of  which  the  resonator  is  a  part. 

A  commonly  used  method  for  coupling  energy  from  a  waveguide  to  a  cavity 
resonator  is  the  introduction  of  a  hole  or  iris  at  an  appropriate  location  in  the  cavity 
wall.  The  field  in  the  waveguide  at  the  hole  must  have  a  component  that  is  favorable 
in  exciting  the  desired  mode  in  the  resonator. 

Example  10-11  Determine  the  dominant  modes  and  their  frequencies  in  an  air- 
filled  rectangular  cavity  resonator  for  (a )  a  >  b  >  d,  (b)  a  >  d  >  b,  and  (c)  a  =  b  =  d, 
where  a,  b ,  and  d  are  the  dimensions  in  the  x,  y,  and  z  directions  respectively. 

Solution:  With  the  r  axis  chosen  as  -the  reference  “direction  of  propagation”:  First, 
for  TM„mp  modes,  Eqs.  (10- 149a.  b,  c,  d,  e)  show  that  neither  m  nor  n  can  be  zero, 
but  that  p  can  be  zero;  second,  for  TEm„p  modes,  Eqs.  (10— 151a,  b,  c,  d,  e)  show  that 
cither  m  or  n  (but  not  both  m  and  n)  can  be  zero,  but  that  p  cannot  be  zero.  Thus,  the 
modes  of  the  lowest  orders  are 


TM 


no. 


TE 


on. 


and  TE 


101  • 


The  resonant  frequency  for  both  TM  and  TE  modes  is  given  by  Eq.  (10-150). 

a)  For  a>  b  >  d:  The  lowest  resonant  frequency  is 


,  _  c  M  1 

■'^^Va2^2’ 

where  c  is  the  velocity  of  light  in  free  space.  Therefore  TM110  is  the  dominant 
mode. 

b)  For  a  >  d  >  b:  The  lowest  resonant  frequency  is 


,  _c  /  1  1 

Jl01  2  \J  a2  ^  d2’ 

and  TE101  is  the  dominant  mode. 

c)  For  a  =  b  =  d,  all  three  of  the  lowest-order  modes  (namely,  TM110,  TE011,  and 
TEk,,)  have  the  same  field  patterns.  The  resonant  frequency  of  these  degenerate 
modes  is 

/no  = 


~J2a 


10-6.3  Quality  Factor  of  Cavity  Resonator 


A  cavity  resonator  stores  energy  in  the  electric  and  magnetic  fields  for  any  particular 
mode  pattern.  In  any  practical  cavity  the  walls  have  a  finite  conductivity;  that  is,  a 
nonzero  surface  resistance,  and  the  resulting  power  loss  causes  a  decay  of  the  stored 
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energy.  The  quality  factor,  or  Q,  of  a  resonator,  like  that  of  any  resonant  circuit,  is  a 
measure  of  the  bandwidth  of  the  resonator  and  is  defined  as 


q_  2n  Time-average  energy  stored  at  a  resonant  frequency 
Energy  dissipated  in  one  period  of  this  frequency 


(10-153) 


(Dimensionless) 

Let  W  be  the  total  time-average  energy  in  a  cavity  resonator.  We  write 

W  =  \y,  +  Wm,  (10-154) 


First, 
zero, 
that 
s,  the 


where  We  and  Wm  denote  the  energies  stored  in  the  electric  and  magnetic  fields 
respectively.  If  PL  is  the  time-average  power  dissipated  in  the  cavity,  then  the  energy 
dissipated  in  one  period  is  PL  divided  by  frequency,  and  Eq.  (10-1 53)  can  be  written  as 

^  (jjW 

Q  =  -  (Dimensionless).  (10-155) 

*  [. 
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In  determining  the  Q  of  a  cavity  at  a  resonant  frequency,  it  is  customary  to  assume 
that  the  loss  is  small  enough  to  allow  the  use  of  the  field  patterns  without  loss. 

We  will  now  find  the  Q  of  an  a  x  b  x  d  cavity  for  the  TEl0l  mode  that  has  three 
nonzero  field  components  given  in  Eqs.  (10—1 52a,  b,  and  c).  The  time-average  stored 
electric  energy  is 


Wm 


-f/wy1* 


e0c<u-;ton- 


Hr 


«  Jo  jo  Josin2  Ux  sin"  \r-  jdxdyd: 


eotoloiPoa2  „2fa\,  ('d\  1  , 

- 47m - H°[ 2jb\ t)  =  hdf~u>iHo, 


( 10— 156a) 


where  we  have  used  lr  ■—  (n /a)~  from  Eq.  (10— l49f).  The  total  time-average  stored 
magnetic  energy  is 


W. 


-2/ii 


Hxr  T  |HJv}  dv 


( 10— 156b) 
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From  Eq.  (10-150),  the  resonant  frequency  for  the;TE101  mode  is 


4  ,  .  /T  T 


(10-157) 


Substitution  of  /101  from  Eq.  (10—157)  in  Eq.  (10— 156a)  proves  that  at  the  resonant 
frequency  We  =  Wm.  Thus, 


W  —  2We  —  2 Wm  =  abd 

O 

To  find  PL,  we  note  that  the  power  loss  unit  area  is 

^av  =  l\Js\2Rs  =  i\Ht\2Rs,  (10-159) 

where  \H,\  denotes  the  magnitude  of  the  tangential  component  of  the  magnetic  field 
at  the  cavity  walls.  The  power  loss  in  the  r  =  d  (hack)  wall  is  the  same  as  that  .in  the 
-  -  0  (front)  wall.  Similarly,  the  power  loss  in  the  .v  =  a  (left)  wall  is  the  same  as 
that  in  the  ,v  =  0  (right)  wall:  and  the  power  loss  in  the  y  -  h  (upper)  wall  is  the  same 
as  that  in  the  y  =  0  (lower)  wall.  We  have  -  ^ 


?+>i- 


(10-158) 


Pl  =  §*„  ds  =  Rs  I J*  J;  | Hx(z  =  0)|2  d-x  dy  +  J'  £  | HJx  =  0)|2  dy  dz 


RsHl0  (a2  (b  ,1 


j{d  +  2j  +  d[a  +  2 

Using  Eqs.  (10-158)  and  (10-160)  in  Eq.  (10-155),  we  obtain 

KfioiMoabd(a2  +  d2) 


(10-160) 


2l01  Rf2b(a2  4-  d3)  +  ad(a2  4-  d2)] 
where  /101  has  been  given  in  Eq.  (10-157). 


(For  TE101  mode),  (10-161) 


Example  10-12  (a)  What  should  be  the  size  of  a  hollow  cubic  cavity  made  of  copper 
in  order  for  it  to  have  a  dominant  resonant  frequency  of  10  (GHz)?  (b)  Find  the  Q 
at  that  frequency. 


'  Solution 


a)  For  a  cubic  cavity,  a  =  b  =  d:  From  Example  10-11,  we  know  that  TM110, 
TE0U,  and  TE101  are  degenerate  dominant  modes  having  the  same  field  pat¬ 
terns,  and  that 

/i01  =1^=10- (Hz). 
f2a 
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3  X  108 

..  a  2.12  X  10- 2  (m) 

.:.  ;;  ;  -ji  *  io10 

‘  =  21,2  (cm),. 

b)  The  expression  of  Q  in  Eq.  (10—161)  for  a  cubic  cavity  reduces  to 


Q\n\  — 


~  2  v/^/iotFo*7- 


(10-162) 


no -1 59) 


■\  I 

letic  held 
■.at  in  the 


same  as 
the  same 


For  copper,  a  =  5.80  x  107  (S/m),  we  have 

2.oi  =  (Z“  x  10’ 2  ) v'ttT 010 ( 4 7t  1 0~7 )( 5.80  x  107)  =  10,700. 

The  O  ol  a  cavity  resonator  is.  thus,  extremely  high  compared  with  that  obtainable 
Irom  lumped  L-C  resonant  circuits.  In  practice,  the  preceding  value  is  somewhat 
lower  due  to  losses  through  feed  connections  and  surface  irregularities. 
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REVIEW  QUESTIONS 

R.10-1  Why  are  the  common  types  of  transmission  lines  not  useful  for  the  long-distance  signal 
transmission  of  micro vvuvi;  frequencies  in  the  TEM  mode?  . 

J  R.10-2  What  is  meant  by  a  cutoff  frequency  of  a  “waveguide? 

R.10-3  Why  are  lumped-parameter  elements  connected  by  wires  not  useful  as  resonant  circuits 
at  microwave  frequencies'/ 

R.10-4  What  is  the  governing  equation  for  electric  and  magnetic  field  intensity  phasors  in  the 
dielectric  region  of  a  straight  waveguide  with  a  uniform  cross  section? 

R.10-5  What  are  the  three  basic  types  of  propagating  waves  in  a  uniform  waveguide? 

R.10-6  Define  wave  impt  dance. 

R.10-7  Explain  why  single-conductor  hollow  or  dielectric-filled  waveguides  cannot  support 
TEM  waves. 

R.10-8  Discuss  the  analytical  procedure  for  studying  the  characteristics  of  TM  waves  in  a 
waveguide. 

R.10-9  Discuss  the  analytical  procedure  for  studying  the  characteristics  of  TE  waves  in  a 
waveguide.  ■ 

R.10-10  What  are  eigenvalues  of  a  boundary-value  problem? 

R.10-1 1  Can  a  waveguide  have  more  than  one  cutoff  frequency?  On  what  factors  does  the  cut¬ 
off  frequency  of  a  waveguide  depend. 

R.10-12  What  is  an  evanescent  mode? 


I 
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R.10-13  Is  the  guide  wavelength  of  a  propagating  wave  in  a  waveguide  longer  or  shorter  than 
the  wavelength  in  the  corresponding  unbounded  dieieetric  medium? 

R.10-I4  In  what  way  does  the  wave  impedance  in  a  waveguide  depend  on  frequency: 

a)  For  a  propagating  TEM  wave? 

b)  For  a  propagating  TM  wave? 

c)  For  a  propagating  TE  wave? 

R.10-15  What  is  the  significance  of  a  purely  reactive  wave  impedance? 

R.10-16  Can  one  tell  from  an  to-/ ?  diagram  whether  a  certain  propagating  mode  in  a  waveguide 
is  dispersive?  Explain. 

R.10-17  Explain  how  one  determines  the  phase  velocity  and  the  group  velocity  of  a  propagating 
mode  from  its  «-/J  diagram. 

0 

R.10-18  What  is  meant  by  an  eigenmode ? 

R.10-19  On  what  factors  does  the  cutoff  frequency  of  a  parallel-plate  waveguide  depend? 

R.10-20  What  is  meant  by  the  dominant  mode  of  a  waveguide?  What  is  the  dominant  mode 
of  a  parailci-plate  waveguide? 

R.10-21  Can  a  TM  or  TE  wave  with  a  wavelength  3  (cm)  propagate  in  a  parallel-plate  waveguide 
whose  plate  separation  is  1  (cm)?  2  (cm)?  Explain. 

R.10-22  Compare  the  cutoff  frequencies  of  TM0,  TM„,  TM,„  (m  >  n),  and  TE„  modes  in  a 
parallel-plate  waveguide. 

R.10-23  Does  the  attenuation  constant  due  to  dielectric  losses  increase  or  decrease  with  fre- 
quency-for  TM  and  TE  modes  in  a  parallel-plate  waveguide? 

R.10-24  Discuss  the  essential  differences  in  the  frequency  behavior  of  the  attenuation  caused 
by  finite  plate  conductivity  in  a  parallel-plate  waveguide  for  TEM.  TM,  and  TE  modes. 

R.10-25  State  the  boundary  conditions  to  be  satisfied  by  E z  for  TM  waves  in  a  rectangular 
waveguide. 

R.10-26  Which  TM  mode  has  the  lowest  cutoff  frequency  of  all  the  TM  modes  in  a  rectangular 
waveguide? 

R.10-27  State  the  boundary  conditions  to  be  satisfied  by  H.  for  TE  waves  in  a  rectangular 
waveguide. 

R.10-28  Which  mode  is  the  dominant  mode  in  a  rectangular  waveguide  if  (a)  a  >  b,  (b)  a  <  b. 
'  and  (c)  a  =  hi 

R.10-29  What  is  the  cutoff  wavelength  of  the  TE,0  mode  in  a  rectangular  waveguiue? 

R.10-30  Which  are  the  nonzero  field  components  for  theTEl0  mode  in  a  rectangular  waveguide? 

R.10-31  Discuss  the  general  attenuation  behavior  caused  by  wall  losses  as  a  function  of  fre¬ 
quency  for  the  TE10  mode  in  a  rectangular  waveguide. 
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R.10-32  Discuss  the  factors  that  affect  the  choice  of  the  linear  dimensions  a  and  b  for  the  cross 
section  of  a  rectangular  Waveguide.  /  ..• . . . .  . .... 

R.10-33  Why  is  it  necessary  that  the  permittivity  of  the  dielectric  slab  in  a  dielectric  waveguide 
be  larger  than  that  Of  the  surrounding  medium? 

R.10-34  What  are  dispersion  relations? 

R.10-35  Can  a  dielectric-slab  waveguide  support  an  infinite  number  of  discrete  TM  and  TE 
modes?  Explain. 

R.10-36  What  kind  of  surface  can  support  a  TM  surface  wave?  A  TE  surface  wave? 

R.  10-37  What  is  the  dominant,  mode  in  a  dielectric-slab  waveguide?  What  is  its  cutoff  frequency  ? 

R.10-38  Does  the  attenuation  of  the  waves  outside  a  dielectric  slab  waveguide  increase  or 
decrease  with  slab  thickhess? 

R.10-39  What  are  cavity  resonators?  What  are  their  most  desirable  properties? 

R.10-40  Are  the  field  patterns  in  a  cavity  resonator  traveling  waves  or  standing  waves?  How 
do  they  differ  from  those  in  a  waveguide? 

R.10-  11  In  terms  of  field  patterns  what  does  the  TM ,  l0  mode  signify?  The  TE,  23  mode? 

R.10-42  What  is  the  expression  for  the  resonant  frequency  of  TM„„P  modes  in  a  rectangular 
cavity  resonator  of  dimensions  a  x  b  x  d?  Of  TE,„llf,  modes? 

R.10-43  What  is  meant  by  legcnerate  modes ? 

R.  10-44  What  are  the  modes  of  the  lowest  orders  in  a  rectangular  cavity  resonator  ? 

R.10-45  Define  the  quality  factor,  Q,  of  a  resonator. 

R. 10-46  Explain  why  the  measured  Q  of  a  cavity  resonator  is  lower  than  the  calculated  value. 


PROBLEMS 


P.10-1  Starting  from  the  iwo  time-harmonic  Maxwell’s  curl  equations  in  cylindrical  coordi¬ 
nates,  Eqs.  (7-85a)  and  (7-1 5b),  express  the  transverse  field  components  £r,  £0,  Hr,  and  in 
terms  of  the  longitudinal  components  £.  and  H..  What  equations  must  E.  and  H.  satisfy? 

P.10-2  In  studying  the  ware  behavior  in  a  straight  waveguide  having  a  uniform  but  arbitrary 
cross  section,  it  is  expedient  to  find  general  formulas  expressing  the  transverse  field  components 
in  terms  of  their  longitudinal  components.  We  write 

E  =  H-  a .£. 

H  =  Hr  +  a.H. 


V  =  VT  -  a. 

oz 


of  ire- 


- ^r- 
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where  the  subscript  T  denotes  “transverse.”  Prove  the  following  relations  for  time-harmonic 
excitation:  •  .  ■;'■•••  . .  •  - .  ■■  ■ .  - 

a)  Er  =  —  ^7(7  Vt£.  —  a.jwfi  x  VrH.)  (10— 163a) 

b)  Ht  =  ~(y  VrH.  +  a.jo€  x  Vr£_),  (10-1 63b) 

hr  *  •• 

.  where  h2  is  that  given  in  Eq.  (10-13).  * 

»  •  ,  ■ 

P.10-3  For  rectangular  waveguides, 

a)  plot  the  universal  circle  diagrams  relating  ug/u  and  P/k  versus  fjf, 

b)  plot  the  universal  graphs  of  u/iip.  P/k,  and  ),Jk  versus  f/fe, 

c)  find  up/u,  uju ,  p/k,  and  A,/ A  at  /  =  1 .25/.. 

P.10-4  Sketch  the  w -ft  diagram  of  a  parallel-plate  waveguide  separated  by  a  dielectric  slab  of 
thickness  b  and  constitutive  parameters  It.  //)  for  TM TM.-,  and  TM ,  modes.  Discuss 


a)  how  b  and  the  constitutive  parameters  affect  the  diagram. 

b)  whether  the  same  curves  apply  to  TE  modes. 


P.10-5  Obtain  the  expressions  for  the  surface  charge  density  and  the  surface  current  density 
for  TM„  modes  on  the  conducting  plates  of  a  parallel-plate  waveguide.  Do  the  currents  on  the 
two  plates  flow  in  the  same  direction  or  in  opposite  directions? 

P.10-6  Obtain  the  expressions  for  the  surface  current  density  for  TE„  modes  on  the  conducting 
plates  of  a  parallel-plate  waveguide.  Do  the  currents  on  the  two  plates  flow  in  the  same  direction 
or  in  opposite  directions? 


P.10-7  Sketch  the  electric  and  magnetic  field  lines  for  (a)  the  TM,  mode  and  (b)  the  TE,  mode 
in  a  parallel-plate  waveguide. 

P.10-8  A  waveguide  is  formed  by  two  parallel  copper  sheets  —  <jc  =  5.80  x  107  (S/m)  —  sepa¬ 
rated  by  a  5-(cm)  thick  lossy  dielectric  — €r  =  2.25,  ftr  =  I .  <r  =  10' 10  (S/m).  For  an  operating 
frequency  of  10  (GHz),  find  /i,  y.d,  ac,  up,  ug,  and  A,  for  (a)  the  TEM.  mode,  (b)  the  TM,  mode, 
and  (c)  the  TM,  mode. 

P.10-9  Repeat  problem  P.10-8  for  (a)  the  TE,  mode  and  (b)  the  TE,  mode. 


P.10-10  For  a  parallel- plate  waveguide, 

a)  find  the  frequency  (in  terms  of  the  cutoff  frequency  Jc)  at  which  the  attenuation  constant 
due  to  conductor  losses  for  the  TM„  mode  is  a  minimum, 

b)  obtain  the  formula  Tor  this  minimum  attenuation  constant. 

c)  calculate  this  minimum  ac  lor  the  TM,  mode  if  the  parallel  plates  are  made  ol  copper 
and  spaced  5  (cm)  apart  in  air. 

P.10-11  A  parallel-plate  waveguide  made  of  two  perfectly  conducting  infinite  planes  spaced 
3  (cm)  apart  in  air  operates  at  a  frequency  10  (GHz).  Find  the  maximum  time-average  power 
that  can  be  propagated  per  unit  width  of  the  guide  without  a  voltage  breakdown  for 
a)  the  TEM  mode.  b)  the  TM ,  mode,  c)  the  ITi,  mode. 
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P.10-12  Prove  that  the  following  wavelength  relation  holds  for  a  uniform  waveguide; 


1 

IF 


(10-163) 


where  Xg  =  guide  wavelength,  X  =  wavelength  in  unbounded  dielectric  medium,  and  ac  =  u/'fc  = 
cutoff  wavelength. 

P.10-13  For  an  a  x  b  rectangular  waveguide  operating  at  the  TM  ( ,  mode. 

a)  derive  the  expressions  for  the  surface  current  densities  on  the  conducting  walls, 
h)  sketch  the  surface  currents  on  the  walls  at  x  0  and  at  y  =  b. 

P.10-14  Calculate  and  list  i  i  ascending  order  the  cutoff  frequencies  (in  terms  of  the  cutoff  fre¬ 
quency  of  the  dominant  mode)  oi  an  u  x  b  rectangular  waveguide  for  the  following  modes: 
TEoi,  TE10,  TEn,  TEr,2.  TE  c,  TMU,  TM  ,  2,  and  TM22  (a)  if  a  =  2b.  and  (b)  if  u  =  h. 

1*. 10-15  An  uir-lilled  a  x  b  i b  <  u  <  2b)  rectangular  waveguide  is  to  be  constructed  to  operate 
at  3  (GHz)  in  the  dominant  mode.  We  desire  the  operating  frequency  to  be  at  least  20%  higher 
than  the  cutolf  frequency  of  uc  dominant  mode  and  also  at  least  20%  below  the  cutoff  frequency 
of  the  next  higher-order  mod  j. 

a)  Give  a  typical  design  for  the  dimensions  a  and  b. 

b)  Calculate  for  your  design  /),  up,  X!P  and  .he  vvave  impedance  at  the  operating  frequency. 

P.10-16  Calculate  and  compare  the  values  of  fi,  ur,  uq,  X,p  and  ZT R|(1  for  a  2.5  (cm)  x  1.5  (cm) 
rectangular  waveguide  operating  at  7.5  (GHz) 

a)  if  the  waveguide  is  hoilow, 

b)  if  the  waveguide  is  tilled  with  a  dielectric  medium  characterized  by  e,  =  2,  n,  =  1  and 
a  =  0. 

P.10-17  An  air-filled  rectangular  waveguide  made  of  copper  and  having  transverse  dimensions 
a  =  7.20  (cm)  and  b  =  3.40  (cm)  operates  at  a  frequency  3  (GHz)  in  the  dominant  mode.  Find 
(a)  fc,  (b)  A,,  (e)  ac,  and  (d)  the  distance  over  which  the  field  intensities  of  the  propagating  wave  . 
will  be  attenuated  by  50%. 

P.10-18  An  average  power  of  1  (kW)  at  10  (GHz)  is  to  be  delivered  to  an  antenna  at  the  TE10 
mode  by  an  air-filled  rectangular  copper  waveguide  1  (m)  long  and  having  sides  a  =  2.25  (cm) 
and  b  =  1.00  (cm).  Find 

a)  the  '.UtOlllMlil.il  ill  :, ,1,11  dll.:  It,  .  .  I,..,,.  - 

b)  I  he  iiiuMimmi  values  oi  the  electric  and  magnetic  field  intensities  within  the  waveguide, 
e)  the  maximum  value  of  the  surface  current  density  on  the  conducting  walls, 

d)  the  total  amount  of  average  power  dissipated  in  the  waveguide. 

P.10—19  Find  the  maximum  amount  of  lO-(GHz)  average  power  that  can  be  transmitted  through 
an  air-filled  rectangular  waveguide— a  =  2.25  (cm),  b  =  1.00  (cm)— at  the  TE10  mode  without  a 
breakdown. 
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P.10-20  Determine  the  value  of  (///c)  at  which  the  attenuation  constant  due  to  conductor  losses 
in  an  a  x  6  rectangular  waveguide  for  the  TEl0  mode  ls  a  minimum. 

P.10-21  Find  the  formula  for  the  attenuation  constant  due  to  conductor  losses  in  an  a  x  b 
rectangular  waveguide  for  the  TM ,  t  mode. 

P.10-22  Show  that  electromagnetic  waves  propagate  along  a  dielectric  waveguide  with  a  velocity 
between  that  of  plane- wave  propagation  in  the  dielectric  medium  and  that  in  the  medium  outside. 


P.10-23  Find  the  solutions  of  Eq.  (10—132)  for  ky  by  plotting  ot,d  versus  kyd  for  d  =  1  (cm)  and 
«r  =  3.25  if  (a)  /  =  200  (MHz)  and  (b)  /  =  500  (MHz).  Determine  ft  and  a  for  the  lowest-order 
odd  TM  modes  at  the  two  frequencies. 

P.10-24  Repeat  problem  P.  10-23  using  Eq.  (10-135)  for  the  lowest-order  even  TM  modes. 


P.10-25  For  an  infinite  dielectric-slab  waveguide  of  thickness  d  situated  in  air,  obtain  the  in¬ 
stantaneous  expressions  of  all  the  nonzero  field  components  for  even  TM  modes  in  the  slab,  as 
well  as  in  the  upper  and  lower  free-space  regions. 


P.10-26  When  the  slab  thickness  of  a  dielectric-slab  waveguide  is  very  small  in  terms  of  the 
operating  wavelength,  the  field  intensities  decay  very  slowly  away  from  the.slab  surface,  and  the 
propagation  constant  is  nearly  equal  to  that  of  the  surrounding  medium. 

a)  Show  that  if  kyd  «  1.  the  following  relations  hold  approximately  for  the  dominant  TE 
mode: 

II  =  k„ 


where  kd  =  ~d  and  (c„  =  o iN/g0c0 . 

b)  For  a  slab  of  thickness  5  (mm)  and  dielectric  constant  3.  estimate  the  distance  from  the 
slab  surface  at  which  the  field  intensities  have  decayed  to  36.8%  of  their  values  at  the 
surface  for  an  operating  frequency  of  300  (MHz). 

P.10-27  For  an  infinite  dielectric-slab  waveguide  of  thickness  d  situated  in  free  space,  obtain 
the  instantaneous  expressions  of  all  the  nonzero  field  components  for  even  TE  modes  in  the  slab, 
as  well  as  in  the  upper  and  lower  free-space  regions.  Derive  Eq.  (10-145). 

P.10-28  A  waveguide  consists  of  an  infinite  dielectric  slab  (s,;.  /td)  of  thickness  d  that  is  sitting 
on  a  perfect  conductor. 

a)  What  are  the  propagating  modes  and  what  are  their  cutoff  frequencies? 

b)  Obtain  the  phasor  expressions  for  the  surface  current  and  surface  charge  densities  on 
the  conducting  base  for  the  propagating  modes. 

P.10-29  Given  an  air-filled  lossless  rectangular  cavity  resonator  with  dimensions  8  (cm)  x 
6  (cm)  x  5  (cm),  find  the  first  twelve  lowest-order  modes  and  their  resonant  frequencies. 

P.10-30  An  air-filled  rectangular  cavity  with  brass  walls — e0.  q0,  a  =  1-57  x  10'  (S/m) — has 
the  following  dimensions:  a  =  4  (cm),  b  =  3  (cm),  and  d  =  5  (cm). 

a)  Determine  the  dominant  mode  and  its  resonant  frequency  for  this  cavity. 

b)  Find  the  Q  and  the  time-average  stored  electric  and  magnetic  energies  at  the  resonant 
frequency,  assuming  H0  to  be  0.1  (A/m). 
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P.10  31  If  the  rectangular  cavity  in  Problem  P.IO— 30  is  filled  with  a  lossless  dielectric  material 
having  a  dielectric  constant  2.5,  find 

a)  the  resonant  frequency  of  the  dominant  mode, 

b)  the  Q,  -.-..  ...v  -4  .  »: 

c)  the  time-average  stored  electric  and  magnetic  energies  at  the  resonant  frequency, 
assuming  //„  to  be  0.1  (A/m). 

P.10-32  For  an  air-fiiled  rectangular  cavity  resonator, 

a)  calculate  its  0  for.  the  TE!0I  mode  if  its  dimensions  are  a  =  d  =  1.8/;, 

b)  determine  how  much  h  should  be  increased  in  order  to  make  O  20%  higher. 

P.10—33  Derive  an  expression  for  the  0  of  an  air-filled  a  x  b  x  d  rectangular  resonator  for  the 
TMllomode. 
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Fig.  10-16  A  ring-shaped  resonator  with  a  narrow- 
center  part  (Problem  P.10-34). 
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P.10-34  In  some  microwave  applications  ring-shaped  cavity  resonators  with  a  very  narrow 
center  part  are  used.  A  cross  section  ofsuch  a  resonator  is  shown  in  Fig.  10—16.  in  which  d  is  very- 
small  compared  with  the  resonant  wavelength.  Assuming  that  this  resonator  can  be  represented 
approximately  by  a  parallel  combination  of  the  capacitance  of  the  narrow  center  part  and  the 
inductance  of  the  rest  of  the  structure,  find 

a)  the  approximat:  resonant  frequency, 

b)  the  approximate  resonant  wavelength. 
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11-1  INTRODUCTION 

In  Chapter  8  we  studied  the  propagation  characteristics  of  plane  electromagnetic 
waves  in  source-free  media  without  considering  how  the  waves  were  generated.  Of 
course,  the  waves  must  originate  from  sources,  which  in  electromagnetic  terms  are 
time-varying  charges  and  currents.  In  order  to  radiate  electromagnetic  energy 
efficiently  in  prescribed  directions,  the  charges  and  currents  must  be  distributed  in 
specific  ways.  Antennas  are  structures  designe'd  for  radiating  electromagnetic  energy 
effectively  in  a  prescribed  manner.  Without  an  efficient  antenna,  electromagnetic 
energy  would  be  localized,  and  wireless  transmission  of  information  over  long 
distances  would  be  impossible. 

An  antenna  may  be  a  single  straight  wire  or  a  conducting  loop  excited  by  a 
voltage  source,  an  aperture  at  the  end  of  a  waveguide,  or  a  complex  array  of  these 
properly  arranged  radiating  elements.  Reflectors  and  lenses  may  be  used  to  accentuate 
certain  radiation  characteristics.  Among  radiation  characteristics  of  importance  are 
field  pattern,  directivity,  impedance,  and  bandwidth.  These  parameters 'will  be  exam¬ 
ined  when  particular  antenna  types  are  studied  in  this  chapter. 

To  study  electromagnetic  radiation  we  must  call  upon  our  knowledge  of  Max¬ 
well’s  equations  and  relate  electric  and  magnetic  fields  to  time-varying  charge  and 
current  distributions.  A  primary  difficulty  of  this  task  is  that  the  charge  and  current 
distributions  on  antenna  structures  resulting  from  given  excitations  are  generally 
unknown  and  very  difficult  to  determine.  In  fact,  the  geometrically  simple  case  of  a 
straight  conducting  wire  (linear  antenna)  excited  by  a  voltage  source  in  the  middle 
iias  been  a  subject  of  extensive  research  for  many  years,  anil  the  exact  charge  and 
current  distributions  on  a  wire  of  a  finite  radius  are  extremely  complicated  even 
when  the  wire  is  assumed  to  be  perfectly  conducting.  Fortunately,  the  radiation  field 
of  such  an  antenna  is  relatively  insensitive  to  slight  deviations  in  the  current  distri¬ 
bution,  and  a  physically  plausible  approximate  current  on  the  wire  yields  useful 
results  for  nearly  all  practical  purposes.  We  will  examine  the  radiation  properties  of 
linear  antennas  with  assumed  currents. 

r  This  arrangement  is  called  a  dipole  antenna. 
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